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ABSTRACT

A model for positron annihilation in the sub-surface region near a fractal surface is pro-
posed. It is found that the power law relationship between the mean positron implantation depth
and incident positron energy can be used to measure the fractal dimension of the fractal surface in
materials.
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INTRODUCTION

It is well known that assessing the structure of a rough surface is of importance for many
technical processes. Fractal concept has been applied into this field for characterization of the struc-
ture of the rough and irregular surface [1],[2],[3]. The development of a variable-energy positron
beam technique enables us to study an atomic disorder at the surface and in the sub-surface region
[4]. These experiments involved the measurement of the annihilation lineshape parameter ST (° r

h of TI in lifetime measurements) as a function of positron implantation energy. In this paper,
we are going to show how can we use the power law relationship between the mean positron im-
plantation depth and the incident positron energy E to measure the fractal dimension of the fractal
surface.

THE AREA OF A FRACTAL SURFACE

The area of a fractal surface can be calculated by its self-similarity property. Let us
consider two mutual perpendicular directions x and y on the surface. We cut the rough surface with
planes x = 0 and y = 0 . Their cross-over lines may be considered as Koch curves approximately
and statistically. According to Mandelbrot [1], the area of the fractal surface may be given by

(1)

where, £0 is the length of the initiation of a Koch curve, and e = TJ /4 , is the yardstick length, TJ,
normalized with respect to Co • Dx and Dv are the fractal dimensions of Koch curves on x and y
directions, Dt = Dx + Dv, is the fractal dimension of the fractal surface S.

THE POSITRON IMPLANTATION DEPTH AS A YARDSTICK LENGTH

A positron as a light particle will undergo appreciable angular deflections during the in-
elastic collisions due to positron-electron and positron-phonon interactions and the elastic scattering
by nuclei. The angular deflection by collision becomes so large in the final stages of thermalization
that the correlation between the positron path in the solid and its initial direction is completely lost
[5]. We think that this process may smear the finer structure of the fractal surface shape as the
frontier surface of thermalized positrons. The deeper the positron penetrates, the flatter the frontier
surface would be. The one dimensional schematic figure is in Fig.l.
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In the similar sense as Tsallis suggested on the measure of fractal dimensionalities through
the traditional skin effect [6], we assume that the mean positron penetration depth i can play a role
of the yardstick length for measuring the length of a fractal line (one dimensional structure of the
fractal surface). Then

Tj=ci, or e = cx/£o oc EXA (2)

where c is a constant.

THE FRACTAL DIMENSION OF THE SURFACE

The r.m.s. deviation 8 from the mean penetration depth x appears to be energy indepen-
dent [5]. We may consider it as a constant. It seems that two different cases should be distinguished.
If x > 6, thermalized positrons would annihilate in a constant volume, Af-28. However, if x < 8,
thermalized positrons would annihilate in a variable volume, Af • 28(x).

1. Case 1: x > 8
From equations 2 and 3

Sf(ST = (Af(e)2 6)/{Ao -28) = Af(e)/A0 oc e2'D' oc J51 6(2-£) ') . (3)

Then,
EnSf - const. + 1.6(2 - D,)ZnE (4)

and

D>2 1.6 \dJLnE)

Instead of Sf, the same relationship can be obtained for the h by similar argument. Due to -£ or
^ < 0. Therefore, a value of Da between two and three can be expected.

2, Case 2: x < 8 The positron diffusion constant and the effective annihilation rate in the
lattice are dependent on the implantation depth beneath the surface. The diffusion length 8(E) is
a variable which is much reduced due to the small x and then due to the large defect density near
the surface [10]. Roughly, the relation may be written as follows

Af(sH2x) „ g, 3_s.
Sr AQ(28) ~v8c K '

where,;we have assumed 6(E) = 8{x) = 6 5 ( 6 - 1 ) . This expression satisfies the conditions:
(1) Sf - 0 at 5 = 0 (E = 0) (2) It reduces to equation (4) at x: = 8. Then

D*-3 1.6 \dinEj

We notice that ^ g f > 0 due to ^ > 0 and when x < 8. A value of Ds between two
and three can also be expected.



DISCUSSION

Up to now we did not find any experimental work performed along this line. Fig.2 is the
log-log plots of two typical experimental data obtained by Brusa et al. [7] and Schikielbauer et al.
[8]. It seems that the data are consistent with the double logarithm relationship in a certain range
of E. Hie slopes of the two straight lines correspond to the values of fractal dimensions being
2.03 and 2.28. This shows that this effect is large enough to be detected by positron annihilation
experiments if the fractal dimension of the fractal surface is larger than 2.03 which usually appear
in many polished material surfaces [9].
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Fig.2 Positron annihilation parameters as a function of the positron beam energy: (a) S in annelead
Cu [7], (b) h in the in He implanted Ni [8].

See Fig.3 in the paper written by Vehanen [10]. The shape of the curve below 1.5 kev
seems very like case 2 though it perhaps may be predicted as the effect of other causes by previous
authors. Anyhow, the monotonic increasing character of the function Sf{ E) when x < S is rea-
sonable because 5/(0) should be zero at E = 0. There would be no positron penetrating into the
material and then no positron annihilation effect would be expected.

The model being consistent with some experimental data shows that it cannot be excluded
from predictions of experimental results in monoenergetic positron studies. It may supeipose with
other physical processes. Experiments along this line are needed.
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