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ABSTRACT

A cluster transfer-matrix method convenient for calculation of spatially mod-
ulated structures of a wide class of lattice-gas models is developed. The method
formulates the problem of calculation of the partition function in terms of non-linear
mapping of effective multi-site fields. It is applied to a lattice-gas model qualitatively
describing the system of oxygen atoms in the basal planes of high-temperature super-
conductors. The properties of an incommensurate structure occurring at intermediate
temperatures are discussed in detail.
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1 .Introduction

Recently, a. number of different structures of oxygen atoms and phase transitions
between them was observed in CuO? basal planes of high-temperature superconduc-
tors [1]. A series of various structures has been found in monolayers of adsorbed
atoms on two-dimensional crystal surfaces. In the system of Si molecules adsorbed
on (110) surface of tungsten crystal a p(2 X 1) phase was observed by the field-ion-
mkroscopy [2] and ( 5 x 1 ) and ( 6 x 1 ) phases with an incommensurate phase between
them were predicted by Amar et al. [4] from a lattice-gas model with six short-range
pair interactions.

A similar problem is treated in this paper where a lattice-gas model with the
ground states possesing the same structures as those observed in [l] is solved. A
special attention is paid to the incommensurate phase that appears between some of
the commensurate structures of the ground state at higher temperatures.

The properties of incommensurate structures in lattice spin models has been stud-
ied intensively in the last decade—mainly in the framework of the ANNNI model [5].
Various techniques were applied to the two dimensional versions of it: Monte Carlo
calculations [6], method of interfaces of MulleT-Hartmann and Zittartz |7,8], free
fennion approximation [9,10], finite size scaling [11] and mean-field approximation.
In the mean field approximation a nonlinear mapping approach was used [12,13]. By
transformation of the mean field equations from the lattice to continuous space a
soliton picture of incommensurate phase is obtained [14].

The above mentioned approaches give a consistent picture of the structures in the
ANNNI model and they were successfully applied to other models with competing
interactions [5].

In this paper we use a different approach developed recently [15]. The method
is convenient for treating of incommensurate structures and it is able to overcome
most of the shortcomings of the previous methods. It is, in fact, a kind of generalized
mean field approximation and transforms the calculation of the partition function to
a nonlinear mapping problem. Despite of that, it is substantially different from the
approach [12]. This aspect is commented in Section 4 in detail.

The reordering of oxygen atoms in high-temperature superconductors has been
studied in numerous works both experimentally [16] and theoretically [17,18]. Our
calculation does not give full phase diagram of the system, as we take into account
only O4 oxygen atoms. For this reason, our results cannot be compared with phase
diagrams in [17], where more simple models without (y/2 X \/2) phase are treated, but
on the other hand a completely disordered phase including Oh atoms is considered.
The approximation used in [17] are much more crude than that used in this paper
and is not applicable to description of incommensurate phases.

A modification of the method [15] for spatially modulated structures is presented
in Section 2 and an application of it to a lattice-gas model quantitatively simulating



layer of YBUIC
described in Section 3.

with commensurate and incommensurate phases is

2.Method

A method suitable for treating complicated two-dimensional superstructures with
possibility of occurrence of incommensurate structures has been developed recently.
It has been described in detail [15] and applied to the two-dimensional ferromagnetic
Ising model in magnetic field. It was shown that it describes with high precision the
ferromagnetic and paramagnetic phases, both of which are homogeneous. Here, we
shall shortly summarize the main ideas of the method and slightly reformulate it for
the case of spatially modulated structures.

The method can be applied to any classical lattice model with discrete site vari-
ables and short range interactions. It reduces the calculation of the partition function
of a statistical system to a nonlinear mapping problem.

All the models which can be treated by the method may be represented by the
following cluster Hamiltonian

(1)

where i numbers lattice sites, n,, are site variables defined on sites in a finite-size
area around the site i; n,- = 0 , 1 , . . . , N. A set of short-range interactions constants
are denoted by {A'j}. The minimum number of sites in the cluster is given by the
interaction range. The site Hamiltonian ff; may be written explicitly in the following
form

Hi ({/Ci};!*,,,. . . ,^) = Y2 K(m,i,...,mi,) «("•>,,,nvj .. .6 (m, , ,^ , ) ,

where j is the number of the cluster lattice sites, K (m^ m,-,) is the energy of the
cluster configuration (m;, , . . . , mij); m* = 0 , 1 , . . . , N. For homogeneous systems,
all the clusters are assumed to be the same, only shifted by a lattice vector.

For our purposes it is more convenient to express explicitly the dependence of the
Hamiltonian only on the row variables JV; = {n,-,i, n,-,i,.. -, rtj.i,} k —> oo

(2)

where it is the maximum interaction range in the direction perpendicular to the rows.
As each row appears in it different strip Hamiltonians G,-, the short range interactions
may be divided among different strip Hamiltonians practically in an arbitrary way.

On the other hand, our approximate approach does not preserve the symmetries and
the ground state properties of the Hamiltonian (1) automatically. All the properties
that should be exactly preserved in the final result, had to be present not only in the
Hamiltonian H but in every Gj, as well. (E.g. for the ferromagnetic Ising model,
if G; does not posses the up-down symmetry the magnetization would be slightly
different from zero for zero magnetic field in the paramagnetic phase. However, at low
temperatures the symmetry of the Hamiltonian may be spontaneously broken and the
magnetization would acquire a nonzero value.) Constructing the strip Hamiltonian
6',, we must have in mind this limitations to its possible form.

The further calculations are based on the concept of the T matrix

T; (JV,- JV i+i) = exp \flGi

Then, the calculation of the partition function

i,..., Ni+k)\

can be performed row by row introducing auxiliary functions ¥,-

The physical meaning of *,• is transparent—it represents the effect of one of the half
lattices on the other one. Then, it is natural to introduce a quasihamiltonian & with
interaction constants h\ responsible for this effect

After substitution into (3) we get

(4)

The essence of our approximation is the assumption that only a finite number of
short-range interactions L}, I = 1,. ..,p is important in (4). This assumption is
surely not valid for the system near criticality. That means that our method is a
generalization of the mean field approximation and the resulting critical exponents
should be the classical ones. Nevertheless, the values of critical temperatures are
reproduced very well [15].

We shall treat eqs. (3) and (4) as an iterative procedure, calculating the unknown
interaction constants £J+1 and the constant A, from the interaction constants A'j of



the Hamiltonian H and from the interaction constants L\ known from the preceding
iteration step. Reducing the number of interaction constants, we have to reduce
the number of eqs. (4), as well. The raoet natural choice, how to do it, is to leave,
instead of Jfc infinite rows, only a small cluster of sites which is the most relevant
one for calculation of short range interactions in (4). That can be easily performed
by summation over all sites lying outside the cluster by X matrix method. This
calculation is exact because eq. (4) represents an one-dimensional problem with Bhort
range interactions. The size of the cluster has to be determined from the condition
that that number of its configurations is equal to p.

The solution of (4) need not to be necessarily homogeneous. For that reason we
shall sometimes explicitly denote the position of interaction constants along the row
by the second superscript (L| = £','J)-

As the terms at the both sides of {4) have a form of a Gibbs factor, it is natural
to call the results of theirs summation as cluster probabilities. Then, from eq. (4) we
get

•+!,.,

"•'+*,•!

, »i+l,«+t

}
(5)

where the function at the left-hand side is the probability of the cluster configuration
of a system described by the Hamilton ian

}; JV,- JV i+,) + g,

and at the right-hand side by the Hamiltonian

(6)

(7)

For inhomogeneoug solutions we have to solve eq. (5) for a number of clusters, each
shifted by one lattice constant along the row. The cluster position is denoted by i.
The number of different indices » is equal to the period of the structure along the
row. The length of the cluster, i.e. the order of the approximation, is determined by
*. The width of the cluster is equal to k - 1, i.e. one lattice constant less* than is the
maximum range of the interactions in the direction perpendicular to the rows. In
the further calculation, we use the cluster of a rectangular shape, the same as that
in (5), but it is possible to choose other types of clusters, as well.

To calculate the right-hand side of (5), the right-hand side of (4) has to be summed
up by using the T matrix method. Generally, this calculation must be done numeri-
cally. To get the unknown interaction constants £[+1 from the left-hand side of (5),
we have to invert the function P n (£}+1). This is a simple task, as the interaction
constants £J+1 are linear combinations of the functions log(Pi-i) (see [15]).

In fact, eq. (5) represents a nonlinear mapping of the interaction constants of the
quasihamiltonian g, onto the interaction constants of g;+j

{L\J} — {L\+1J}. (8)

There are various types of asymptotic behavior of mapping (8). If L\' = L\ %> the
system is in a homogeneous phase; if L\J = L\ J a superstructures with periodicity
Jfc appears; if L\J / L,'} for all i and k the phase is incommensurate or possibly
chaotic. The chaotic phase has not been found in the present calculation.

AU the structures obtained from (8) are modulated unilaterally, perpendicularly
to the rows, i.e the interaction constants L)'3 are functions of i. A periodic structure
may appear in the direction of the rows, as well. Then the interaction constants L\!

are dependent on their position in the rows, denoted by j .
The constant A, from eq. (4) does not appear in eq. (5), as it is absorbed in the

normalization constants of the probabilities P. It plays an important role in the
theory, because J^i '°K ^i a proportional to the free energy of the system. It follows
from (4) that

where Zi, and Zk-\ are the partition functions the systems on the strips characterized
by the H&miltonians (6) and (7), respectively.

The probabilities Pk and ft-i in eq. (5) are not the configuration probabilities
of our problem described by the Hamiltonian H. These probabilities can also be
calculated as configuration probabilities of a i-row strip system, but now, instead of
(6), using the following Hamiltonian

(9)

The function Q; is the qnasihamiltonian corresponding to the left auxiliary function
V,' defined by an equation analogous to (3)

When the transfer matrix T; and the boundary condition are chosen in a symmetric
way, the set of the functions V,- is the same as the set of the functions V,- and we can
use the interactions constants L calculated from (5) for L's in (9).



In [IS] the method was formulated slightly more generally. There, besides the
effective interaction constants Lj, an effective lattice consisting of a small number
of rows interacting with the it-row strip in (5) was introduced. These rows are able
to produce long-range interactions which the quasihamiltonian g, does not contain.
Similar effective lattice rows are used also in the variational approximation of Baxter
[16]. For the sake of simplicity the effective lattice is not taken into account in this
paper.

The values of the interaction constants L° at the beginning of the iteration proce-
dure (5) represent the boundary condition for a system on a semi-infinite half-lattice.
The choice L° = 0 for all / is equivalent to a free boundary condition. For the fixed
boundary condition only the single-site effective interactions from L° (effective fields)
are nonzero. The boundary condition with nonzero multi-site fields can be created
only by a dynamic system occupying the rows with i < 0.

3.Model and Results

The method developed in the preceding Section is applied to a lattice-gas model
with two-state variables (N=l) described by the Hamiltonian with pair interactions

(10)

i 1

where n,* = 0,1 is the occupation number of oxygen holes in rectangular O4 sublattice
of the CuO-2 plane in a crystal of YBa^CusOr-(. The interactions between OS and
04 atoms are not taken into account in this paper. The bond interaction constants
A';, i ' = l , 8 together with the corresponding lattice vectors k, are shown in fig. 1.
The constants and vectors symmetric to the depicted oneB with respect to * and y
axis are not drawn in fig. 1.

To obtain the same ground states of our system as those observed by Alaric-
Franco et a!. [1], the eight interaction constants in (10) has been chosen as following
A", = -3.0, h\ = -1.2, Ks = -3.3, K< = -1.3, A's = -2.0, A'e = -1.2, K7 = -2.5,
Ka = 1.2. All the interactions are repulsive only the longest one is slightly attractive.

The ground states for coverages i) = 0 — 0.5 are shown in fig. 2. Three superstruc-
tures {s/2 x -y/2) are denoted as /, / / , and III, the empty lattice as DtlnTt, ((1 x 1)
structure), and the (2x1) superstructure as Dfuii- The two latter phases will play
role of disordered states at higher temperatures. As in our model the atoms interact
by pair interactions only, its behavior in the coverage region t? = 0.5 — 1 is the same
as that for coverages less than \.

The order of approximation in our method is determined by the size of the cluster
in (5). Further we use one of the lowest approximations satisfying all the requirements
imposed by our considerations in Section 2. In (2), we have used three row strips

oriented horizontally (according to fig. 2); (i.e. k = 3). This width of the strips is the
minimum one, because the rows i and • + 2 interact directly through the interactions
Ki and As The height of the clusters in (5) is then equal to two and their width
has been chosen equal to three lattice constants (t = 3). From fig. 2, it is seen that
the period of the spatial modulation along the rows is equal to 4 lattice constants
so that eq. (5) represents, in fact, four equations for four consecutive t. For the
same reason four different sets of unknown effective interaction constants has been
used for j = 1, , . . , 4. For each j , the number of interaction constants L]'1 has been
chosen equal to twelve. They are the all possible interactions denned on a four-site
square embedded in a spatially modulated strip and due to it lacking the left right
and up-down symmetry. In [15], it was shown that the approximation used in this
paper gives the critical temperature of the Ising model within 0.1% accuracy.

In the following figures only one of the twelve effective interaction constants in
the quasihamiltonian gt is shown. It is the single-site field acting on the sites in the
odd columns of the row i + 1 in fig. 2. Further it is denoted as h. The exponential of
h is closely related to the coverage on the respective sites. There are four different
curves in most of the figures where the spatial dependence of ft is displayed. (Strictly
speaking, the values of h>:1 and ft1'3 are plotted in those figures.) It reflects the
fact that the period of the structures /, / / , and / / / is four lattice constants in the
direction perpendicular to the rows, as well. The behavior of the other eleven effective
fields is similar to the behavior of the single-site field h.

The effective field ft is not directly observable. Nevertheless, each phase can
be characterized by the sequence of the fields hi along one of the odd columns,
e.g. for the phase / they are ordered according to their value in the following way
fc;+i > hi > fcj+j > fcj+3 (or theirs cycling permutations). In fig. 3 the spatial
dependence of the effective field in the direction perpendicular to the rows is shown
for 0 — 2.5, fi - 1.02. The boundary condition at the row with the index t = 0 are the
effective interaction constants for a state in the phase / . In the depth approximately
of 70 rows the order of the effective field changes to h, > A,+1 > fc,-+j > ft,+J —the
system is in the phase / / . In this way all the phases in the phase diagram, which is
shown in fig. 4, may be identified. The actual first-order phase transition lines must
be found from free energy considerations, as the phases in small regions around the
lines coexist.

The phase diagram of the model, displayed in fig. 4, consists of the five phases
which has been found already at zero temperature (see fig. 2) and of an incommensu-
rate phase (denoted by i) at intermediate temperatures. The incommensurate phase
exists in the region between the phases / and / / , / / and / / / , / / and DcmTty, II
and Dfuu, and / / / and U/Uj|. There is no incommensurate phase between / and
Dtm],tf AH t n e phase transition are of the first order only the transitions / / - i and
/ / / — i are continuous. The phases at both sites of the phase transitions depicted by
thick solid lines coexists. At the phase transition line the free energy of both phases
are equal to each other.



There is another type of first order phase transition between the phases I, III,
the incommensurate phase and the disordered phase depicted by the thin solid line.
Here, the free energy of the ordered phase is always lower than the free energy of
the disordered phase. At the phase transition line the ordered solution disappears.
The phase transitions are discontinuous because the limit of the older parameter at
the phase transition line is nonzero. At i - D transition line the amplitude of the
effective field h as well as of the coverage is nonzero and the period of the structure
is finite. The phase transition between the phases 77, / / / and the incommensurate
phase is continuous—the period of the structure tends to infinity.

The spatial dependence of the effective field h in the incommensurate structure
between the phases / / and III are shown in fig. h. (The points in the phase space,
at which the plots displayed in this and the following figures has been calculated, are
depicted by dote in the phase diagram in fig. 4). The values of the parameters in the
phase space ft = 2.01, ft = 8.16 are closer to the area occupied by the phase / / than
to the phase / / / and due to it wide plateaus of the phase / / separated by narrow
walls of the phase / / / appear in fig. 5. The shape of the wall is shown in fig. 6, where
the spatial dependence of the local coverages (n,) is displayed. Crossing the wall of
the phase III, the phase 11 is shifted by one row forward (or three rowB backward).
The incommensurate structure is due to the discommensurations represented by the
walls. For smaller n, closer to the phase-transition line, the regions of the phase II
are getting wider and the walls narrower. At the phase transition line the regions of
the phase / / are infinitely wide. The period of the structure is the shortest in the
middle between the / / — i and i — / / / phase-transition lines (8 = 2.01, p — 8.175)
and the incommensurate phase is a mixture of equal portions of both phases as it is
shown in fig. 7.

A similar situation is in the incommensurate region between the phases / and / /
as it is seen from figs. 8 and 9. The values of the parameters 0 = 1.032, p = 1.5
are very close to the i - / / phase-transition line and the regions of the phase / / are
much larger than those of the phase /.

The incommensurate phase at high temperatures, near the i-D phase transition
line, for ,6 = 0.66, (i = 5.91 has an different character. It does not consists of equal
regions of an ordered phase separated by discommensurations in form of walls, but
both the effective field and the coverage are practically of a sinusoidal shape (figs. 10
and 11). The period of the structure is shorter than the periods of low-temperature
incommensurate structures.

The oscillatory behavior typical fox the incommensurate phases can be observed
in the disordered phase near the phase transition line, as well. In fig. 12, the spatial
dependence of the effective field ft is displayed when the effective interactions L)
obtained from the calculation of an incommensurate structure, have been taken for
the boundary condition. It is seen from the figure that near the boundary of the
disordered phase appears a slowly decaying incommensurate structure. The values
of the variable parameters of the model are now 0 = 0.68, /* = 5.07.

If the calculation is performed at the point fi — 0.91, u = 7.5, which lies in the
incommensurate region of the phase diagram very dose to i—II transition line, again
wide areas of the structure / / are seen, but now the structure of the very narrow walls
cannot be identified with any zero temperature structure. Nevertheless, it reminds a
little the phase III which is not so far from this point in the phase diagram.

In the discussion above, we classified different ordered structures appearing in
the phase diagram according to the behavior of the effective fields h; and the local
coverages (n,) in the odd columns of the lattice. The coverage at all sites of the even
columns was practically equal to zero. Both disordered phases in the phase diagram
Dtm,ii and Djun have one common feature—the coverage is equal at all sites of the
odd columns. The phase DEtnflf is totally disordered—even the coverages at odd
and even columns are equal to each other, while in the phase D/Un they differ. The
phase transition between them is discontinuous.

4.Diicnssion and conclusions

From all the methods developed for description of incommensurate phases, our
method is most closely related to the nonlinear mapping approach to the mean-field
theory by Bak [12} [13]. Both methods do not assume any configuration ab ini-
tio, but the structures naturally appear from the iteration procedure. In [13] the
iteration procedure defines a mapping of magnetization of lattice rows or planes,
whereas is our approach effective multisite fields, instead of the magnetizations, are
subjects for the nonlinear mapping. The orbits and fixed points obtained in the
process of mapping of plane magnetizations corresponding to physical solutions, are
unstable. Numerical treatment of such unstable orbits, especially for high dimen-
sional mapping, is extremely difficult. In our method, normally one and sometimes
two stable orbits are obtained, from which the physical solution has a lower free en-
ergy. As the mapping is stable, it is possible to determine the free energy and the
wave vector with high precision. The mapping approach in [13] was applied to the
three-dimensional ANNNI model, where a soliton pinning and chaotic phases were
observed. In our two-dimensional model neither chaotic states nor pinning occurs
and the dependence of the soliton density on the chemical potential n and the tem-
perature T is smooth as it is shown in fig. 13. The soliton density is defined as
q % \, where 1 is the distance between soli tons, which is, in case of underlying (4 X 4)
commensurate structure, one fourth of the wave length of the incommensurate struc-
ture. The temperature dependence of the soliton density near the C - i transitions
is approximately j ~ (T - Tt)

0M and the dependence on the chemical potential w
q -» (ft — ftt)

 Ai, what is in good agreement with the square-toot dependence derived
by Pokrovsky and Talapov [20]. The D — i phase transition is discontinuous and
q changes abruptly to zero at T = 1.538 in fig. 13. The sinusoidal and soliton-like
behavior at high and low temperatures, respectively, is consistent with the results of

e
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[14]. Our findings are in disagreement with the proposal of Liang et al, [21] that the
pinning may occur in the two dimensional systems of chemisorbed atoms because of
strong adlayer-substrate interactions.

As our calculation involves not only simple single-site mean-field but multi-site
fields, ae well, the effects included in the phason part of the free energy of the mean-
field approaches are already partially incorporated in our results. Our method yields
a regular array of solitons in the incommensurate phase. Because they form an one-
dimensional structure, the long range order is always destroyed by fluctuations and
impurities, and the picture of a floating incommensurate phase is more relevant for
this case. However, as the experiment shows, the coherent regions of the incommen-
surate phase are relatively large.

Our T matrix approach has to be compared with finite siae scaling studies [11]
where strips of different width are solved exactly using the transfer matrix tech-
nique. The two largest eigenvalues of the transfer matrix determine the correlation
length and the modulation wavenumber <]M which characterizes spatial oscillations
exponentially decaying correlation functions. There are no phase transitions in one-
dimensional strips, the phase transition lines are estimated from scaling properties
for strip width N —» oo. It is claimed that the wavelengths of commensurate and
incommensurate structures is given by the wavenumber qu- It is seen from our calcu-
lation (fig. 12) that the response to a. disturbance has an oscillatory behavioT even in
the disorder phase near the D - i phase transition line. In commensurate phase near
C — i phase transition the system may respond to external disturbance by formation
of a single soliton.

In conclusion, we have developed an approximate method for calculation of ther-
modynamic properties of a wide class of lattice models, especially of models with
spatially modulated structures. The method has been applied to a model with rel-
atively large number of interaction constants with the same ground states as those
observed in CuO? plane of high-temperature superconductors.

The phase diagram of the model was calculated where, besides the ground state
phases, an incommensurate structure in the parameter space between all the phases,
except the region between the phases / and D, occurs. The properties of the incom-
mensurate phase were studied in detail and the results were found to be in agreement
with previous calculations of spatially modulated structures.

The method is very convenient for calculation of incommensurate structures for
discrete lattice models because in distinction to the other methods: it can be easily
formulated in arbitrary order of approximation, the physical orbitB of the mapping
are stable, it does not use any boxes the size of which would be a multiple of the
lattice constants, it works with the original lattice-gas Hamiltonian in the discrete
lattice space.
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Figure captions

Fig. 1. Interaction constants and corresponding lattice vectors in the Hamilton]an
(10).

Fig. 2 Ground states of the model for coverages # < 0.5.

Fig. 3 Spatial dependence of the single-site effective field k for fi = 2.5 and n - 1.02.

Fig. 4 Phase diagram of the model in the fi — /i plane of the phase space. The phases
/, / / , / / / , Dcrnpts, and Z>/»JI are shown in fig. 2. The incommensurate phase is
denoted by i.

Fig. 5 Spatial dependence of the single-site effective field h for 0 = 2.01 and fi = 8.16.

Fig. 6 Spatial dependence of the local coverage (n,) for 0 = 2.01 and fi = 8.16.

Fig. 7 Spatial dependence of the single-site effective field h for fi = 2.01 and ft =
8.175.

Fig. 8 Spatial dependence of the single-site effective field h for 0 = 1.6 and n - 1.032.

Fig. 9 Spatial dependence of the local coverage (n,) for fi = 1.5 and n = 1.032.

Fig. 10 Spatial dependence of the single-site effective field h for fi = 0.66 and
/i = 5.91.

Fig. 11 Spatial dependence of the local coverage (n,) for 0 = 0.66 and n = 5.91.

Fig. 12 Spatial dependence of the single-site effective field k for 0 = 0.68 and
fi = 5.07.

Fig. 13 Spatial dependence of the single-site effective field h for 0 = 0.91 and p. = 7.5.

Fig. 14 Spatial dependence of the local coverage (n;) for 0 = 0.91 and n = 7.5.

Fig. 15 Dependence of the soliton density q on temperature T for fi — 7.2 (solid line)
and on chemical potential p for T = 1.9 (dashed line).
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