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The use of square ceramic plates supported at each corner to quantify frac-

ture characteristics of ceramics under biaxial stress has been recently reported.[ll

Under such conditions it has been found that asymmetric multibranched crosslike

cracks grow directed towards the square plate edges. Consequently, no theoretical

investigation has yet been done in an attempt to model such complex patterns [2|.

Rapidly moving fourfold coordinated patterns in the directions of the square

lattice axes have been simulated using different types of stochastic growth models

[3,4]. However all these approaches for the understanding of such specific mor-

phologies, in conjunction with deterministic models of crack formation on surfaces

[5,6], lack an important feature that is present in the experiments made on con-

centrically loaded square plates, namely, the appearance of multibranched cracks

(containing loops) directed towards the lattice edges [1],

In this letter we have taken the first steps towards modeling asymmetric multi-

branched crosslike crack growth in a 2D lattice. We shall show preliminary re-

sults obtained from simplest deterministic and stochastic approaches of fracture

propagation in defect-free media and Bhall comment on their associated fractal

properties. A fuller account and discussion will be given elsewhere [7j.

The deterministic model we adopt is an extension of the model due to Takayasu

[8], in which a plane network consisting of brittle sticks that are connected stiffly

at each lattice point is considered. Assuming that the displacements at the lattice
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points are perpendicular to the plane, then the equilibrium of the forces at the

(i, j ) th lattice point is expressed as the discrete version of the Laplace equation .

that would be obeyed in a continuum model. In our new application of this model

to the case of concentrically loaded square plates, the boundary conditions are such

that in a square net, the four corners are fixed and held with null displacement,

u = 0, and the centre lattice point has an initial displacement u, representing the

effect of the loading. Subsequent iterative solution of the set of equations for all the

other displacements of the network points yield the crack pattern once suitable

maximum displacements are chosen in each iteration to satisfy the breakdown

condition [8]. This new model is completely deterministic and develops as the

original version.

In our stochastic model, on the other hand, connected patterns are generated

using two different algorithms for two different regions inside a square lattice,

say, one isotropic region I, containing a core region of radius Ri, and the other

anisotropic region II, containing multibranching. Inside region I, spherical particles

diffuse via diffusion-limited-aggregation (DLA) [9]. Such complex processes are

repeated until we approximately reach a distance Rd, outside of which asymmetric

multibranching and loops start forming. The region II, in turn, is divided into

four equally spaced but imaginary channels of width smaller than twice Rt. The

model particles diffusing from the lattice ends and approaching the centre core

through such imaginary channels, are then randomly added to the cluster from

one to three at a time with axial orientation perpendicular to each lattice edge.

But if the deposition results to be outside the imaginary channels, crack growth

continues to be driven by DLA.

In the recent experiments by Entwistle [1], (square alumina plates 1 mm thick,

2.5% porosity and 2-10^m grain size), fracture originates close to the (concentri-

cally applied) loading circle so it is quite reasonable to consider, to a first approxi-

mation, that cracks generate within the deterministic model when the center of the

square brittle lattice is pulled out while keeping all opposite corners fixed, whereas

within the stochastic approach growth starts from one seed particle placed at the

lattice centre. The plates supported at four corners exhibit complex movements

due to elastic strains, change of slope at the point of support, and plate deflection

[l]. Such effects will not be considered here for the sake of simplicity.

To obtain complex behaviour of cracks we assume all moduli of rigidity of the

lattice to have the same value B, except for those sticks that are on the edges of

the square lattice in which case their value is set to A. Crack patterns are thus

obtained deterministically with the minimal set of input parameters. The resulting

pattern, as displayed in Fig. 1, is completely symmetric due to the simplicity in the

choice of the input, yet exhibits the salient features of the experiment, i.e., crosslike

behaviour with multibranching and an isotropic core region, when the condition



A » B is imposed. But if all modulus of rigidity of the lattice are chosen such

that A = B, the growth patterns (not shown) present a marked difference, namely,

the sticks break from the center towards the corners along the diagonals of the

square lattice in clear disagreement with experiments. On the other hand, when

the moduli of rigidity are allowed to be random at the first iteration, but keeping

A » B, a slightly more realistic crack pattern, as compared to the one illustrated

in Fig. 1, can be obtained [7]. Owing to the underlying symmetry in the boundary

conditions, even in the case of random moduli of rigidity, the number of broken

bonds in the edge directions become approximately equal.

We now focus on the results of the stochastic approach. Motivated by the

findings of our deterministic model, which shows isotropy in the central region and

mult (branched propagation outside it, we apply the stochastic model and produce

a similar class of growth patterns with emphasis on asymmetry. An example of

the structures generated by computer studies of our DLA-based Btochastic model

is shown in Fig. 2. This figure illustrates a crack pattern containing 3568 spherical

particles grown in a 200 x 200 square lattice. The core region has 1200 occupied

lattice sites. Two types of imaginary channels are considered, perpendicular to

each other, whose widths are 25% and 42% of the linear size of the 2D lattice.

Using the present algorithm for our stochastic simulation, it becomes then pos-

sible to generate asymmetric multibranched crosslike patterns in reasonable accord

with observations [1]. We produce a larger amount of asymmetric aims than us-

ing the deterministic model, which split up to form ramified but oriented patterns.

The several branches appearing in the stochastic growth processes, almost simul-

taneously reach the lattice edges. After reaching Rj « 47 (lattice units), branches

intersect to form a few (small) loops which further justifies the assumption about

anisotropy made in our simulations.

Next, the fractal properties of these patterns are estimated [10]. Within the

stochastic model we count the number of particles inside a circle of increasing

radius r (in lattice units) around the seed particle and plot it as a function of r in

a log-log plot. It is found that there is a crossover of fractal dimension between

the two regions we have assumed -containing core and multibranching [7]. Inside

the isotropic region, i.e., r < Rj, we obtain a slope of d" w X.71 as expected

for our data because we have imposed a DLA type of behaviour for the pattern

to initiate the growth propagation [9]. Nevertheless, inside the anisotropic region,

i.e., r > Rd, there is a second fractal dimension dj,"1110' « 1,28 which is smaller

than <f̂ "°'. Simulations of similar system sizes, in which isotropic core regions of

about Rd = 10% are considered, give second dt values which extend for over a

decade within the r-axis [7]. On the other hand, within our deterministic model

calculations we are also able to identify a smaller theoretical dj corresponding

to the anisotropic region (still far from the lattice edges). However, larger scale



simulations of this model are needed to distinguish clearly between different fractal

dimensions.

A smaller second d; value is an indication of multibranched crosslike spatial

evolution of the patterns, after some loop structures might generate. In this respect

it is important to mention that a crossover between two growth regimes in crack

formation has also been determined by the high-stress limit of the Lame1 equation,

provided the probability of cracking increases with stress [5]. However, such studies

has not been extended to include multibranching directed to the edges of the lattice

as it has concerned us here.

To conclude, we also use the abovementioned procedure to estimate dj from

experiments Jl|. We find that there may be in fact two slopes, the former with

•fractal dimension d^ ss 1,93 and the later dj?' « 1.21 [7]. This interesting finding

encourages us to further justify our assumption concerning two regions of different

symmetry for crack propagation in square plates under concentrical load -say, one

isotropic (of the DLA-type) and the other anisotropic (fully oriented)- each of

which has a different fractal dimension, (d^ > dj."™'0').
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• Fig. 1: Final fracture pattern in a 15 x 15 lattice using our deterministic

model with constant moduli of rigidity such that the condition A » B is

satisfied.



Fig. 2: Final fracture pattern in a 200 x 200 lattice using our stochastic

DLA-based model with a core radius of Ri « 47 (lattice units).

in


