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INVERSE PROBLEM IN NEUTRON REFLECTION

XIAO-LIN ZHOU, SOW-HSIN CHEN AND GIAN P. FELCHER

ABSTRACT

Reflectance and transmittance of neutrons from a thin film deposited on a bulk substrate are
derived from solution of Schroedinger wave equation in the material medium with an optical
potential. A closed-form solution for the complex reflectance and transmittance is obtained in
an approximation v/here the curvature of the scattering length density profile in the film is
small. This closed-form solution reduces to all the known approximations in various limiting
cases and is shown to be more accurate than the existing approximations. The closed-form
solution of the reflectance is used as a starting point for an inversion algorithm whereby the
reflectance data are inverted by a matrix iteration scheme to obtain the scattering length density
distribution in the film. A preliminary test showed that the inverted profile is accurate for the
linear scattering length density distribution but falls short in the case of an exponential
distribution.

1. INTRODUCTION

The specular reflection of a plane wave from a one-dimensional object is a very useful
phenomenon. By measuring the amplitude of the reflected wave, one can learn a great deal
about the structure of the object. The wave can be electromagnetic (X-rays, light or
radiowave), sound or that associated with slow neutrons (Table I). The physical systems
reflecting the wave can be a simple semi-infinite medium with a sharp flat surface (Fig.la) or
a more complicated profile consisted of molecular layers deposited on a semi-infinite
substrate medium (Fig.lb). The various structural properties of such systems determinable
from the reflection experiments are listed in Table it1-9]. The method of determining the
scattering length density distribution of the film from the reflectivity data constitutes the
inverse problem in reflectometry. In this lecture we shall discuss our attempt to arrive at an
algorithm to solve the problem.

The material is organized in the following way. In section 2, we develop the exact open-
form solutions for the neutron wave function, the neutron reflectance and the neutron
transmittance in terms of the sample layer structure. In section 3, we derive closed-form
approximate formulae for the reflectance and transmittance. In section 4, to establish the
accuracy of these formulae, we analytically compare the closed-form solution with the various
existing approximations and numerically compare it with the exact numerical results as well
as with the Born and Distorted-Wave Bom approximations. In section 5, we present an
inversion scheme based on the approximate formula for reflectance. We then show some
preliminary results of the inverted profiles. In the appendix, we present an exact formula for
the calculation of the critical edge for total reflection in the case of a structured film deposited
on a substrate. For simplicity, the following development will be cast in terms of neutron
reflectivity. Parallel developments for X-ray, long wavelength electromagnetic wave and
sound waves can be made without difficulty.

Tha submitted manuscript has been authored
by a contractor of the U. 5. Government
under contract No. W-31-109-ENG-38.
Accordingly, the U. S. Government retains l
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Table I.

The reflection of various waves from various systems and the properties of the systems

determinable from measuring the reflectance.

Wave Type

Neutron

X-Ray

Light

Radiowave

Sound

Reflecting System

Half-Space Medium Fig.l(a)

Film on Substrate Fig.l(b)

Half-Space Medium Fig.l(a)

Monolayers, Liquid X-tals,
Van Der Waals Liquids

Half-Space Medium Fig.l(a)

Stack of Lavers on Substrate
Fig.l(b)

Half-Space Medium Fig.l(a)

Ionosphere Region

Oil-Containing Laver

Half-Space Medium Fig.l(a)

Atmosphere Region

Determinable Property

ps-Scattering Length
Density of Bulk
Medium

p(z)-Scattering Length
Density Profile of Film

ps-Electron Density of
Bulk Medium

p(z)-Electron Density
Profile of Surface Films

ns-Refractive Index of
Bulk Medium

nj-Refractive Indices,
and di-Thicknesses of
Layers

Dielectric Constant of
Bulk Medium

Ion Concentration
Profile of Ionosphere
(Ionosonde)

Oil Content Profile
(Well-Logging Svstem)

pm-Mass Density or
Elasticity of Bulk
Medium

Water Vapor
Distribution (Sound
Radar)
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Figure 1. The reflection and transmission of a plane wave (a) by a sharp
interface and (b) by a structured layer superimposed on the bulk substrate.

2. EXACT FORMULATION OF REFLECTION AND TRANSMISSION

Reflection of a plane wave from a sharp air-substrate interface shown in Fig.la is the
famous Fresnel reflection with reflectance R and transmittance T given by^°h

R =
k Q - k s (2.1a)

(2.1b)

where ko=27csin6/X, and ks= (ko2-rfs)
1/r2- with fs=-4rcps. k0 and ks are the z component of

the neutron wave vector in free space and in the substrate medium respectively. 6 here
denotes the grazing angle of incidence, X the DeBroglie wavelength of neutrons in vacuum
and p s the scattering length density of the substrate. According to (2.1a,b) one can determine
p s by measuring R or T. However, the expressions for reflectance and transmittance of a
more complex film on a substrate (Fig.lb) are not as simple. The mathematical relations
between r and t and the film scattering length density profile can be obtained by solving the
neutron wave equation in the geometry of Fig.lb. The neutron wave function satisfies the
following Schroedinger equation:

(2.2)

where h denotes the reduced Planck constant, m the neutron mass, V the optical potential of
neutrons in the medium, E the neutron kinetic energy in vacuum and $(x,y,z) the three-
dimensional neutron wave function.



When a neutron travels in a potential field V(z) which varies only in the z-direction, the
component of the neutron wave vector k in the x-y plane remains constant and independent of
the z coordinate. Therefore, if the plane of incidence is taken to be the y-z plane, the 3D wave
function $(x,y,z) can be written in the form:

<t>(x,y,z) = U(z)eikyY (2.3)

where ky=27icos0A. and U(z) obeys the ID wave equation, with E=(h2/2m)[kv
2+k0

2],

(2.4a)

Here we have defined the neutron wave number k in the medium as:

kkJ3 = kg . 4 7 i p( z) .
h2 P (2.4b)

The latter equality is obtained by relating the optical potential for neutrons to the scattering
length density of the medium by V=2jth2p/m. Since the neutron optical potential is zero in
free space, non-zero and a function of z (V(z)) in the medium and a constant (Vs) in the

substrate which occupies a half space (Q,°°), we can divide the space into three zones:

U"(z)+kgu(zH (for z<-d) (2.5a)

(for -d<z<0) ( 2 .5 b )

(for 0<z) ( 2 .5 c )

where ks is the neutron wave number in the substrate.

The general solution of the set of equations (2.5a,b,c) consists of the sum of a particular
solution and the general solution of the corresponding homogeneous equations

U"(z}fk?U(z)=0 (for 0>z) ( 2 .6 a )

U"(zKks
2U(z)=0 (for 0<z) ( 2 .6b)

The general solution Uo(z) of Eqs.(2.6a, b) can be easily obtained in the form

Ug(z)=e*oz+Re-ikoz (for 0>z) ( 2

(for 0<z)



where the coefficients R and T are called the Fresnel reflectance and transmittance of the
substrate given by Eqs.(2.1a,b).

The particular solution of the inhomogeneous equations (2.5a,b,c) can be obtained via the use
of Green's function. The Green's function under the geometry of Fig.2 satisfies the
equations:

g."(z,z')+k2g. (z,z')=-5(z-z') (for z<0)

g;(z,z')+k^g+(z,z')=0 (forz>0)

and their solutions are given',

2ko

(for 0>z)

(for 0<z)

(2.8a)

(2.8b)

(2.9a)

(2.9b)

SCz-z1)

a i r Ko

Figure 2 Geometrj' for the derivation of the Green's function.

Then the particular solution is equal to the product of the source term (k -ko)U(z) with the
appropriate Green's functions g± integrated over the sample thickness, namely,

r°
Up(z)= dz" g(z,z') (k

J-d
(2.10)



The complete solution of the wave equation (2.5) is therefore:

dz1 g.(z7z')(k2-k^U(zf) (forz<0)
'-d

f°
dzr g+ (z.z'Kk^kgJUlz1) (for 0<z)

L
The definitions of the reflection and transmission coefficients r and t of the sample are:

U(z)=eikoz+re~ikoz (for z<-d) (212a)

U(z)=teiksz (for 0<z) {2.12b)

Equating (2.12) to (2.11) and using (2.9), one then obtains the exact reflection and
transmission coefficients r and t

• (° f • • -1
r.R=_L_ dz'rJz'jUlz'leikoZ+Re-ikoZJ (2.13a)

2koj-d

-0
dz'r^Utz'je-ikoz' (2.13b)

Z.KQ

where

(2.13c)

is the function proponional to the sample scattering length density profile p(z).

(2.13a,b) are very general. If one considers the case in which the sample occupies an
arbitrary region except being bounded by air on both sides and there is no bulk substrate, i.e,
R=0 and T=l, then (2.13a,b) reduce to the following simple result:

2kf

{2.14a)
/

-DO



2k,o, (2.14b)

3. CLOSED-FORM EXPRESSIONS FOR r AND t

Unfortunately, the expressions (2.13a,b) for r and t are not explicit in terms of the profile
f(z) since the wave function U(z) in (2.13a,b) is dependent on the profile itself and also on the
reflectance r and transmittance t through the boundary conditions. We derive in this section an
explicit formula for r and t from (2.13a,b) by solving for U(z) approximately under the
continuity conditions at the boundaries.

In view of the fact that there are two independent waves: the left-going and right-going
waves, each satisfying the Helmholtz equation, one can write in general

U(z)=A(z) exp ik(z)dz k-B(z) exp

I/O I
ik(z)dz

(3.1)

Substituting (3.1) into (2.4a) gives two independent equations for the amplitude functions A
andB:

A"+2ikA'+ik'A=0

B"-2ikB'-ik'B=0

Solving (3.2a,b) formally, we obtain

A(z)

B(z)

(3.2a)

(3.2b)

- 1
a

_1
fk

b +

1

2i

r.
Jo

f
A"

fk

B"

Vk
dz

(3.3a)

(3.3b)

where a and b are integration constants. Now, we define the differential operators in (3.2a,b)
in the following way, assuming that they are non-zero only for non-vanishing value of k',

dz
U L a for A

(3.4a)



-d-^Lb for B
dz (3.4b)

Substituting (3.4a,b) into (3.2a,b) and demanding that A and B be non-trivial, we have

La + 2ik£a +ik' =0

Lb - 2ikLb - ik' =0

The proper solutions of (3.5a,b) are

(3.5a)

(3.5b)

Lb = ik

(3.6a)

(3.6b)

Clearly (3.6a,b) vanish for k'=0, meaning that the variation of A and B is completely due to
the variation of the scattering length density profile. As a result, we get

A"=U A

B " = L b B

Substitution of (3.7a,b) into (3.3a,b) gives

a -

B(z)=
Vk

2i

b + i-
2i

U
Vk

Adz

The integral equations have the following solution

A = -&r exp( -
Vk

(3.7a)

(3.7b)

(3.8a)

(3.8b)

(3.9a)

8



(3.9b)

If one substitutes (3.9a,b) into (3.2a,b), one obtains that (3.9a,b) are valid when the
neutron momenta are constrained by the conditions:

£'a = 0 (3.10a)

L'b = 0 (3.10b)

However, the accuracy of the expressions for r and t to be obtained can go beyond the
limitation of (3.10a,b) since the coefficients a and b in (3.9a,b) are to be determined
consistently to satisfy the boundary conditions.

The next step is to determine the constants a and b using the continuity conditions of U(z)
and U'(z) at the film-substrate boundary (z=0) and the air-film boundary (z=-d):

u(o)=t

U'(0}=ikst

U(-d)=e-ikod+reik<-d

(3.11a)

(3.11b)

(3.11c)

It is easy to show that a, b take the explicit expressions

\

Vkf e~iko

a =

O

-d

L 2 '

~2ikJ

•0

V 2ik /

\J-d ,

(3.12a)

b=rba

where

(3.12b)

-k5

(3.13a)
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Tf =

tf =
2ko

(3.13b)

(3.13c)

Here k~ kj, and k,, k, ' are the values of k and k1 of the film evaluated at the front interface
at t- - d and at the back interface at z=0, respectively, and r, and u are the effective Fresnel
reflectance and transmittance of the front interface and r, the effective Fresnel reflectance of
the back interface.

Combining (3.1), (3.9a,b) and (3.12a,b), we obtain, after further simplification,

U(z)=Ao exp ikVl+ik7k2dz

\J0
+rb exp ikyi-ik'/k2d2 (3.14a)

with the coefficient Ao given by

e- ikod if eXp
-0

ikVl+ik'/k2dz

J-d

l+rbr f exp
-0

ik [ fl+ik'/k2 +fl-ik'/k2]d2

(3.14b)

Substitution of (3.l4a,b) into (2.l3a.b) gives us closed-form expressions for the reflectance r
and transmittance t:

- R = —— f dz'f(z')felkoz'+Re ik0I'lAofexp(cJ.(z')) + r.exp(c_(z')) I
2k„ (3.15a)

(3.15b)

with
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(3.15c)

where R and T are the known air-substrate interface Fresnel refLctance and transmittance and
are given by Eqs.(2.1a,l), r^ is the film-substrate interface effective Fresnel reflectance given
by Eq.(3.13a) and Ao is a constant defined by Eq.(3.14b) which can be evaluated when the
film scattering length density profile is specified. Even with the limitation defined by
(3.10a,b), the expressions for r and t are fairly accurate because the wave function inside the
film is constrained to obey the rigorous boundary conditions.

4. COMPARISON AMONG APPROXIMATIONS

Let us consider some special cases of (3.15a,b). They give the obviously correct result
r=R and t=T for the case of a single step substrate, because in this case f(z) is identically
zero. For a uniform sample layer of scattering length density p 0 and thickness d deposited
on a substrate, (3.15a,b) reduce to the exact results for r and dn\ i.e.,

t=- ( 4 2 )

where k=(kQ2 - 47tp0)1/2 is the constant wave number in the film and Rf, Tf and R^, T5 are
the known Fresnel reflectance and transmittance at the front and back interfaces, respectively.

We now turn to the case of a very thin film deposited onto a uniform substrate, where
the front and back interfaces of the film are strongly reflecting. Since the layer is very thin,
we can approximate the exponential factor by

exp ikdz ~eikz'
(4.3)

where k=(ko2-47tP)l/2 ^ m e effective wave number in the film with an average density P.
Using the same limits used in deriving Eqs.(4.5a,b), Wv- obtain from Eqs.(3.15a,b) the
following simple results:



r=r+ 2K

12

f (4.4a)

(4.4b)f|d
The integration excludes the discontinuities at z=-d and z=0.. r and t are the uniform layer
reflectance and transmittance given by (4.1) and (4.2) with k=k and Rf=(ko-kf)/(k0+kf),
Rb=(kb-ks)/(kb+ks), Tp2ko/(ko+kf) and Tb=2kb/(kb+ks). The factors T=2ko/(ko+ks) and
C is given by

c _ (4.4c)

Another case is a free liquid surface such as the surface of water with a scattering length
density profile varying continuously from zero in the air to the constant bulk value of the
liquid. Since rf=O,rb=0 and t p l , (3.15a) reduces to the following form:

2k,0

•0

dz'f(z') exp

-d

dziktl+ik'/k (4.4d)

and it will be seen that (4.4d) gives an almost exact result for the case of free liquid surfaces.

We now compare (3.15a) with the Bom approximation. By substituting the incident
wave exp(ik z) into (2.14a) which is the special case of (2.13a), the Bom approximation can
be most easily obtained. It can also be derived from (2.13a) in the following limits: we
consider a commonly occurring case of reflection from a freely standing liquid surface situated
at z=-d with the bulk liquid below it extending to positive infinity. For sufficiently large
k =2rc sin0/X=Q/2, where Q is the magnitude of the wave vector transfer at scattering angle

6, such that k=V ko-47Tp = k 0 } we can put L --!c0 and Ao =l.We have also R=rb=0)

from the geometry. Then (3.15a) reduces to

r=-U
(4.5a)

Integration by part gives, remembering that f=-47rp,
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dz'
(4.5b)

If we demand that (4.5b) gave the right result r=R for a single step substrate for which

(4.5c)

where Ap =Ps~Pair *s m e heigh1 °f the steP ^ d 5 is the Dirac delta function.Then,
substituting (4.5c) into (4.5b) gives

Q" (4.5d)

Dividing (4.5d) into (4.5b) gives

R Ps-pair
J'd (4.5e)

which is the well-known formula for liquid surfaces t13l. A characteristic feature of this
approximation is that the reflectivity (i.e. the squared modulus of r) is inversely proportional
to Q to the founh power.

Next we discuss the Distorted Wave Born approximation (DWBA)I14J. It consists of
replacing the excitation wave inside the film by the so-called distorted wave. This is a wave
that would exist in a simpler film model such as a uniform layer obtained by averaging the
profile. This single-layer DWBA can also be obtained from (3.15a) by approximating the

integral in the phase factors by ikz' with k obtained from smoothing the profile. The result is
not very simple.

Finally, we would like to point out that the solution (3.14a) contains the well-known
WKB method as a very special case in which k'/k2 « 1. U5-1^] in that case, if we expand
the square root term in the exponent, keep only the first order term of k'/2k2 and integrate the
exponent, we obtain the 1/Vk" dependence as well as the right phase factors which are typical
of the WKB result. Notice, however, that the WKB method is limited to the small slope
cases, while (3.14a) applies to even very large slopes (however, (3.14a) is most suitable for
profiles with small curvature). Even if it is assumed that k'/k2 = 0, (3.15a) still gives fairly
accurate result for ko clearly away from the critical region.

In summary, (3.15a) contains the Born approximation, distorted wave Born
approximation and the WKB method as special cases, and it is expected to be more accurate
than these approximations. This has been confirmed by a series of numerical comparisons.
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We now do some numerical comparisons. The exact result for the reflectance and

transmittance of an arbitrary film profile can always be calculated numerically using the
famous optical recursion relation^16! or the matrix method!12]. In using the recursion method,
first, the film is divided into N very fine layers and the scattering length density profile is
digitized into a histogram of N very small steps. As N approaches a very large number, the
histogram approaches the actual profile. For a stack of N uniform layers, it can be shown
rigorously that one has the following recursion formulas for r and t between (i-l)-th layer and
i-th layer.

Rj+ri.1exp(i2kiAzi)
l+Riri.1exp(i2kiAZi)

 (4"6a)

Tjtj^expjikiAzj)
1 l+Riri.1exp(i2kiAzi)

 ( 4 6 b )

r and t are respectively the Fresnel reflectance and transmittance of the film-substrate
interface. R. and T- are the Fresnel reflectance and trsiismittance of the interface between the
i-th and (i+l)-th layers. The reflectance and transmittance of the whole film-substrate
complex are given by rN and u7.

The profiles chosen for numerical comparison are shown in Fig.3. They are
respectively the linear, exponential and error function profiles. The exponential profile is
common in polymer surface segregation and the error function profile is typical in polymer
interdiffusion, and their big slopes serve as a test on whether (3.15a) can deal with large
slopes of the scattering length density profile in contrast to the WKB approximation. The
calculated reflectivities are plotted in Fig.4.a,b and c. It is observed that (3.15a) is accurate
over most of the practical k0 range except in the vicinity of the critical angle. The fluctuations
are due to the zero's of k(z) when k falls into the critical region. If the contribution from the
zero's are removed in numerical calculation, we can expect a smooth variation over that
region, with (3.15a) representing the critical region well. The Bom approximation is in
general very inaccurate except for very large k0 values, outside the experimental range, and
for thin profiles or filrn^ consisting of low scattering length density materials. DWB A is in
general an improvement ever the Born approximation, but it is not valid at low ko values. It
is close to the exact result for fairly large k0 values and can be used to fit data for very thin
surface films.t14l The special case formula (4.4d) for a free liquid surface is calculated and
compared with formula (4.5e) in Figure 5. It is observed that (4.4d) gives almost exact result
while (4.5e) is approximate, and the use of (4.4d) is suggested for more accurate data fitting.
Finally, we point out that (3.15a) has a region of validity much closer to the critical angle than
the Bom, Distorted Wave Bom and the WKB approximations. For this reason, it is
worthwhile to have an independent estimate of the critical value of k which can be obtained
following the procedure described in the appendix.
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5. DATA INVERSION

There are well-developed methods for the inverse problems for quantum scattering from
specific forms of potential field,!17-2l,23]> while the Marchenko and Gel'fand-Levitan
methodsf17^0-2^'26^ are a general approach to inverse problems. However, in calculating the
profile of a structured film deposited on a substrate, the high non-linearity in the total
reflection region makes it difficult to derive a simple inverse operator. The Gel'fand-Levitan
method was suggested to be used to do reflection data inversion,!21 •23-24^, but it has not been
successfully implemented yet. In this lecture, we would like to explore the possibility of
developing some straightforward inverse transform using the formulation we have developed.

Starring from the approximate closed-form solution for the reflectance (3.15a), an
iterative inversion algorithm can be developed to obtain the scattering length density profile
p(z)= - f(z)/4ft. We first integrate the quantity ikQ(r-R) exp(-2ikoz)/2jtA over a range of k0

from k, to k~ and obtain an equation

qz)= dz'p(z')W(z',z)
J -d

where the transformed reflectance C(z) is

dk l ko( r 'R ) exp(-2ikoz)
2*:A (5.1b)

and the kernel W(z',z) can be directly obtained from (3.15a).

We then divide the spatial range (-d,0) into N segments with the n-th segment spanning an
interval fiom zn_i to zn and the scattering length density in this interval is taken to be a
constant equal to p n . Using the Galerkin's method!27!, we transform (5.1a,b) into a matrix
equation

[Cm] = (Wmn) [Pn] ( 5 2 a )

where

(5.2b)

dzW(z'z)
( 5 2 c )



It is easy to see that the matrix W ^ , is a functional of p(z).

Thus we can construct an iterative scheme in which one obtains the j-th values of the

scattering length density vector pn(j) from the G-l)-th values pn(j-l) by using the inversion

formula

18

(5.3)

If we take the initial guess p (o) equal to zero for all n, the iteration converges rapidly to a

final solution in seven to nine iterations.

Applications of this algorithm to two sets of simulated reflectance data have resulted in
two approximate inverted scattering length density profiles. For a linear profile shown in
Fig.3, the inverted profile is plotted in Fig.6 together with the input profile. It is seen that the
inverted profile is a close approximation to the input profile. For an exponential profile
shown also in Fig.3, the inverted profile is given in Fig.7. It is in agreement with the input
profile at the two end points of the profile, but it misses the points in-between. Since the
formulae (3.15a,b) have fluctuations near the critical reflection edge Qc, the inversion is
carried out using reflectance data over a limited range of Q , say, from 2Qc to 7Qc. Since a
limited range of reflectance data is used for the inversion, some detailed structure of the film is
expected to be lost.
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Figure 6. Comparison of the inverted linear profile with the original profile.

It must be pointed out that at present the inversion algorithm is still at the testing stage.
In this first attempt, the complex reflectance is assumed known in both amplitude and phase.
More testing is under way for a variety of profiles, for different Q ranges and for data
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It must be pointed out that at present the inversion algorithm is still at the testing stage.

In this first anempt, the complex reflectance is assumed known in both amplitude and phase.
More testing is under way for a variety of profiles, for different Q ranges and for data
containing noise. Once these testings axe completed, the possibility of handling reflectivity
data without phase will be tested. At present time, experimental methods for measuring the
reflectance, rather than reflectivity, including amplitude and phase are being developed for
both X-rays^28' and neutronsi29!

810-6

7 10,-6 -

*

—3

'55
c

rj

^j

to
5
to

.t
er

ii
S

ca
t

610"6

510"6

4 ID"6

310"6

210"6

1 -11-.-6

_

-

-

air

\ °

\
o

film

i

0

o

•

o

inverted

actual pi

o
o

profile

-ofile

_,

-

-

substrate"

-1500 -1000 -500 0

Depth coordinate Z (A)

500

Figure 7. Comparison between the inverted exponential profile and the original profile.

ACKNOWLEDGEMENT

Xiao-Lin Zhou is grateful for the financial support from the Laboratory Graduate
Appointeeship of Argonne National Laboratory. Research work of Sow-Hsin Chen is
supported by an NSF grant administered through the Center of Materials Science and
Engineering of MIT. Research work of Gian P. Felcher is supported by the U. S.
Department of Energy, BES-Material Sciences, under contract W31-109-ENG-38.



20
APPENDIX EXPRESSION FOR Q c

We would like to give a procedural way to calculate the critical value of the
momentum transfer for an arbitrary profile. It is obvious that t=0 at Q = Qc.
Therefore by setting t equal to 0 in (2.13b) one can use it to eliminate a term from (2.13 a) to
obtain, setting k ^

= J - I f(z) Uc(z) exp(iQcz/2)) dz
(A.I)

Noting that Irl2=l, we get

Qc=-M f(z)Uc(z)exp(iQcz/2))dzl
(A.2)

where U c is the wave function at Qc. Since this equation has multiple solutions for Qc , one
must take the biggest of such solutions for the real critical point
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