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ABSTRACT

An inner product is defined on a commutative *-semisimple separable Frechet Q lmc

""-algebra A and the resultant space Am is shown to be a topological *-algebra. It is also proved

that every maximal ideal M of A is ^ - c l o s e d and thus A can be decomposed into A = M@M^.

Further, it is shown that a norm can be defined on A which makes it into a pre C*-algebra. A

completeness criterion for Am is established.
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1. INTRODUCTION

There arc several ways of defining an inner product on locally multiplicatively convex
*-(:lmc *)-aigebras. One such way is the celebrated Gel'fand-Naimark-Segal (GNS) construction
(see for instance, [1; Theorem 6.1] and [2; Theorem 3.4]).

In this paper we develop another technique to introduce an inner product on a unital
commutative *-semisimple separable Frechet Q lmc "-algebra by means of a probability measure
m on the set P(A) of all continuous positive functionals on A. It is shown that the resultant inner
product space Am is a topological ""-algebra. Furthermore, the topology generated by the inner
product norm, denoted by rm, is weaker than the original topology r on A. It is also proved that
every maximal ideal M of A with ML ^ {0} is .4m-closed, and thus we get a decomposition:

Defining a norm on A by taking the supremum of all such norms (derived from the inner

product norms) over the set of all probability measures, it is shown that the resultant space, denoted

by Aa, is a pre C*-algebra.

We also establish a completeness criterion: Am is a Hilbert space if and only if the two

topologies r and rm are equivalent. Further, if A also satisfies the C*-condition, or equivalently

A is a unital commutative separable Frechet Q lmc C*-algebra, then Am is a Hilbert space if and

only if A is finite dimensional.

2. PRELIMINARIES

Regarding the general theory of locally multiplicatively convex algebras, the reader is

referred to [7] and [8]. However, we recall some definitions and basic facts needed in the sequel.

A topological algebra is a topological vector space A equipped with a separately con-

tinuous multiplication. Moreover, if A is also an involutive algebra with an involution * which

is continuous, then it is called a topological *-algebra. A locally multiplicatively convex (:lmc)

algebra is a topological algebra whose topology is defined by a family (pa),ae I (directed index

set) of submultiplicative seminorms, i.e., pa( xy) < pa( x)pa{ y) for all x, y €E A, a G / . An lmc

algebra with an involution * satisfying the property pa( x*) = pa( x) for all x G A, a G I, is called

an lmc *-algebra. If, in addition, pa(x*x) = pa(x)2 for all x € A, a € / , then A is said to be an

lmc C*-algebra. A complete lmc C*-algebra is called a locally C*-algebra.

For an lmc "-algebra J4 define an algebra norm|j | | a on AjNa, where Na = ker(pa),oi €

I, by | |x a | | a := pa(x)tXo, = x+ Na,x G A, a G /- Then, AjNa is a normed "-algebra and its

completion, denoted by Aa, is a Banach *-algebra.

The unitization of an lmc "-algebra ,4, is the lmc "-algebra At = A © <C with involution
(x,A)* = (x*,X), and topology defined by



pa>e(x,X) :=pa(x) + \\\tat€l,(x,X) G ^ .

Let A be an algebra and x £ A. We denote by spA( x) ,rA(x) the spectrum ofx and the
spectral radius ofx respectively.

An involutive algebra A is said to be symmetric if every element of the form x*x is quasi-
regular. If, in addition, A has an identity e, then A is called symmetric provided for all a; £ A,

e + x*x is invertible. A topological algebra A is said to be a Q-algebra if the set of its quasi-
regular elements is open in A. A sequentially complete (i.e., each Cauchy sequence converges) Q
lmc *-algebra is called an MQ "-algebra. Recall that the notions of completeness and sequential
completeness coincide on metrizable topological algebras. Clearly, every Frdchet Q lmc '-algebra
is an MQ ""-algebra.

We denote by F( A) the set of all continuous positive functionals on an lmc ""-algebra A.

(If A is unital we shall assume that / ( e ) = 1 for all / G P( A).) Then

P(A) = U P(Aa) ,

since by [2; Theorem 3.1]

P(Aa) = Pa(A) = P{A/Na), (Va € /)

within homeomorphisms, where Pa(A) = {/ £ P(A) : | / ( x ) | < 1, x £ A withpa(:r) < 1}.
Hence for each f £ P(A), one can define a continuous positive functional fa, for some a £ I, on
the Banach *-algebra Aa by

fa(xa) :=f(x), Vxa£A/Net,

and vice versa.

An element f £ P(A) is said to be pure or indecomposable if every g e P(A) which

is dominated by / (i.e., g < f) is of the form g = \f, X e [ 0 ,1 ] . We denote by S( A) the set of

all extreme points of P( A), i.e., the indecomposable elements / of F( A) with | | / a | | = 1 for some

a £ I. The set of all non-zero continuous multiplicative linear functionals on A will be denoted

by A. Note that each multiplicative linear functional on a Q-algebra with identity is continuous

[5; Theorem 2.12].

The *-radical of an lmc *-algebra A, denoted by R*( A), is defined as the intersection
of the kernels of all continuous irreducible "-representations of A. In fact, R*( A) = C\ ker( 7r),
with IT running over the set of all continuous '-representations (not just irreducible) of A [4; p. 192,
(3.2)]. Furthermore, if A is unital, then [4; p. 194, (4.5)] R*(A) = {x 6 A : f(x*x) = 0 for
all / G P(A)}. If R*{A) = {0}, then A is called *-semisimple. Thus, it follows that A is
*-semisimple if and only if the set

R*(A) = {xeA:f(x*x)=0 for all / £ P(A)} = {0} -

Note that every lmc C-algebra is *-semisimple [3; Proposition 4.1].



3. DEFINITION OF THE INNER PRODUCT

We define an inner product on a unital commutative *-semisimple separable Frechet Q
lmc *-algebra and investigate its various properties. This inner product is motivated by our previous
paper [9].

Let A be a unital commutative Frechet Q lmc "-algebra. Then A is an MQ *-algebra,
and hence a BP "-algebra [5; Proposition 5.11]. For the definition of BP "-algebra and its related
properties we refer the reader to [5] and [6]. It is shown in [6; Corollary 2.4] that P(A) is a non-
empty weak "-compact convex set, therefore by the Krein-Milman theorem it has extreme points.

The following result guarantees the existence of a probability measure m on F( A) which
is positive on non-empty open subsets of P( A).

Proposition 2.1 Let A be a unital commutative Frechet Q l.mx.*-algebra which is also separable.
Then there exists a probability measure m on P(A) which is positive on non-empty open sets.

Proof Since P(A) is weak "-compact, it is metrizable [10; Theorem 3.16, p.68]. Hence, P(A)
is separable. Let {/n} be a dense subset of P( A). For each positive integer n and V C P(A)
define

V
otherwise.

Then m( V) = £ 2 ~ft mn( V) is a probability measure that satisfies the desired condition.

Theorem 2.2 Let A be a unital commutative "-semisimple Frechet Q lmc "-algebra. Assume
that A is also separable. Then for each x, y in A

-I<x,y>= \ f(y*x)dm(f), f e P(A) ,

defines an inner product on A.

Proof Clearly, all we need show is non-degeneracy, i.e., < x, x > = 0 implies that x = 0. Now
< x,x > = 0 means that/ f(x*x)dm(f) = 0 which implies that/(i*i) - 0 for almost every
/ e F( A). We claim that /(x*x) = 0 for every f e P(A), i.e., x € n{ker{ / ) : / G F( A)} =
R'(A). Then *-semisimplicity would imply that x = 0. Assume the contrary, i.e., x =? 0, then
there exists / € P(A) such that f(x*x) i 0. Therefore, the set {/ € P(A) : f(x*x j 0} is
non-empty. This is also an open set because the mapping / —> /(x*x) is continuous on P(A)
relative to the weak "-topology. Since m is positive on non-empty open sets (Proposition 2.1), it
follows that the integral / f(x*x)dm(f) j 0. This contradiction proves the assertion.

We denote the norm derived from the inner product by || • ||m and the resultant inner
product space by Am.

. .«. .**. *> *««••*>.<-.•• •r_!,



Corollary 2.3 For each x, y in A

(1) |WU = |MU;
(2) < x,y > = <y*,x* >;

(3) if x and y are self-adjoint, then < x, y > is real;

f o r

Proof (1H3) follow directly from the definition, while (4) is a consequence of the fact (cf. [1;
proof of Theorem 6.1]) that for each f e P(A) there exists an a € I such that

*x*xy) < pa( z ) 2 / ( I/*!/)

In particular, f(e*x*xe) < / ( e ) p a ( x ) 2 = p a O ) 2 for every i e A since / ( e ) = 1.

Theorem 2.4 Am is a topological "-algebra.

Proof It is sufficient to show that multiplication is separately continuous. If we fix a; in A, then
for all y € A

/ j f(y*y) dm{f)

for some a 6 I. Hence, it follows that multiplication is separately continuous. Since ||z*||m =

j | i | | m for every x £ J4, thus ylm is a topological *-algebra.

Lemma 2.5 Let L be non-zero ideal in A. Then the orthogonal complement, L x , of L is a proper

ideal.

Proof To prove that L1- is an ideal in A, it is sufficient to show that L1- is closed under multipli-
cation by A. Let x € L,y e L x , and a £ A. Then

< a;,oy > = / f(y*a*x)dm(f) = < a*x,y> = 0 ,

since o*x € L. This implies that ay G L"1 and hence L x is an ideal.

To show that L1 ^ A, let us assume the contrary. Consider any non-zero x in L and

e € L"1. Then < a;*x,e > ~ 0, since a;*a; G L.

On the other hand, 0 = < x*x, e > = < x, x > implies that x = 0. Hence we get a
contradiction.

It is well-known that each maximal ideal is closed in a unital Q-algebra [5; Theorem

1.6], we now show that a maximal ideal M of A is also ylm^closed. Thus we get a decomposition

of A.



Theorem 2.6 U t M b e a maximal ideal in A such that Mx j {0}. Then M is Am-closed;

A= M® Mx.

Proof By hypothesis M 1 i {0 }, therefore by Lemma 2.5, M 1 1 is a proper ideal which includes

M. By the maximality of M we get M = M±J-. Hence M is .Am-closed.

Let K = M + M-1. Since M and M x are ideals in A, so is K. Moreover, since M x ^

{0 }, M is properly contained in K. Therefore, by the maximality of M we obtain K - A. This

completes the proof.

4. PRE C*-ALGEBRAS

Throughout A denotes a unital commutative *-semisimple Frechet Q lmc *-algebra which
is also separable. We remark that P(A) is a non-empty weak '-compact convex set. Denote by
B the set of all probability measures on P(A) which are positive on non-empty open subsets of
P(A). Then by the Riesz representation theorem together with the Banach-Alaoglu theorem it
follows that B is weak *-compact and convex. For each x 6 A define

INI* = sup ||x||m .

Then, clearly || • ||, satisfies all the axioms of a norm. Further, as a consequence of Theorem 2.4,
we obtain

Theorem 3.1 A,, is a topological '-algebra.

We need the following result to show that A, is, in fact, a pre C*-algebra, i.e., a normed

algebra satisfying the C*-condition ||x*x|ja = ||x||J.

Theorem 3.2 There exists a measure mo 6 B which is an extreme point of B such that

||i[|i = f /(x*x) dmo ( / ) , for every x£A.

Proof Fix a; G X. Consider the function ^ : B -» R given by

V>*(m) = J f(x*x)dm(f), feP(A) .

Then, V>*( ami + /3TT»2 ) = aijfx( m\) + /?0X( mi), V mi, mi G B and for a, (3 non-negative real
numbers such that a + (3 = 1. Clearly, all we need to show is that there exists an extreme point
mo G B such that

a = : sup ^ i (m) = V

Let C = ^>~x ({a}) C B. Then C is a non-empty weak ""-compact convex subset of B, and hence
by the Krein-Milman theorem it has extreme points. Let mo be an extreme point of C. We claim



that mo is also an extreme point of all of B. If this were not so, then there exist mi and mi in iB,

mi, Tit2 £ C and a, $ > 0 with a + /? = 1 such that mo = ami + $™>i. Since i/>2 is convex, i.e.,

V'zCmo) = a<V>x(mi) + /JVsC"12). we conclude that e i t he r^ (mi ) > a or ^x(m2) > a. This

contradicts the hypothesis. Hence mo is an extreme point of all of B. Therefore, it follows that

|| -1 | , is attained just on the extreme points of B. Thus,||x||J = f f(.x*x)dmo(f), f e P(A).

Since the extreme points of B correspond to the Dirac measures, we have mo = 8/t for
some fx e P(A). This implies that

IMC-«/.<?>=/.<***>
(fx depending only on x and it may not be unique), where the function H> : P{ A) —> R is given
by <P(f) = f( x*x). Note that for each fixed x e A, V{f) is a convex function. Thus, we obtain:

Corollary 3.3 For each x e A

\\x\\] = sup{f(x*x) : / € P(A) with f(e) = 1,

or equivalently, | | / a | | = 1 for some a € / } •

Proceeding as in Theorem 3.2, one proves that there exists an extreme point fx of P( A)

such that \\x\fc = fx(x*x). But, then fx must be multiplicative [4; Theorem 5.2]. Hence, we get

Corollary 3.4 For each x £ A there exists an extreme point fx of P( A) such that

IMC =/.(***>.
We now have the following:

Theorem 3.5 Aa is a pre C*-aIgebra.

Proof Let x, y € A. Then, by Corollary 3.4, there exists fXJI € S{ A) such that

\\xy\\l = fx,v(y*x*xy) = fx,v(x*x)fXty(y*y)

< sup{f(x*x) : / € P(A) with \\fa\\ = 1} • sup{/(y*y) :

feP(A) withj|/a|j = l} (by Corollary 3.3)

= I r f l|y|g •
Hence, Aa is a normed algebra. Moreover, another application of Corollary 3.4 together with Corol-

lary 3.3 yields that

||**z||5 = fMx*xx*x) = U^x*x)f^{x*x)

= [U*(x*x)]2 = (sup{/(x*x) :fePU) with ||/«||= I})2

-11*11; •
This completes the proof.

Summarizing all this, we have shown that:

Theorem 3.6 If A is a unital commutative *-semisimple Fr6chet Q lmc *-algebra which is also

separable, then there exists a norm on A which turns it into a pre C*-algebra.



5. COMPLETENESS OF Am

We now establish a completeness criterion for Am- Let A be a unital commutative *-

semisimple Fr6chet Q lmc "-algebra which is also separable. Denote the topology on A by r and

the topology generated by the inner product norm by rm. Note that for each / € P( A), there exists

a n a G l such that /(x*x) <pa(x)2, and hence

\\x\\l = Jf(x*x) dm(f) < pa(x*x) < pa(x)'

for every x G A.

Theorem 4.1 Am is a Hilbert space if and only if the two topologies T and rm are equivalent.

Proof If the two topologies are equivalent, then Am is a Hilbert space since A is a Frechet space.

Conversely, assume that Am is a Hilbert space. The mapping T : (A,T) —» (A,Tm)

defined by T(x) = x is linear and continuous. Since ||a;j|m < pa{x), by the open mapping

theorem (see for instance, [9; p.47] it can be seen that T is open, and hence the two topologies arc

equivalent.

Theorem 4.2 Let A be a unital commutative separable Frechet Q lmc C*-algebra. Then Am is

a Hilbert spoace if and only if A is finite dimensional.

Proof The Gel'fand space A of A is non-empty [7; Lemma V, 6.3]. Moreover, it is compact and

the Gel'fand map of A is continuous [7; Theorem IV, 1.4]. Also, A is symmetric [4; Corollary

3.2] and *-semisimple [3: Proposition 4.1]. Hence, by [8; Theorem 8.4] A is full, i.e., A = C(A)

where C( A) is endowed with the compact-open topology.

Now assume that Am is a Hilbert space. This implies that Am is reflexive. Since | |z| |m <

pdx) (x £ A), the two topologies r and rm are equivalent by Theorem 4.1. Therefore, A is

reflexive, and hence C{ A) is reflexive. But C( A) is reflexive if and only if it is finite dimensional.

To see this, let U be an open set in A. Then the characteristic function Xu £ L°°( A) = C( A) ** =

C( A), since C( A) is reflexive. This implies that X^1 (1) = U is closed, and therefore A is discrete.

Thus A being also compact, it must be finite.

Corollary 4.3 Let A be as in Theorem 4.2. Then Am is a Hilbert space if and only if A is finite.

The proof is immediate, since C( A) is finite dimensional if and only if A is finite.
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