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ABSTRACT

The continuum Schwinger-Dyson equations for the two-matrix model, around the Ising
critical point, are derived for operators involving one of the two matrices. It is shown that, within
the space of the corresponding couplings, the resulting constraints obey a W$ algebra.

MIRAMARE - TRIESTE

April 1991



Recently much progress has been made in studying 2-dimensional gravity coupled

to c < 1 matter [1]. While these dimensions of matter are not realistic for applications

to nature, a deeper understanding of these models would hopefully shed some light on

certain aspects of string theory. One such issue is the question of the symmetries of the

String Field Theory. The symmetry of the critical bosonic string theory (i.e. c = 26

matter) contains the 26-dimensional diffeomorphism group. On the other hand non-

critical string with c = 25 matter coupled to 2-dimensional gravity is also expected to

contain the above 26-dimensional diffeomorphism group, where the extra dimension is

provided by the 2-dim. gravity (i.e. Liouville mode ) in view of the fact that the tree

level amplitudes in the two theories are identical [2]. Two rather suggestive facts emerge

from this. Firstly that the effective theory of matter coupled to 2-dim. gravity lives in

a space-time dimension one higher than the critical matter theory- the extra dimension

being provided by 2-dim. gravity; and secondly the effective theory has a symmetry

which includes the diffeomorphisms of this higher dimensional space-time.

Let us now turn to the matrix models, where these questions can be addressed in a

precise manner. Although this has been done for c < 1 only, the symmetries that emerge

are those of the resulting String Field Theory. For c — \ matter coupled to gravity,

it is known that the effective theory is two-dimensional, however the symmetry of this

system is not understood at present. On the other hand the symmetry of c = 0 matter

coupled to 2-dim. gravity has been shown to be Virasoro symmetry, indicating that the

effective theory is one dimensional [3] [4]. It has also been conjectured that n-matrix

models, representing other c < 1 models coupled to gravity, have Wn+\ symmetry. This

fact has been verified under the assumption [5] that the scaling fields perturbing them

give rise to KdV flows, as argued in [6].

In this note we present a study of the two-matrix model,which, at a suitable critical

point represents the Ising model coupled to gravity [7] [8], with the goal of exploiting

the symmetry structure of the effective theory, expected to be, on the basis of the above

works, W3. It seems however that the situation for the two-matrix model should be



more complicated: this is due to the recent observations that , by choosing a suitable

potential, one could get, within the two matrix framework, all the unitary c < 1 models

coupled to gravity [9] [10]. For instance,the tricritical Ising model has been explicitly

shown to arise at the critical point of a sixth-order even potential [9]. This raises the

question whether there are flows connecting different unitary models. These would be

perturbations that, in Douglas' terminology, change the order of the Q operator. It

is still an open question whether such perturbations exist, and if so, what symmetry

algebra they give rise to.

In the present note we consider the 2-matrix integral and derive Schwinger-Dyson

equations in the continuum limit for operators involving only one matrix. Let u and

v be two N x N matrices; denoting by Q the insertion of the u- eigenvalue, then the

perturbations by trun would not change the order of Q. Therefore one expects the flows

generated by such operators to be of KdV-type. We shall show below that in the space

of such perturbations, which represent just a particular subset of all allowed couplings

in the 2- matrix model, the symmetry is that of W3 algebra.

Consider the N x N matrix model integral

= j
*} *} 3 3

+ A Adudv exp - W r { y + y - cuv - Ay - Ay}. (1)

For simplicity we have considered a symmetric cubic potential. It is known [7] that

the Ising critical point corresponds to A — Ac = \/l0c3, and c is the solution of the

quadratic equation 27c2 + 2c — 1 = 0. By taking derivatives w.r.t. u and v, we get the

following Schwinger-Dyson equations for connected Green's functions1:
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1 One can alternatively extend to the present case the procedure of [11]
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c{trum+1J[tTuki) = (ti(umv) (2.6)

where S and S denote a partition of the set of indices over which i on the l.h.s.

runs. (2.a) relates the Green's functions with one mixed operator ti(umvn+1) to those

containing mixed operators tT(ukvn). Thus we can eliminate mixed operators from (2.b)

by repeatedly using (2.a). Multiplying the resulting equations by z~m~l f|{ z i k i l •,

summing over m and ki from 0 to oo and defining the Green's functions of the resolvents

as

we obtain the equation:
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4 ^ z ; d z j Zj-z

Zi — Z
(3)

where {i}, {j}, ({/}) indicate partitions of the set of indices ( 1 , . . . , k), hatted z's are

to be omitted from the corresponding Green's functions and (tr(un/JV)Gfc(z;)) denotes

Now one has to take the continuum limit of the above equation. Writing as usual:

A = Ac(l -ta2)

in which zc = (1 + 3c)/2Ac , we take the limit a —> 0. We set also the string

coupling constant to 1, which amounts to take N = a~7/3.

The non-universal terms in the one- point function Gi on the sphere can be com-

puted setting k = 0 in eq. (3), and removing all the higher point functions G2, G3. The

result is a cubic, algebraic equation for G\ :

x + ( f + Xz2 -z){Xz2 ~z)- A ( t r ( £ » ] G i

V- ( z A 2 - 2 A ) { t r ( - ) ) - A 2 { t r ( - ) ) = 0. (4)

To proceed further one needs (tru) = j-^{tru2) and (trii3), which can be readily

computed in the orthogonal polynomial basis and put back into equation(4); the result,

for the non- universal part of Gi(z) turns out to be:

where B = (c2\cz*)113 and E = j^rcc
4(5c + 1).
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Notice that this expansion is a result of rather non trivial cancellations of various

leading terms in a : indeed the discriminant of the third order equation (4) turns out

to be 0(a8).

As for the non-universal part of G^{z, z'), it is computed directly from its definition

in terms of resolvents and going into the orthogonal polynomial basis. The result is:

non-univ.f IN _ ^ ^ \F(t>£') 2

where F(U') = (^')2 / 3 + W?)1/3 + (t " H
Similarly one can compute the non-universal term in (tr(^)Gfi(i;)), which is:

I , -. , v non-un»t>. a*B 1

We denote the universal parts of the connected Green's functions Gk by gk- Then

we have:

k = 1,2,
fe>3,

and the universal part of < tr(-^)Gk > will be denoted by :

Now one can look for solutions of the form:

where rii = 1/3 or 2/3 modulo positive integers. For the simplicity of notation we

will adopt the convention that Gnil...,nk = 0 when any of the n^s is negative or integer.

For k = 0, substituting eqs.(5),(6),(7) in eq.(4), we obtain the following relations

by comparing powers ^~m~3 (m > _2, integer):

/ j l.t/TTii,ni2,m.3 "T "W7TIJ i/mj,m.3 i ynii a m j l /mj J
m l i



+ 3B Y, { ^

E2t2gm+2/3) + £ 3 i^m ,_ i = 0. (9)

Note that the EH3 term above comes from ((™>»-«»"-) . For k = 1,2 and 3

similarly there are such Q independent terms due to terms which contain only non-

universal pieces. Therefore let us first consider the generic case (i.e.k > 4). Comparing

the powers £~m~3 JJ; ^-"-t-1 for integer m > — 2 and positive n-i = 1/3,2/3 modulo

integers, we get the following equation:

H 2
c

l

= 0-

Here again {i}5O}i({0) denote partitions of the set («i , . . . ,njt), whereas {i}',{j}'

apply to the case where nj is missing.

For jfe > 4 one can also consider terms which are integer powers in £1 say. These

ones can be collected together:

1 d l

n = 0



ii - 6

= 0. (ii)

Notice that the expression inside the square bracket is independent of £, therefore it

must vanish. Comparing now the coefficients of £f "*~2 II j=i £j "' > where m is integer

> —1, nj are positive 1/3,2/3 modulo integers, we obtain:

/ j

l J'WJ

+ „ 2 / J njGm+nj,nt,...,nj,...,nk — 0.„ 2

c

(12)

. . . , n , j , . . . ,Here {i}, {jf} denote a partition of the set

As mentioned above, for k = 1,2,3 there are additional terms ( as for k = 0 ) in

equation (3) involving only non-universal parts. For example for k — 3 there is a term

i ^ e t c T h e e x t r a contributions to the l.h.s. of (10) are as follows:

2Et 8Et

^

.l/s^na.i/s^na^/a + cyclic permutations)] .

Similarly the extra contributions to the l.h.s. of (12) are given by:

4Et

Defining the generating function g as:



fcl/3

where the mode 1/3 appears k-i/z times etc., and r — exp</, the equations (10) and

(12) can be recast in the following form:

y +Et y

_d d_

d

Sm-1 ( 2 2 ^3\1 1

J J
= -2,-1,0, . . . . (10a)

and

d
 ]2(B

 d \ Et
_?Tl

= i:mr = 0, m = - 1 , 0 , 1 , . . . . (12a)

The VFm's and I m ' s are in fact the generators of a W3 algebra. To bring these

equations in the standard form one can perform the following shifts and rescalings on

the sources:

xn=fin/3zc, n^ 1/3,7/3.
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Finally, one can ask if there are other conditions coming from the Schwinger-Dyson

equations by considering fractional powers of £. For example, comparing the coefficient

of £4 / 3 , we get:

In other words the universal part of (tr(^)Gfe) is essentially the insertion of the

1/3 operator. Substituting this and comparing now the coefficients of ^~m~3 f j ; £-"•- ^

for m and nj fractional, we obtain:

E

where the last two terms above exist only for m = 2/3 mod integers and m + 7/3 > — 1

and TO + 1/3 > —1 respectively. Thus all the information from the S-D equation is

contained in eqs.(lOa) and (10b).

Two comments are in order. Here we considered the cubic potential. Had we

started from an even quartic potential, the S-D equation would have started from k + 4

up to triple derivatives of k — 2 point functions. In particular the equation for the non-

universal part of G\ would have been a quartic equation. At the Ising critical point only

three of the roots would be identical upto order a. This means that in the continuum

limit, the equation for the universal parts will be dominated by gk+3 which goes as

a4(fc+3)/3 &s c o m p a r e d to the gk+i term. Thus once again one would expect to get W$

algebra. On the other hand if one starts from a potential with cubic and quartic terms,

then one can show that there exist critical couplings which correspond to the tri-critical

Ising model. In this case one obtains that all the four roots for the non-universal part of

G\ are equal upto order a. In this case the dominant behaviour in the continuum limit

will be governed by </fc+4, and one expects to find W± algebra. Similar behaviour should

be expected for higher order potentials corresponding to the higher unitary models.

We would like to stress that the correct structure of the symmetry algebra comes

out only after taking the continuum limit. This is in contrast with the situation in
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one-matrix model, where a Virasoro like structure already emerges before taking the

continuum limit.

To conclude, the perturbations we have considered above are of the KdV-type. It

will be interesting to see if there are other perturbations in the continuum limit which

connect different unitary models, hence not of the KdV-type, and if so what is the full

symmetry algebra which emerges.
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