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ABSTRACT

We propose dynamical models of hadrons, the nucleation model and the free-decay

model, in which results of string model are used to represent interactions. The dynamical prop-

erties of hadrons, which are obtained by string model, are examined and their parameters are fit-

ted by experimental data. The equilibrium'properties of hadrons at high density are investigated

by the nucleation model and we found a singular behaviour at energy density 3 — 5 GeV/fm3,

where hadrons coalesce to create highly excited states. We argue that this singular behaviour corre-

sponds to the phase transition to quark-gluon plasma. The possibility to observe the production of

high density strongly interacting matter at collider experiments are discussed using the free-decay

model, which produces pion distributions as decay products of resonances. We show that our free-

decay model recovers features of hadron distributions obtained in hadron collision experiments.

Finally the perspectives and extensions are discussed.
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1 Introduction

In this paper, we propose dynamical models of hadrons, where results of string

model are used to represent interactions between hadrons. The purpose of these

models is to understand the behavior of hadrons at high energy density and dis-

cuss how the formation of high density strongly interacting matter is examined

by hadron distributions obtained in collider experiments.

The behavior of hadrons at high density is an interesting subject which is
relevant to discuss the evolution of the early universe and the central rapidity
region in high energy hadron collisions.' ' The main interest in the high den-
sity hadronic matter is in the phase transition from hadronic matter to quark-
gluon plasma, which is expected because of the asymptotic freedom of quantum
chromodynamics (QCD).^I This is one of the most important problems, which
physicists are trying to examine in the heavy ion collisions proposed at CERN
and BNL.I3]

The investigations on the high density hadronic matter, performed so fax,
are in the most cases relying on thermodynamical methods, where the thermal
equilibrium and thermodynamical limit are assumed to be good approximations.
However, for instance, at collider experiments the system is finite, namely finite
energy and volume. Thus the thermodynamical limit may not be a good ap-
proximation. Moreover, there is no guarantee that the system has reached the
equilibrium. In order to deal with these questions, one has to treat the interac-
tions between hadrons explicitly. For this purpose, we will introduce dynamical
models of hadrons and investigate their properties.

In order to represent the dynamics of hadrons, we will use the string model of
hadrons, in which hadrons are described as quark and antiquark (or diquark for
baryons) connected by color gtuon flux.^1 • ' In the past years, there have been
huge amount of efforts to describe hadrons by string models.!'.8.9,10.111 jjOpe_
fully, one would find a massive string model in 3 + 1 dimension, where massive
means that the vibrating string itself has mass density,' ' but there is no math-
ematically consistent formulation of such a model, so far. Therefore, when we
mention "string model", it means a phenomenological model of hadrons, where
its properties and parameters are examined and fitted by experiments. However,
it is known that the string model has been successful to some extent in describ-
ing general features of hadrons, for example linearly rising Regge trajectories,
high energy behavior of hadron cross sections and so on. As a phenomenological



nature of our model, we have to justify the use of the results obtained in string
model. In the next section, we will list up the results of the string model, which
are relevant to the present purpose, and compare them with the experimental
data. In this way, we witl show the reliability of the string model and at the
same time we are going to perform the fitting of parameters which appear in
the model.

As we have mentioned at the beginning, we are going to discuss the behavior
of hadrons at high density and final hadron distributions at the collider ex-
periments. For the purpose to investigate the property of high-density hadronic
matter, we introduce a nucleation model of hadrons in section 3. The nucleation
model is a standard technique to investigate phase transitions such as coagula-
tion and evaporation of water' ', where droplets coalesce to create bigger ones
or decay into smaller ones. The analogies are between bigger drops and highly
excited resonances and between droplets and lower lying states such as pions.
We are going to discuss the implication of the singular behavior found in our
nucieation model at a energy density 3 ~ 5GeV/fm3 in the phase transition
from hadrons to quark-gluon plasma.

For the second point, that is how the formation of highly excited hadronic
matter at the hadron collision is examined by the final hadron distributions, we
will introduce a free-decay model in section 4, which is basically the same as
the nucleation model except the resonances are only allowed to decay. In that
section, we try to answer to questions if it is possible to identify the formation of
highly excited hadronic matter, possibly quark-gluon plasma, by examining the
final hadron distribution and if we can reconstruct hadron distributions known in
collider experiments by our free-decay model. To summarize the answers to these
questions briefly here, for the the second question, we can show that our free-
decay model recovers the experimental results quite well. For the first question,
our answer is rather pessimistic, that is, it is difficult to identify the formation
of excited hadronic matter by measuring the charged particle distributions.

In order for simplicity, we will concentrate on the system consisting of (u,d)-
quark mesons in both the nucleation model and the free-decay model. Thus, the
baryon number of the system is zero.

This paper is organized as follows. In section 2, the string model is compared
with experimental data of hadrons and parameters in our model are fitted.
Section 3 is used to discuss the nucleation model of hadrons and its properties
at equilibrium. Section 4 is used for the free-decay model and the discussion on

the hadron distributions at the collider experiments. In section 5, we summarize
results and discuss the perspectives of our model. In appendix, we discuss the
a modification of the nucleation model and show some results.

2 Comparison between the string model and the exper-

imental data

In this section, we are going to examine the relevance of the string mode! to

represent hadrons by comparing the results obtained in the string model with

experimental data.

The item, which we will discuss in the following are: The spectrum, mass
density, branching ratio to a fixed decay mode, decay width and interaction rate.
For the purpose of examining the string model, we will use the experimental data
on mesons with isospin 1 = 1, 1/2 and partly / = 0, although in section 3 and
4 we will concentrate on the system of (u,d)-quark mesons.

2-1. Meson Spectrum
Mesons are considered to be q - q bound states connected by color flux. Since
quarks has spin 1/2 and isospin 1/2 or 0, a state of meson is represented by,

|*y,7 > = < s,L\J > * , > |*/ > | * L > ,

where |* . > is the quark-spin part, |*; > is the isospin part, j * £ > is the
orbital excitations and < s,L\J > is a short-hand notation of Clebsch-Gordan
coefficients. The string model gives the spectrum of the orbital excitations.

As we have mentioned before, there is not a 3+ I-dimensional massive string
model formulated in a mathematically consistent way. In the view of hadron
physics, the string model is not a fundamental theory, but is considered to be
an effective theory of QCD. Thus, we do not impose conformat invariance (or
Lorentz invariance) at the quantum level and consider one-dimensional vibrating
object with three-dimensional physical degree of freedom, X[a), a € [0, *•].'

The spectrum of such a vibrating object is the same as the infinite-direct

product of 3-dimensional harmonic oscillator,

*It is possible to consider t h a t we are USLIIK '6 \ 1 d imens iona l pa r t of the mass ive s t ing m o d e l

discussed extens ively in ref. J8).



where V represents the excitation mode, » > 1, and a_; is a i"1 Fourier mode of

oscillation. V; is a Bpace of states with excitations in il mode. At each mode, the

relation between the number of excitation and the multiplicities of the orbital-

angular momentum eigenstates is the same as the 3-dim harmonic oscillator. Let

us denote the number of excitation at t'"1 mode by n,-. In general the Hamiltonian

of the system is a complicated one because of angular momentum dependent

interactions. In the approximation neglecting these fine splittings and masses of

quarks, the mass of the meson and the number of excitations are given by,

n, = arm — (2.1)

where aT is the Regge slope parameter and a0 is the intercept. We will call 'JV'
on the left hand side of (2.1) as the excitation number. As is mentioned above,
this is the first approximation. The actual mass spectrum is more complicated
and the mass of each state is shifted from (2.1).

In the table 1 and 2, the states of isospin 7 = 1 and / = 1/2 mesons ex-
pected from the string model and the corresponding states, which are known
experimentally, are listed up to the excitation number 3. In determining the
angular-momentum quantum numbers [L, s) of mesons, we have used the result
of quark modelJ13 '14!

Most of the experimentally known states have their positions in string model.

As one can see from the tables, there are lots of states that have not seen

experimentally. For the higher excited states (N > 3), the situation is even

worse and only the leading orbital-excited states, N = L, and a few of their

neighbors are known.

As discussed in the review paper of Tornquvistl1"'!, even among the exper-
imentally known states listed in tables 1 and 2, there are many subtle states
which should be confirmed in the future experiments. Therefore, information
on the hadron spectrum given by the hadron spectroscopy at the stage of 1990
is not enough to make any definite statement on the validity of the string model.
At least, one can see that most of the known mesons are explained in terms of
string model.

For the convenience of the later sections, we perform the x'-fHting of a,

and aQ in (2.1) using leading orbital-excited states. Including known higher

orbital-excited states, which are not listed in tables 1 and 2, we obtain

a0 = 0.514

a0 = 0.635 (2.2)

/ = 1, a r = 0.871 (GeV~z),

/ = 1/2, ar = 0.807 (GeV"2)

In the section 3 and 4, we are going to use values for 1 = 1. As for the 7 = 0

states, situation is much more complicated than 7 = 1, 1/2 states because of

mixing with other quantum numbers. Thus we confine ourselves to / = 1 and

/ = 1/2 states and assume that the same results hold for / = 0 states neglecting

the subtleties among them.

2-2. Mass Density
One of the essential feature of string model is the exponentially increasing

mass density, which has been known since 1970's as a result of the statistical

bootstrap.!1516 '

The partition function of the spectrum given by eq. (2.1) is, [1 ' '

]
n=l N=0

where dy is the number of states at the excitation number N. The asymptotic

form of dfi as N becomes large is obtained as,

x exp

Using eq. (2.1), the mass density, represented by p{m), is given by,

The factors C/ and C, are multiplicative constants due to the isospin and quark-
spin freedom. The factor C; depends on models. In the case of (u,d)-quark
mesons, Cj = 4, which means both 7 = 1 and 1 = 0 states are included.

In order to compare the string model with the experimentally known spec-
trum of mesons, we define the deposit of mass density, R(m), which is the
number of states of which mass is less than m:

R[m] = /
Jo

(2.5)



As a prediction of the string model, we use the modified version of eq. (2.4),

= S ( m - (2-6)

where m0 is a threshold and 6(m) is a correction to the asymptotic form at low
mass states. As an experimentally known mass density of isospin / states, we
use

)-i (2.7)

where sum of '»' runs over the known states, J; is the spin of i"1 state and
Cj = 2/ 4- 1. We assume the gaussian distribution of the mass density with
its center and the error given by experimental measurements' ' and Ni is the
normalization of the gaussian distribution.

The results of R(rn) divided by iaospin degeneracy, R(m)jCj and R(m)jCi,

are shown in Fig. 1, (a) for Isospin 7 = 1 states and (b) / = 1/2 states. The
bold solid lines are those obtained by using eq.(2.7). In eq.(2.7), we have used
all states listed in Ref.[18]. In Fig. 1, thin solid lines represent those obtained
by eqs.{2.6) and (2.3), where we have used eq.(2.2) for a r and OQ and m0 = 0.5
GeV. For comparison, R[rn) using eq.(2.3) inserting k = 2(dotted line) and
k — 4(dashed line) are shown.

Since the number of experimentally known states becomes small rapidly as

mass increases, it is difficult to judge the reliability of the string model from

Fig. 1.

2-3. Branching Ratio
Let us think about the branching ratio of a state 'A' decaying to a fixed mode
'B + C, which we denote by BA^B+C- I* ' s given as a ratio of the phase space
volume in the decay mode 'B + C" with respect to the sum of the phase space
volume in all possible decay modes of 'A',

BA^B+C = r . ,
Vtot A

where V represents the phase space volume. Then, the question is how BA_g+c

behaves as the mass of the decaying state 'A' increases with fixing the decay
mode 'B + C". The phase space volume of a state 'A' decaying to a fixed mode
'B + C" increases at most as a power of the mass of 'A', which is because the
momentum phase space volume of 'B + C mode increases. On the other hand, if
the exponentially increasing mass density in eq.(2.6) is correct, the total phase
space volume of final states in the decay of a state 'A' increases exponentially.

mw

Therefore, roughly speaking, the string model predicts the behavior of a branch-

ing ratio to a fixed mode as,

BA
(2.8)

where m^ is the mass of a state 'A' and e is a constant, which is in the string

mode! equals to y/2arTt ( see eq.(2.3) ).

In Fig. 2, the experimental results on the mass-branching ratio relations are

shown. We can see a general tendency that branching ratio to a fixed decay

mode decreases exponentially as mass increases. The solid lines in the figures

are the results of x2-ntting of points in the form of straight lines.' The slopes

of these lines, which correspond to c in eq.(2.8), are

(6)7 =-1/2

(c)7---0 ,1

(d)I = 1

JT + jr mode

K A n mode

K -\ K mode

p + n mode

c = 2.127 GeV"'

c = 2.662 GeV-1

c = 3.776GeV~'

c = 2.44 GeV"1 .

(2.9)

On the other hand, if one uses eq.(2.2), one obtains c = 4.145 GeV"1 for 7 = 1
and c — 4.00 GeV"1 for / = 1/2 states. Since eq.(2.8) is quite a rough estimate,
the results in eq.(2.9) are considered to be satisfactory. Thus we interpret that
Fig. 2 is supporting the string model.

In fact this exponential decrease of the branching ratio is know as an empir-
ical law among the people doing hadron spectroscopy.' ' However the function
on the exponent is different from eq.(2.8). As far as we have seen it seems that
the form in eq.(2.8) gives a better x2-filting.

2-4. Decay Width
In figure 3, the decay widths of experimentally known states are shown versus
their mass. From this figure, one can see a tendency that the decay width
increases as mass. In the string model, it is known that the decay width, T,

for a highly excited state behaves as T a M, where M is its massJ1 ' In these
computations of decay width in the string model, one has to use the unitarity
relation, which is valid in the critical dimensions. Thus one has to be careful in
using this result to the hadron physics.

'For (b) 1=1/2, K + v mode, if, (892) is not included in the fitting. In the fitting of Fig.2
(b), we did not use the measured errors of the blanching ratio Beriously, but used a uniform
error.



Empirically it is known that the decay width behaves as F a ym 2 -

where Mo is a threshold. 1̂ 1 pOr large mass, this empirical law agrees with the

result of string model. This behavior of decay width also agrees with the naive

picture of hadrons given by the flux tube model. In flux tube model of hadrona,

the length of color flux is proportional to the mass of the state. Since the

decay probability is the same everywhere along the flux tube, the decay width

is proportional to the mass.

For simplicity, we use a parameterization of a decay width F,

r = ->m + (2.10)

The solid tines in Fig.3(a) and 3(b) are results of fitting in the form of eq.(2.10).

We used following states for the fitting,

6O{1235), 7^(1665),

/d(1270), #(1370), Jfi(1400),

Kj(177O), Jf»(l780), ^(2045).

/ = 1/2,

In general, it becomes difficult to measure the decay width accurately as the
mass increases. Therefore, there are large errors in the measurements of F for
states of large mass and the fitting looks rather poor.

The results of fitting shown in Fig.3 are,

/ = 1 : 1 = 0.160, i D = -4.72 x 10-2(GeV),

I = 1/2: -y - 0.165, i0 =' -9-69 x 10~a(GeV) . (2.11)

The nice feature of the results in eq.(2.11) is that -7 is almost the same for both
7 = 1 and 7 = 1/2 states. If the naive picture discussed above is correct, *y
should not depend on quarks at the ends of color flux. Thus, we obtained a
result, which is consistent with our naive picture of hadrons. In the following
sections, we wilt use the value in eq.(2.1l) for / = 1.

2-5. Interaction Rate
In order to write down the nucieation equation of hadrons, which we are going
to discuss in section 3, we need to know the interaction rate, which two hadrons
interact to create another hadron by strong interaction. In the string theory, we
have informations on such interactions. In the case of open strings interacting at
their ends, similar calculation as the one in ref. [21], is easily carried out. Since we
are not interested in particular excitations of incoming states, we fix excitation

numbers of incoming states and take average over all possible excitations of these

excitation numbers. The cross section, where two states of excitation numbers

iVj and JV2 interact to create another state, is illustrated schematically as,

2
"*SJ I t

i
(2.12)

where kx and Jfcj are momenta of incoming states and Ji+ 2 represents the flux

between initial states 1 and 2. The factor dN is the number of states at the

excitation number N, of which asymptotic form is given in eq.(2.3), thus the

first and the second summations are intended to take average over possible

excitations at excitation numbers Nt and /V2. The third summation on the

right hand side is carried out over final states. For the detailed calculation,

please see ref.[21|.

When s = (ki + fca)2 is large, ljaT <£ s, the quantity in eq.(2.12) becomes,

where <70 is a constant and vrti is a relative velocity between 1 and 2 states.
Notice that l/ar <£ 3 means not only large kinetic energy, but also large mass
and small kinetic energy. In these two cases, ffj+j is written as,

cr0 large kinetic energy

large mass
(2.13)

The large kinetic energy limit corresponds to the usual Regge limit. As we
have discussed, our aim is to investigate the behavior of hadrons at high energy
density, especially the phase transitions of the hadronic matter. The typical
energy scale or the temperature of such phenomena is considered to be order of
the pion mass. Therefore, pion should be treated relativistically and resonances
can be treated in a non-relativistic manner. In this sense, the large kinetic
energy limit in eq.(2.13), which is Regge limit, is relevant to represent scattering
between pions and the large mass limit for scattering where resonances are
involved.

The behavior of the total cross section in the Regge limit is well-confirmed
experimentally.'^ I A rough estimate of a0 in eq.(2.13) is obtained by the simple
additive quark model and we obtain o0 —> 2OJTJ6. AS for another limit in eq.(2.13),
there is no scattering experiment to compare. Therefore, it is our assumption



to use large mass limit in eq.(2.13) for the interactions in which resonances are
involved. Finally, we write down the interaction rate in a box of volume V as,

ao/V
• • • (a) between pions
• • • (b) resonance is involved.

(2.14)

3 Nucleation Model and Equilibrium Properties

In this section, we discuss the nucleation model of hadrons, where the dynamics
of hadrons are treated explicitly. The purpose of this model is to understand the
behavior of hadrons at high energy density. In subsection 3-1, we wilt explain the
nucleation model. In subsection 3-2, we will solve the equilibrium configurations
numerically and discuss their properties. Shortened version of this section is
found in ref.|20].

3-1. Nucleation Model
In our nucleation model of hadrons, we deal with an isolated system with a finite
total energy Eloi and the volume V. The quantities we are going to discuss are
the number of pions in the system NT, the energy carried by pions Er and
the distribution function of resonances Nr^)^ which represents the number of
resonances in the energy interval £ ~ E^dE by Nr(E)dE. These quantities are
in general functions of time.

Let us consider resonance part. As we have discussed in section 2, the charac-
teristic feature of hadron spectrum is the exponentially increasing mass density,
cf. eq.(2.3). If we look at a resonance of a fixed energy E, the probability
that a state has a mass m is proportional to its phase space volume. Thus, us-
ing eqs.(2.3) and (2.5), we can compute a expectation value of mass with fixed
energy £ ,

> E = —ris ; ,w „„ -rm—: E — > (3-i)

where c is the exponent of the mass density, c = 2x\Jkar/6\i;=s. Inserting the
result of fitting in eq.(2.2) for / = 1, we obtain 1/c — 1.7m,., where mx is the
mass of pion. This shows that the most of energy given to resonances is carried
as rest mass. As we have mentioned before, we are interested in phenomena of
which typical temperature is at the order of pion mass. The result in eq.(3.1)
is a check to justify that we can treat resonances non-relativistkally. In the
following, we make it a rule to mean eq.(3.1) when we refer mass of a resonance.

10

The dynamical properties of resonances are described by eqs.(2.10) and
(2.14), namely a resonance of energy E has a decay width given by eq.(2.10),
in which m is replaced by < tn >E , and interaction rate with other hadrons
given by the case (b) in eq.(2.14). In this sense, the electroweak interaction
of resonances is not included in our model. Pions are treated relativistically.
Interaction rate that two pions interact to create a resonance is given by the
case (a) of eq.(2.14) and the one that a resonance and a pion interact to create
a resonance by (b). In order to avoid the complexity of the elastic scattering
between pions, we make an approximation such that within a typical time scale
of strong interaction, ~ lCr23s, the distribution of pions reaches the equilibrium
given by the Boltzmann distribution with temperature TV, which is obtained by
the method of microcanonical ensemble as a function of Er, Nr and V, although
Er and Nw change in time due to strong interactions between hadrons.

For the sake of the numerical calculation, we discretize the energy in unit of
the pion mass, E, = i • mr, E,at •=/•»»», i, I G Z+ , and let this discrete energy
variable 7 represent the energy in the interval ( i - l ) m , < E, < im*. The energy
distribution of resonances is divided in bins of energies and it is represented by
N,u), *a < i < I, where the continuous variable E is replaced by discrete one
i (the bin number) and i0 is the lowest energy of the resonances in unit of the
pion mass. Similarly, we introduce a notation Nx{T.,i) = ^(0> 2 < » < i , to
represent the number of pions in the i'h bin (having energy i • mT). As we have
mentioned above, >4 is given by the Boltzmann distribution with temperature
TV which is given as a function of £„, N* and V.

The nucleation equations describe the time evolution of N, and Nr(i). The

time evolution of the number of pious is given by,
l ; i-2

6N,
St

. = 2 , = 2

The meaning of each term is easily understood. The first line is the decay
terms, some resonances with energy irnn (mass ~ [i - 1.7)ro,) decay with decay
rate I\ to two pions with branching ratio B,^2r and decay to one pion and one
lower resonance in }'h bin with the branching ratio if,_,+,-. The second tine is
the joining terms. The first term indicates that two pions of energies t and j
combine to form some resonance with a rate Ri and the kinetic factor KT[i,j).
The interaction rate R^ is defined without relative velocity between interacting

11



pions and it is included in K,(i,j), which is given by averaging over the relative

angle between colliding pions:

where Jt,-, Jty are the magnitudes of momenta of the pions with energy imT

and jm*. The last term in eq.(3.2) is the joining of pions and resonances to
produce higher resonances with a rate R3. The time evolution of the number of
resonances becomes,

St

-

+

+

r,-ivr{,

*k
2^ 17
y^ V

j)X ( j )^i

-.+ E

(i-i)

(3.3)

where terms are understood similarly to those in eq.(3.2). The first line on the

right hand side is the decays: The first term is the decay of resonances in iih bin

thus goes out of the bin and the second and the third represent that the decay

products of higher resonances come into i'h bin. The second line is the creation

of i"1 resonance by interaction between pions. The third line is the interaction

terms between pions and resonances. The last line is the interactions between

resonances: The first term represents that two lower resonances combine to

produce the one in ith bin and the second the resonances in ith bin combine with

j ' h resonances to create higher resonances, thus going out of the bin. This set of

non-linear equations is considered to be the analogue of the Boltzmann equation

in the system of hadrons. In the above equations, conservations such as angular

momenta and isospin are not treated explicitly, but we are assuming that there

are always open channels with some probabilities since the states in each bin

are mixture of states with various quantum numbers.

One can find quantities corresponding to I',-, R\ and R? in eqs. (3.2) and

12

(3.3) in section 2, namely

T, = 7 < m

Rl = ii2 = (3.4)

The branching ratio in equations is a combination of the momentum phase

space volume and the mass density. Since the resonances are treated non-

relativistically, the effect of Lorentz boost is neglected. For example, the branch-

ing ratio of the decay of a state with mass M to states of masses mx and m2 is

given by,

- (m, + - (m, - m,)')
2M2 \ • 1

where p(m) is the mass density. We use p{mr) = 3 for pions due to isospin

degeneracy and eq.(2.6) for the resonance part. In this formula we substitute

the expectation values of masses of the resonances and normalize it.

As we have mentioned several times, we are going to discuss the system of

(u,d)-quark mesons, which consists of / = 1 isospin triplets and / = 0 singlets.

In section 2, we have performed fittings of parameters using the data of / = 1

states, but could not do the same thing for / = 0 states on the same footing

as / = 1 states, because of their complicated nature. As an approximation, we

will use the values obtained by fitting of / = 1 states as those for (u.d)-quark

mesons.

3-2. Equilibrium Properties
We calculated equilibrium configurations, {NT,Nr{i))> defined by SN/6t = 0 in

eqs. (3.2) and (3.3), numerically. For that purpose, Powell method is used, where

the accuracy is 1(T10, that is the set {JV,, JVr(()} is considered to be a solution

if alt of SN/St are smaller than 1CT10. In general, the numerical results for

{yV,,JVr(,)} are not integers and they are interpreted as the probable numbers

of pions and resonances. First, let us show the results using the parameters,

Co = 20mi>, 7 = 0.15 and «0 = 7, which are considered to be moderate from the

results of fittings in section 2. At the end of this section, we are going to discuss

the parameter dependence of the equilibrium properties.

In Fig-4, the numbers of resonances and pions and the energies occupied
by them at the equilibrium in the case Eiot — 100m,(~ 14GeV) are shown as
functions of volume. At small energy density, most of the particles are pions
and they carry most of the energy of the system. Around the energy density

13



~ IGeV/fm3, low excited resonances are created and energy is transferred to

resonances. If one compresses the system further, the whole resonances coalesce

to one very excited resonance carrying most of energy of the system. In Fig.5,

the average energies of pions and resonances at the equilibrium are shown in

unit of the pion mass. The average energy of pions are between 3m,(~ 0.4GeV)

and 5m,(~ 0.7GeV), which increases as the system is compressed. Resonances

are at low excitations when the energy density is small, where picture of hadron

gas is correct. At the energy density higher than — IGeV/fm3, more than half of

the total energy in the system is carried by one large resonance, where situation

is like one large resonance surrounded by pion gas. Thus in such situation, the

usual picture of hadron gas is not appropriate to describe the system any more.

In our nucleation model, we are partly using the thermodynamical treatment

for pions, namely we know the temperature and the pressure of pions at equilib-

rium. Fig.6 shows the equal pion temperature levels in (volume)-(total energy)

plane. The number in the figure is pion temperature in unit of the pion mass.

The important feature is that, while the system is at a low energy density, the

pion temperature increases as the energy of the system increases for fixed vol-

ume, but at a high energy density region if you add energy keeping the volume

fixed the pion temperature decreases. It is a typical feature of the system having

a exponentially increasing mass density, namely at a energy density higher than

a certain critical value the energy added to system is used to create highly ex-

cited states.' ' The energy density of the system at which the pion temperature

stops increasing for a fixed volume is about 20 — 30m,/fm3(~ 4GeV/fm3). In

Fig. 7, the behavior of pions: pressure is shown in the case Etol = 100m,..

Although pion temperature may not be a good quantity to describe the

system at high energy density, it is considered that pion temperature represents

the system at relatively low energy density fairly well. Let us assume, for the

moment, that the temperature of pions represents the temperature of the whole

system. Then one obtains the specific heat of the system. In Fig.8, the specific

heat at a constant volume is shown for three different total energies. The specific

heat diverges at a energy density 3 ~ 5GeV/fm3, which depends on the total

energy of system, and it becomes negative in higher energy density region.'

In the thermodynamics, a negative specific heat means the instability of the

system and its divergence first order phase transition. However, in our case, the

'This energy density is sensitive Lo the form of mass density. In ref.|20], the mass density of
ref.[15] is used, but we think it increases too rapidly compared with Ihe one in eq.(2.3).
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equilibrium configuration is given as a solution to the nucleation equations and

one can check its stability. Thus they are stable and the negative specific heat in

high energy region means that the thermodynamical description of the system

as hadron gas becomes irrelevant due to the coagulation to high resonances. It is

important to notice that at this energy density the curves of resonances in Figs.3

and 5 have flex points. For example, the number of resonances in Fig.4 has a

flex point at the volume - 3fm3, where it starts approaching 1 asymptotically in

high density region. In Fig.5, the average energy of resonances has a flex point

at the same volume. As we see in Figs.4 and 5, the behavior of our nucleation

model at high energy density is characterized by the formation of highly excited

states as a result of coagulation of hadrons. The flex points of the number of

resonances and the average energy of resonances are preferred as a sign of the

singular behavior compared with the quantities of pions. Therefore, we interpret

flex points of these quantities of resonances as a sign that the system passes from

the kadron-gas phase to the high-excited resonance dominant phase.

In the sense of nucleation theory, the singular behavior we found so far has

a good reason to be called as a phase transition, namely the formation of large

clusters (hadrons} is a characteristic of the phase transition.'1^' Therefore, in the

following, we are going to call the energy density where the singular behavior

occurs as a critical energy density. The interesting point is that our nucleation

model gives the similar value of critical energy density as the one obtained in

the lattice QCD simulation. One may be interested in the relation between the

singular behavior of our nucleation model and the phase transition in QCD. In

section 5, we are going to argue that the singular behavior in our model actually

corresponds to the phase transition to quark-gluon plasma.

Finally, let us discuss the parameter dependence of the singular behavior.

Even if one makes variation of parameters 1 and o0 in eq.(3.4), the qualitative

feature does not change. In Fig.9, the behavior of the specific heat at constant

volume is shown for different parameters in the case EtoC = lOOrrv. The values

of <?o and 7 of each curve in Fig.9 are as follows,

0 • • • ofi - 20mb, -7 = 0.1

1 • • • aa • 20mb, 1 = 0.15

2 • • • a0 -•- 20mb, -7 = 0.2

3 • • • C7O - 1 5 m & , 1 - 0.15

4 • • • o,, •• 2Hrnb, -7 = 0.15 .
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The parameter of number 1 is used as a central value. From this figure, one sees
the genera] tendency that for large T one obtains large critical energy density,

and for large cQ one obtains small critical energy density. For each parameters,

the critical energy densities read from Fig. 9 are:

parameter

fc(GeV/fm3)

0

3.1

1

4.5

2

6.0

3

6.0

4

4.0

Thus, they depend on parameters.

4 Free-Decay Model and Hadron Distributions

In this section, we axe going to investigate a free-decay model of hadrons, which

produces a final pion distribution as decay products of a given initial distribu-

tion of resonances. The questions we try to answer are as follows;

(a). Is it possible to find a sign that the system has reached the excited-resonance

dominant phase by examining final hadron distributions in collider experiments?

fb). Does our model recover hadron distributions known in the collider exper-

iments and what would be initial hadron distributions that reproduce experi-

mentally known hadron distributions?

The question (a) is relevant since in the previous section we have seen that
the equilibrium of hadrons at high density is characterized by the production
of highly excited resonances. The second question (b) is intended to justify our
free-decay model. In section 4-1, we will explain our model and its results are
discussed in section 4-2.

4 - 1 . F r e e - D e c a y M o d e l 1

The free-decay model of hadrons, which we are going to introduce here, has basi-

cally the same structure as the nuclcation mode! of section 3, but two differences.

The first is that the interaction between hadrons to create higher resonances are

not allowed, which means Itl and It2 in oqs.(3.'2) and (3.3) are zero. The second

is that thermal equilibrium of the energy distribution of pious are not assumed.

In the nucleation model, we assumed the Holtzmarin distribution of pions, bul

here we are going to truat pion distributions (;xpli<:itiy.

m o d e l i.^ d u e t . o t i n : < i j n < . I J ^ J O J I w i l l . F .

The free-decay model is quite simple, actually it is a set of linear equations,

Again for the sake of numerical calculation, we discretize the energy. The vari-

ables we are going to discuss are Nr(n), which is the number of pions in n'k bin

having energy En = n-m, [n > 2), and Nr{i), which is the number of resonances

in ith bin having £,- = i • mr (» > i0), where icmr is the lowest energy of reso-

nances. We are using the pion mass m, as a unit of energy. In this free-decay

model, we again use the approximation of non-relativistic motion for resonances,

namely we use the expectation value of mass in eq.(3.l) to represent the mass of

resonances. This approximation means that we are looking at decaying hadrons

at or close to the rest frame of the initial resonance.

The equation for the free-decay model reads,

l(NrM
K ' '

I k

where Nr and Nr are vectors. Notations are similar as before. The B's are
branching ratios ineq.(3.5), for example i ) , ^ . . ^ ^ ^ is representing a branching
ratio of a resonance in j i h bin decays into a pion in /'* bin and a resonance in
i"1 bin. F is the decay rate given in e.q.(3.4). The matrix Kp represents that
resonances decay into pions and IC resonances decay into lower resonances.
Because of energy conservation, the lower triangular part of l(r is zero.

The solution to eq.(4.1) is easily obtained. Let c, be an eigenvector of KT

having eigenvalue \< (i iUl- • •/,„), where /ln is the maximum bin,

Kr<;, A.c, A, - 1\ < 0 .

Then the solution to (4.1) is given by,

"»(0\ /'/,-j , ^c . (A'j/A')i-A--1 , (4.2)

where c, are constants and Uv is a constant vector which has values in pion bins.

These constants are determined by the initial condition {Ar
r, A

r
r}[ u- Since all

A, a re nega t i ve , for <i Kiilliciently liirj;e t i m e ' ( ' ,

\ N, (I) J \ 0
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As a natural consequence, all resonances decay and only pions remain. Thus a
vector Up, which is determined uniquely by eq.(4.2) and initial condition, is the
final pion distribution.

As we have mentioned, our free-decay model describes the decay of reso-
nances to pions at the rest frame of initial resonances and finally we obtain the
energy distribution of pions. In order to change (pion number)-(energy) dis-
tribution to the distributions with respect to other variables, such as rapidity
and transverse momentum, we introduce an assumption that direction of pions'
momenta have a uniform distribution in the rest frame of initial resonance. In
next subsection, we are going to compare the pion distributions obtained by our
free-decay model with the experimental results.

4-2. Comparison Between Free-Decay Model and Ex-
perimental Data
The hadron distributions obtained in high energy collision experiments have
complicated nature.!23! There are lots of attempts to understand the hadron dis-
tributions both in empirically'241 and theoretically.'25' Since most of the hadrons
produced at the collision experiments are pions, it is meaningful to compare the
pion distributions obtained by our free-decay model with hadron distributions
measured in collider experiments. In this subsection, we show final pion distri-
butions starting from various initial conditions of resonance distributions and
try to answer to questions, which we made at the beginning of this section.

First, let us list the results we obtained by the decay model. The same as
section 3, we concentrate on the model including (u,d)-quark mesons, which
means we use eq.(2.6) and Regge slope of / = 1 in eq.(2.2). Thus we do not
consider kaons and complications of / = 0 states. The parameters of the model
are -y defining decay width and t0 the lowest energy of resonances. We used
»'o = 1 and -f = 0.15. We checked the dependence of results on *\ and found the
dependence is very weak.

Fig.10 shows (Nr[n)) - (Energy) distributions for Etol - 200mT(~ 28GeV)
with different initial conditions. The initial conditions used in Fig. 10 are simple,
namely the total energy is stored in one bin. The number in the figure indicates
a number of bin in which E,at is stored. For example, '20' means that we start
10 resonances of energy 20mT(" 2.8CeV), similarly '200' means 1 resonance of
energy 200m,.

There are two important points read from Fig.10, which we would like to
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stress here. The first is that for the initial conditions with larger resonances,
50, 100 and 200, the A^-energy distributions are almost the same. We do not
show the distributions at higher energy in Fig. 10, but for example the difference
between the lines of '50' and '100' appears at ~ 6GeV. This phenomenon is
attributed to exponentially increasing mass density. The branching ratio is
determined by the momentum phase space volume and the mass density of decay
products. Because of exponentially increasing mass density, the branching ratio
of a highly excited resonance has a sharp peak in the evaporation-like decay
mode, namely a pion with energy 3 ~ imr and less excited resonance.'"1 This
peak is not altered much even if the excitation number of the resonance is
increased. Thus A^-energy distributions do not distinguish between the initial
condition with one resonance of energy 200m,. and that with two resonances of
energy 100m,,., The second point is the exponentially decreasing tail of 50, 100
and 200 in Fig. 10. The tail behaves

where p is the mass density in eq.(2.6). Therefore, the exponentially increasing

mass density piays a major role in determining the final pion distributions.

Labeling the pion distributions by energy is not convenient because energy
distributions look very different in different Lorentz frame. On the contrary,
it is unlikely that resonances produced in collisions are at rest. In order to
obtain better information, we will use variables transverse momentum, p(, and
rapidity, y. Fig.11 is < Pt > — y distribution obtained using the initial condition
of one resonance having energy lOOm,, where < p, > is the average transverse
momentum. In Fig.12, dN^/dy ~y distributions obtained by the initial condition
of one resonance having the same energy as Etot are shown. The numbers in the
figure are total energies in unit of the pion mass. Fig.13 is the 1/ptdN^/dpt — Pt

distributions in the restricted rapidity intervals. The initial condition is one
resonance of energy 200m,. The numbers in the figure is the rapidity intervals.
Because of roughness of discretization, the one in rapidity interval 0 < y < 1 is
slightly oscillating.

Now, let us answer to the questions posed at the beginning of this section.
The question (a) is if it is possible to find a sign of excited resonance dominant
phase by examining hadron distributions at collision experiments. The answer
is negative if the experiment measures only charged particle distributions which
are indistinguishable of flavors. As we have discussed when we explained Fig.10,
the pion distribution in the range of energy less than 5GeV is not altered once
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the sufficiently large resonances are created. In experiments, the range of the

transverse momenta, which can be measured with reliable accuracy, is about

p( < 3GeV. Therefore, we shall discuss restricting the range of energy and

transverse momentum less than 3GeV. There is a clear difference in the pion

distributions between the cases in which only low resonances are created and very

high resonances are created. Thus the usual discussion of transverse momentum

enhancement in ion collisions are considered to be a consequence of creation

of highly excited states. However, our results tell that one can not distinguish

between a situation with several sufficiently excited resonances and the one with

one very excited state. Since the excitation number of resonance corresponds

to the size of very hot strongly interaction matter, our results say that hadron

distributions in the measurable energy range do not carry the information on

the size of very hot strongly interacting matter, which may be quark gluon

plasma, cf. section 5. Therefore, the exponential tails in Figs. 10 and 13 are

the signs that sufficiently excited resonances are produced in the collision, but

is not enough to tell if the system has reached the excited resonance dominant

phase.

The second question, (b) is if we can recover experimental results by our free-
decay model. The answer to this question is positive. Let us, first, discuss the be-
havior of central rapidity region in < pi > -y distribution. Our result in Fig. 11 is
obtained by the initial condition which is one resonance of energy 100mx. Fig.11
is the one at the rest frame of initial resonance. At first, this distribution looks
different from experimental results of < pt > -y distributions.'23 '26 '27! The
average transverse momentum of charged particles at central rapidity (y ~ 0)
measured in -ITP and PP experiments is 0.32 ~ 0.35GeV. On the other hand,
in Fig.ll < pt >~ 0.53GeV at y ~ 0. Another point is that in experiments
one finds central plateau, but not in Fig. 11. The interpretation, which we find
it most convincing, is that at the hadron collision several large resonances are
created and they have a certain momentum distribution. The simplest example,
which is enough to illustrate the situation, is the one where two resonances of
mass M having velocity (i and /3 in the beam direction are created at the
collision, shown in Fig.14. In Fig.15, < p, > — y distributions of pions at the
center of mass frame obtained by such initial conditions with M — 100m^ and
three different velocities, are shown. 6y written iti the figure is related to /3 by
6y = tank'1!}. For instance, in the case by = 1 (/? — 0.76c), one can see central
plateau in the rapidity region 0 < y < 1 and < pt >~ O.32GeV at y ~ 0, which
looks very similar to the one measured at nP collision at 16GeV,l26' If one wants

to recover the plateau observed in PP collision at Ja = 62GeV,!27l where the

plateau appears in 0 < y < 3, one has to add resonances with /? ~ 0.995c in

beam direction.

Provided that our assumption is correct, we could have recovered known

< Pt > ~y distributions from our free-decay model. The interesting point is

that, once we accept the assumption in our procedure to reconstruct < pt > —y

distributions, we obtain information on the momentum distributions of reso-

nances created at the collision. We will come back to this point again in section

5.

There is another positive answer to the question (b). The important feature
of \jptdNrjdpt distribution in Fig.I3 is the exponentially decreasing tails at
large transverse momentum, which behave,

1 dNr0 < y < 1, — — -
Pt dpt

(4.3)

-7.3p,

where the transverse momentum, pt, is in unit GeV. Since Fig. 13 is a result at
the rest frame of decaying resonance, if the resonance has a velocity in beam
direction the rapidity interval is shifted.

Let us compare with experimental results. The observed ijptdN^jdpt dis-
tributions in the ion collisions also have exponentially decreasing tail and the
rate of exponential decrease depends on the rapidity very weakly.'23' Roughly
speaking, they behave ,

l ^ ~ e - t j " , fc = 4 .6~5.0 , (4.4)
Pt dpt

with p, in GeV. Therefore, the behavior in eq.(4.3) of 0 < y < 1 is compatible
with experimental results. The same picture of hadron collision as before gives
a proper interpretation of this agreement. As we have discussed before, at
hadron collisions, lots of excited states having different velocities are created.
Thus the observed \jptdN,jdpt distributions are sum of hadron distributions
created by the decay of each state. As one can see from Fig. 13, in the rest
frame of decaying resonance, i/ptdN^fdpt in the rapidity interval 0 < y < 1 is
much bigger than the others, especially in the large pt region. Therefore, the
exponentially decreasing tail observed in the experiments are contributions of
excited states having velocity (3 in beam direction such that tank'1 (3 € [j/i,J/j],
where [1/1,1/2] is the rapidity interval of observation in experiments.
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Since the behavior in eq.{4.3) is sensitive to the mass density in eqs.(2.3)
and (2.6), this agreement with the experimental data gives support to the use
of mass density in eq.(2.6), which in turn supports the string model of hadrons.

5 Discussion and Perspectives

Let us summarize the results we obtained in previous sections. In section 2, we
discussed the string model as a phenomenological model of hadrons and showed
that there are some evidence in experiments which support the relevance of the
string mode!. We have proposed two models, namely the nucleation model and
the free-decay model. Section 3 was used to investigate the equilibrium property
of the nucleation model. We examined the model consisting of (u,d)-quark
mesons and we found a singular behavior at the energy density 3 ~ 5GeV/fm3,
where a highly excited resonance carrying most of the energy of the system
is created. In section 4, we computed the final pion distributions using the
free-decay model, where we assumed the creation of excited resonances at the
collision in order to make initial conditions. We could recover some features of
hadron collisions known in collider experiments.

As we have discussed in section 3,t we have found a singular behavior of the
nucleation model at the energy density 3 ~ 5GeV/fm3, which is similar to the
critical energy density obtained in the lattice QCD simulation. Therefore, it is
natural to consider some relation between the singular behavior found in our
nucleation model and the phase transition to quark-gluon plasma. There is a
long history on the problem of hadronic matter at high density. Let us explain
how the phase transition of the hadronic matter at high temperature/energy
looks like in the string model, which we find in literature, and its relation to the
other approaches to this phase transition.

The phase transition of the hadronic matter at high temperature was first

discussed by using the exponentially increasing mass density, which was derived

in the context of the statistical bootstrap model by HagedornJ ' In the pres-

ence of the exponentially increasing mass density, p(mj ~ mae l m , the canonical

partition function of the system diverges at the temperature Tg = 1/6. Al-

though this temperature was first discussed as a limiting temperature, later it

was noticed that it is actually a critical temperature where a phase transition to

a new phase of hadrons is taken placi'J38' In order for the further understanding

of the properties of the system having such mass density, the investigations us-
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ing the microcanonical method were performed.[29] The important point of their

results is that at high energy density region the system favors a very asymmetric

configuration, namely one hadron in highly excited state, carrying most of the

energy of the system, and the others in the lowest states. Therefore, at high

energy region it is natural to expect that hadrons will coalesce to create excited

states if the interactions are switched on, and indeed we have seen it in section

3.

Another powerful method to approach the problem of the new phase of

hadrons is the lattice QCD. Due to the asymptotic freedom of QCD, it is ex-

pected that the liberation of quarks and gluons will occur at high temperature.! 1

The results of the lattice simulation given by DeTar and Kogut suggest the

following picture of QGP phaseJ30 ' At short range, the system looks like an

ensemble of weakly interacting quarks and gluons, however, at long range it

is strongly interacting and confined. This means that the excitations in QGP

phase are still color singlet and non-perturbative effects play important roles.

Therefore, even at the high temperature, if we look at the system of hadrons

from a large distance, what we will find are again hadrons, but this time they

are highly excited hadrons.

The picture the statistical bootstrap model and the lattice QCD have in
common about the high temperature/energy phase of hadronic matter is the
appearance of highly excited states. The string model of hadrons also shares
this picture. In the string model, hadrons are described as quarks and antiquarks
(or diquarks for baryons) connected by color flux. States of low excitation are
referred as short strings and those of high excitation long strings because their
color flux are long. Since the string model also has the exponentially increasing
mass density, what are true in the statistical bootstrap model apply in the same
way to the string model. As for the connection to the lattice QCD, the picture of
QGP phase given by lattice simulation is explained as follows in the string model.
As we have mentioned above, in high energy phase, hadrons have coalesced to
form highly excited states, or long strings. In such situation, quarks move freely
because the color flux connecting quarks are very long and a quark at a end does
not feel the existence of the other. Thus, locally quarks look as if they were free.
Such a excited hadron may look like a bubble of QCD matter because its color
flux is overlapping.

From the above discussion, it seems relevant to identify the singular behavior

we found in the nucleation model of suction 3 with the occurrence of the phase



transition from hadron phase to quark-gluon plasma. As for the order of the

transition, we do not have enough information to make definite statement. In

section 3, we found divergences of the specific heat at constant volume using pion

temperature. In thermodynamics, the divergence of a specific heat means a first

order phase transition, but in our case this thermodynamical interpretation is

not applied literally, because the temperature we used is not the one for whole

system, but the one for pions, even though it may represent the behavior of

whole system in low energy density. On the other hand, in the nucleation theory

the formation of large cluster (string) is a sign of a first order phase transition.

Although we avoid drawing conclusion here, we suspect that the phase transition

found in our nucleation model would be first order.

Once we identify the formation of highly excited resonance with the occur-
rence of quark-gluon plasma, knowing the creation of highly excited resonances
is equal to knowing the production of quark-gluon plasma in a sizable scale.
As we have discussed in section 4, it is difficult to obtain information on the

. formation of excited state dominant phase by observing the charged hadron
distributions indistinguishable of flavors. Therefore, we should consider other
quantities such as flavor compositions' I and J/'i suppression.' ' It will not be
difficult to modify our decay model such that (u,d,s)-quark mesons are included.
However, one should be careful about'the treatment of isospin 0 states and the
effect of Pauli repulsion at the level of quarks, which may cause strange particle
enhancement.

The important feature of the nucleation model discussed in section 3 is that it

has an ability to trace time evolutions of the system. Knowing how long it takes

for the system to reach an equilibrium is important to discuss the occurrence of

quark-gluon plasma at the ion collision experiments.

The project, which we are thinking, is as follows. First we compare the final
hadron distributions obtained in our free-decay model with the one measured in
PP or PIT coilisions. We will look for initial conditions of resonances in our free-
decay model such that it recovers the hadron distributions observed in PP or
P-n collision experiments. Then we make a initial condition at heavy ion collision
assuming that at the moment of collision the situation is an independent sum
of collisions between nucleons in ions. Once we obtain an initial condition, we
evolve the system under a certain condition relevant to discuss ion collision by
the nucleation model. As we have seen in section 4, in PP or PIT collisions,
resonances of large velocity seem to be created. Thus the initial condition in ion

collisions would be very far from the equilibrium. Although the nucleation model

in section 3 is sufficient to understand the properties of the system of strongly

interacting matter near the equilibrium, it is not relevant to investigate the

situation which is very far from the equilibrium. Therefore, in order to answer

to the question like how the system of hadrons approaches the equilibrium in the

ion collisions, we have to develop a nucleation model of hadrons, in which the

kinetic motion of hadrons are treated explicitly. The project in this direction is

now in progress.' '
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Appendix

In section 3, we discussed the nudealion model of hadrons. There are lots of
possibilities to extend the model. In this appendix, we are going to discuss one
of the way to modify it, namely we introduce four-open-string interaction or
rearrangement of strings.

In the sense of open string theory, one should have four-string interaction in
order to make it unitary.!3"1' Although Ihe string model of hadrons are not fun-
damental theory and we do not require unitarity on it, it is possible to consider
four-string interactions.'4' This interaction is due to the rearrangement of color
flux tube, which is illustrated in Fig.16. It is difficult to treat this interaction
without arbitrariness. In the following, we are going to discuss the simplified
example in order to examine effects of the four-string interaction.

Locally the four-string interaction is the same as the interaction between
closed strings (pomeron). Therefore, the form of cross section in such process is
the same as the one obtained in closed string interactions, which is given by'^^l

(fci •<:»)' EA
& OC — — ~ ,

where fc; is a four-momentum of a interacting string and we made an approxima-

tion of targe mass to go to the iast expression, namely eq.(3.l). The interaction

rate in this process is, then, Rr oc E,E^. The magnitude of this interaction is

estimated as follows. Since this interaction is a rearrangement of color flux as

shown in Fig.16, it should be proportional to the product of length of color flux.

Because the Regge slope in eq.(2.2) is interpreted as energy density of color

flux,'4' a hadron of mass M(CeV) has a color flux of length:

i(fm) = « rM(GeV), ar =

Thus the interaction rate of four-string interaction between states of energy E\
and i?2 is

Rr = (0.14 x 0.174)2 x 10mb x

= C, x Wrnb x Ki(m,jin2(m, (A.I)

where energy is in unit of the pion mass. The constant coefficient Cr in eq.(A.l)
is Cr ~ 5.95 x 10 4.

We introduce an assumption to simplify the interaction. We consider this
rearrangement as a cut-and-connoct process, namely first cut each flux tube and

connect them (see Fig.16). If we use the argument on phase space volume using

the exponentially increasing mass density, the most probable way to cut the flux

tube is to cut it into a small piece and the rest as Fig.l6(b). After connecting

them, we find one very short string and one long string, Fig.l6(c). As a simple

example, we will show the results using the prescription such that, when reso-

nances of Ei and E2 interact by the four-string interaction, we get a resonance of

(Ei + Ei- 2m,) and a pion of energy 2m, as a result of rearrangement between

color flux.

The modification of eqs.(3.2) and (3.3) is simple. We will show only results
here. The parameter Cr in eq.(A.l) is chosen to 1CT3 and o0 = 20mb, 7 = 0.15 in
the results. Fig.17 shows the number of pions/resonances and the energy carried
by them for the case Etot = 100ro». The average energies of pions and resonances
for Etot — lOOrn,- are shown in Fig.18. The equilibrium configuration is quite
similar to the one we found in section 3 without four-string interaction, especially
in the low energy region. The important effect of four-string interaction is that
it accelerates the creation of higher excited states in high density region, where
the color flux of hadrons may overlap with each other. As discussed in section 3,
the flex point of resonances' average energy is a good sign of the critical point.
Then, we can read the critical energy density of the present modified model as
~ 20m,c/fm3. Fig.19 shows the equal levels of pion temperature.

In this appendix, we showed the simplest modification of the nucleation
model of section 3. As we have seen, we have wide range of arbitrariness in
introducing four-string interaction. One nice feature we can learn from above
results is that till critical density in the low density region this four-string inter-
action does not change the equilibrium property of the system. Therefore, when
we approach toward high density from low density, the details of four-string in-
teractions do not give much contribution till we obtain sufficiently high density.
In any case, we are not exhausting possible ways to extend our nucleation model
of hadrons. What we can think of are adding baryons or heavy-quark mesons,
closed strings(pomeron), which may be gluballs, and so on.
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Table 1. Isospin 1 = 1 states. The states expected from string model and
the experimentally known stales.'' I The blanks mean that they are expected
by the string model but the corresponding states are not known experimentally.
The states with asterisk are those in the summary table of ref.jlS]. The last
column, | * i >, is the orbital excitation in terms of oscillators of string.

N

0

1

2

3

L

0

1

2

0

1

3

1

2

1

0

1

s = 0
J = L

K(49S)-

7fi(l27O)'

K2(15S0)

K(146O)

/fi{1650)

if(183O)

s = 1

J = L + 1
Ki(892)'

#2(1430)'

ii"3(1780)*

K(moy

/f4(2045)'

/fj(1978)

J = L

1
/fi(l400)'

K2(177O)*

/

/

J = I- 1

/
Ko(l43O)'
ifi(l680)'

/

tfQ(1945)

/

|*L>

[0 >

a - i | 0 >

O'12!0 >

or!.1a
)_1ft*1|0>

aiiQ^jjO >

Table 2. Isospin / = 1/2 slates.



Figure Captions

1. The deposit of mass density in eq.(2.5) divided by isospin freedom Cj for

(a) isospin I — 1 and (b) I = 1/2. The bold solid line is the one obtained

by experimental data and thin solid line is the one obtained by string

model.

2. The branching ratio to a fixed decay mode versus mass of decaying reso-
nance, (a) / = 0 7r + 7T mode, (b) / = 1/2 K + u mode, (c) / = 0,1 K + K

mode and (d) / = 1 p + n mode.

3. Decay width(MeV) of isospin (a) / = 1 states and (b) / = 1/2 states
versus their masses(GeV).

4. The number of pions and resonances (below) and the energy (in mr) car-

ried by pions and resonances (above) at equilibrium as functions of volume

in the case total energy Etot — 100m,.

5. The average energies of pions and resonances at equilibrium in the case

E^t = 100mT.

6. The equal-temperature levels of pions in the (volume)-(total energy) plane.
The numbers in the figure are temperatures in unit of the pion mass. The
temperature difference between solid lines is mr and between dotted lines
0.2m,.

7. Pressure (GeV/fm3) of pions at equilibrium for Etat = 100m,-.

8. The specific heat at a constant volume calculated by pions' temperature

for three different total energies in unit pion mass.

9. Comparison of the behavior of specific heat at a constant volume for dif-

ferent parameters.

10. The energy distributions of pions obtained by the free-decay model when
the total energy is litot --• 200m,. The numbers in figure are the bins in
which total energy is stored in the initial conditions.

11. Average transverse momentum (CcV) versus rapidity in the case Elal -
100m,.

12. Rapidity distributions of pious for different total energies. The numbers

in figure is the total energy in unit of the pion mass.

13. l/ptdN*/dpt — pt distributions at the rest frame of initial resonance with

Etot = 200m, for restricted rapidity intervals. The numbers in figure are

rapidity intervals.

14. The simplest example, where two resonances having velocity 0 and — /? in

the beam direction(z) are produced in the collision.

15. The average transverse momentum (GeV) versus rapidity obtained in the

situation illustrated in Fig. 14 for three different velocities.

16. Four-open-string interaction, which is the rearrangement of color flux.

17. The number of pions and resonances (below) and the energy (in mr) car-
ried by pions and resonances (above) at equilibrium as functions of volume
in the model with four-string interaction, where Elat = 100m,.

18. The average energies of pions and resonances at equilibrium, where Eiot =

100mT, in the model with four-string interaction.

19. The equal-temperature levels of pions in the (volume)-(total energy) plane

in the model with four-string interaction. The numbers in the figure are

temperatures in unit of the pion mass.
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