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ABSTRACT

Galerkin's method has been applied to a boiling water
reactor (BWR) dynamics model consisting of the point
kinetics equations, which describe the neutronics, and a
feedback transfer function, which describes the thermal
hydraulics. The result is a low-order approximate solution
desc ibing BWR behavior during small-amplitude limit-cycle
oscillations. The approximate solution has been used to
obtain a stability condition, show that the average reactor
power must increase during limit-cycle oscillations, and
qualitatively determine how changes in transfer function
values affect the limit-cycle amplitude.

INTRODUCTION

Under low-flow, high-power conditions, boiling water
reactors (BWRs) can become linearly unstable; a
disturbance initiated by a small perturbation in the steady-
state conditions grows in magnitude with lime. As the
disturbance grows, the effects of system nonlinearities also
grow. The effect of these nonlinearities, which are due
primarily to the dependence of reactivity on the neutron
population, is to oppose the growth in the disturbance. ITie
effects of the linear instability and the nonlinearities
eventually counterbalance each other, resulting in a steady-
state limit cycle.1 While in the limit cycle, parameters such
as neutron density, reactivity, flow, and fuel temperature
oscillate with a fixed amplitude and frequency.

A recently developed technique produces an
approximate analytical solution describing BWR behavior
during steady-state limit-cycle oscillations.2 This technique
uses a BWR dynamic model consisting of the point kinetics
equations as the forward path and a linear thermal
hydraulics model, given in the form of a transfer function, as
the feedback loop. The approximate solution obtained with
this technique has been used to determine a stability
condition in terms of feedback transfer function values and
to qualitatively predict how changing the feedback transfer
function affects the limit-cycle amplitude. This application
provides an additional indication of reactor stability and

qualitatively confirms some results from numerical
simulations of BWR dynamics.

The BWR dynamic model and the approximate solution
technique are described in the next section, followed by an
application of the technique to obtain a solution
approximating BWR limit-cycle behavior near the stability
boundary. Application of the approximate solution to
determine the stability condition and to predict how changes
in feedback transfer function values affect limit cycle
amplitude is described. Approximate solutions calculated by
a phenomenological model, which is known to qualitatively
predict BWR dynamic behavior, are presented to show the
relationships developed in this work.

BWR DYNAMIC MODEL AND THE
APPROXIMATE SOLUTION TECHNIQUE

The BWR dynamics model uses the point kinetics
equations as the forward path and a linear feedback transfer
function—which accounts for the channel thermal hydraulics,
fuel heat transfer, and Doppler reactivity effect—as the
feedback loop (Fig. 1). The main non'inearity responsible
for smail-p.mpiitude limit-cycle oscillations appears as the
product of neutron population and reactivity in the point
kinetics equations.1 Because the feedback loop is linear, an
expression for the reactivity is formed from the product of
the feedback transfer function and the neutron population.
Combining the reactivity expression with the point kinetics
equations results in a nonlinear equation for the neutron
population. Galerkin's method is used to obtain an
approximate solution to this equation.

Galerkin's method uses an assumed approximate
solution formed by a sum of products of trial functions and
undetermined constants.3 The trial functions must satisfy
the boundary conditions of the problem and must form a
complete set. Knowledge of the general features of the
solution greatly simplifies the selection of the trial functions.
The optimum values of the constants minimize the error in
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the approximation and cause the approximate solution to
satisfy the equation in an average sense. As the number of
terms in the approximation increases, the approximate
solution converges to the exact solution.
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Figure 1. Block diagram of the boiling water
reactor dynamic model.

Because the solution for the normalized neutron
density, n{t), is known to oscillate with fixed amplitude and
frequency, sines and cosines are selected here for the trial
functions. The approximate solution for n(t) during limit-
cycle oscillations is

n(t) =R 0)

where a> is the oscillation frequency; the trial functions are
SIN and COS; and R, P,, and Qi are undetermined
constants. The normalized neutron population is given by

(2)

where N(t) is the time-dependent neutron population and
Ng is the steady-state neutron population.

The approximate solution is substituted into the
differential equation, forming a residual (a measure of the
error in the approximation). Equations for the constants
are obtained by setting the product of the residual and a
weighting function (in Galerkin's method .i.e weighting
functions and trial functions are the same), integrated with
respect to time over one fundamental period, to zero. This
result": in 2/ + 1 nonlinear algebraic equations for the
constants where j is the number of harmonics in the
approximate solution.

A final equation stemming from the requirement that
the approximate solution satisfy the equation in an average
sense is obtained by equating the residual, integrated with
respect to neutron density over one cycle, to zero. The
resulting 2; + 2 nonlinear algebraic equations are solved frr
the constants.

Comparison of the approximate solution with numerical
and measured data show the following.

(1) The approximate solution converges to the
numerical solution as more terms are included in
the approximation.

(2) More harmonics arc needed to accurately
approximate the solution as the system becomes
more unstable and the limit cycle amplitude
increases. Conversely, near the stability boundary,
approximate solutions containing few harmonics
give accurate results.

(3) The solution can closely approximate measured
limit-cycle behavior.

(4) Although low-order approximate solutions give
poor quantitative results, these solutions agree
qualitatively with numerical solutions.

The second finding indicates that fewer harmonics are
needed in the approximate solution as the stability boundary
is approached. This finding implies that an approximate
solution comprising a single harmonic is an accurate
representation of BWR behavior at the stability boundary.
A single harmonic is used in the next section to obtain an
approximate solution near the stability boundary.

APPROXIMATE SOLUTION NEAR THE
STABILITY BOUNDARY

Let the normalized neutron population near the
stability boundary be approximated by

(3)

where R, P,, and cu, are undetermined. Applying Galerkin's
method results in three equations for the undetermined
constants:

a

l )=0 .

(4)

(5)

and

= 0

where

Ao is the real part of the feedback transfer function at
zero hertz.

A(w]) is the real part of the feedback transfer
function at w. Hz,

B(ci)|) is the imaginary part of the feedback transfer
function at <u, Hz.



jim is the delayed-neutron traction of precursors from
the mih precursor group,

M is the number of precursor groups used in the
equations.

Xm is the decay rate of the mih precursor group,
A is the neutron generation time.

Results3 from the approximate solution near the
stability boundary show thatAm < < <u, and ^?<<1, so
Eqs. (4), (5), and (6) can be simplified, yielding

and

where

P - E

P\A(a>x) (8)

(9)
. 1 < » ,

- Solving for R and P\,

reactor power must increase during limit-cycle oscillations,
as observed in previous numerical and analytical studies.5

Thus, the one-harmonic solution was used to show that for
the limit-cycle soluiion to exist, the nonoscillatory part of
the solution for n(t) must be positive, A(wx) must be greater
than /?, and the average reactor power must increase during
limit-cycle oscillations.

The feedback transfer function values can be converted
from real and imaginary parts to magnitude and phase by
using

)). O4)A(cu) =

and

(15)

where M(cu) is the transfer function magnitude at a
frequency of w, and <t>(a>) is the transfer function phase at a
frequency of ID.

The expressions for wx, P\, and R using the transfer
function given in terms of magnitude and phase are

(16)

and

R
P -
A0+A((ox)

^-2A0R_ -2A0tf-
* 1 ~

/!(«,) A(cox)

(10)

(11)

Equation (9) can be solved for <u,; A(<ax) can then be
determined and R and P1 calculated by using Eqs. (10) and
(11).

STABILITY CONDITION

For the solution to exist, the values of R and Px

calculated by using Eqs. (10) and (11), with a value of cu,
satisfying Eq. (9), must be real. Thus,

- A{a>x))

A{a>x){AQ

> 0 . (12)

For transfer functions characteristic of normal BWR
operation,4 Ao < , A(<o ) > 0, and \A0 | > \A{a>l) |, so

Ao + A(<ux) < 0; therefore, /? - A(a>x) < 0 if P\ > 0.
Thus, the stability condition is

A(w1)>fi. (13)

The sign of R can be determined from the requirement
that P\ be positive. Because AQ is negative and A(wx) is
positive, R must be positive. This shows that the average

-2M0[p -

and

=
B - M(o,)COS((!>(<•>,))

M 0 + M(o1)COS(«K a,,))

where Mo is the transfer function magnitude at zero hertz.

Equations (14) and (15) can be used with Eqs. (13) and
(16) to give the stability condition in terms of A/(<u,) and
0(a>,) or in terms of 0(ty,) alone:

/8<Af(»1)COS(0(oi1)),

or

rn • 1

(19)

(20)

DEPENDENCE OF LIMIT-CYCLE AMPLITUDE
ON FEEDBACK TRANSFER FUNCTION VALUliS

The one-harmonic solution was used to qualitatively
determine how the limit-cycle amplitude will behave as the
feedback transfer function values change. The limit-cycle



amplitude is determined primarily by Pv the magnitude of
the first harmonic in the approximate solution. The
variation of limit-cycle amplitude with,4(<«,) is obtained by
taking the derivative of P] with respect to/4(cu,),

' . (21)

Setting this derivative equal to zero yields an equation
for the value of A{(ul) at which Pt is an extreme,

(22)

dt A

dt

<PpJLt)

dt2

= a, n(t) - a2T{t) ,

aApJLt) =
dt

and

p{t) DT{t),

(26)

(27)

(28)

(29)

For.4m((a>i) to be real, /3 + Ag musl be greater than
zero. Thus, a local maximum or minimum in limit-cycle
amplitude will exist if /? > -Ao. For tranfer funcitons
characteristic of normal BWR operation,4

> 0 (23)

and /? < —Ao; thus, no maximum exists and Px (and,
consequently, the limit-cycle amplitude) increases with

In terms of feedback transfer function magnitude and
phase, the limit-cycle amplitude will increase as A/(G>,)
COS(</>(o>|)) becomes greater. If 0(eu,) is constant,
increasing M(u>{) will increase the limit-cycle amplitude. If
Af(eo,) is constant, the limit-cycle amplitude will either
increase or decrease with 0(eu,) depending on the quadrant
of <p(oix). Equation (16) shows that SIN(0(o>])) must be
positive because all other quantities in the equation are
positive. Thus, <j>(a>{) must be in the first or second
quadrant. Similarly, Eq. (19) shows that COS(^(a>])) must
be positive; thus, 0(cu,) must be in the first quadrant. If the
system is near the stability boundary,

(24)

Substituting "typical" parameter values (A =
4 x 10"5 s"1, eo, =0Ax2n s~\ E XJm = 2 x 10~3 s"!,
and fi = 0.0056) results in <p((Oj) = 9.5°. Thus, </>(a>,) will
be in the first quadrant, should be near zero, and decreasing
0(<o,) wili increase the limit-cycle amplitude if the transfer
function magnitude remains constant.

CALCULATED RESULTS

Calculations whose results illustrate the relationships
presented above have been performed by using Eqs. (9),
(10), and (11) and a feedback transfer function obtained
from a phenomenological model that qualitatively predicts
BWR dynamics.1 The model is given by

where

c(t) is the normalized precursor concentration,
T(t) is the deviation of the fuel temperature from its

steady-state value,
p(t) is the reactivity,
pjt) is the excess void reactivity.
D is the Doppler reactivity coefficient,
flj-04 and k are parameters determined empirically.

Equations (25) and (26) are the point kinetics equations
for one precursor group, Eq. (27) relates power and fuel
temperature, Eq. (28) models the channel hydraulics, and
Eq. (29) relates the total reactivity to the void reactivity and
the fuel temperature. The parameter k is proportional to
the void reactivity coefficient and the fuel heat transfer
coefficient and effectively controls the model's feedback
gain and stability. The model parameters used in this work
are given in Table I.

Table I: Phenomenological model
parameter values

Parameter

fli

a2

« 3

"4

k

D

P
A

X

Value

25.04 K • s-!

0.23 ?."'

2.25 s~'

6.82 s"2

-4.40 x 10~3 K"1 • s"2

-2.52 x 10"5 K"1

0.0056

4.00 x 10"5 s"1

0.08 s-'

The equation for the model's feedback transfer
function, CH, is

dJlill- Pj!L±»{t) • Xc(t) * d , (25)
dt A A

CH -
(s



The feedback transfer function values were modified by
changing the time delay in the feedback loop. This affects
the limit-cycle frequency and oscillation amplitude. These
variations are shown in Fig. 2, and the complete results are
listed in Table II. The results show the following.

(1) As predicted, 0(a»,) remains small in magnitude
and positive. Thus, the increase in M(a>x) is
primarily due to an increase in A(ail). The limit-
cycle amplitude increases with A(cu,), as predicted,
because /? < —Ao.

(2) The value of/4(a>,) calculated at the stability
boundary is 0.0056 (i.e., A(wx) = fi).

limit cycle amplitude frequency (Hz)

•#triqi«icj -4-uipltiM

0.5

0.4

0.3

0.1

0.005 0.007 0.008 0.009 0.01 0.011 0.012 0.013 0.0U 0.015

Figure 2. Effect of A{oix) on limit-cycle oscillation
frequency and amplitude.

CONCLUSIONS

Specific results of the work described in this paper are
given.

(1) For cu, given by Eq. (9), the reactor will be
unstable if A(a>}) is greater than /?.

(2) During limit-cycle oscillations, the nonoscillatory
part of the solution for n(t) must be positive.
Thus, the average reactor power must increase
during limit-cycle oscillations.

(3) A peak value for the limit cycle amplitude will
exist if/3 + Ag > 0. If /S + Ao < 0 (which is
always expected to be the case) the limit-cycle
amplitude will always increase as A(a>j) increases.

(4) <p((o{\ will be positive and of small magnitude.

(5) Increasing M((ui)COS(^(cul)) will increase the
limit-cycle amplitude. Thus, either increasing
A/(a>,) while holding 0(ai,) constant or decreasing
<p(a>i) while holding A/(cu,) constant will increase
the limit-cycle amplitude.

The approximate solution obtained with this technique
has been used to determine a stability condition in terms of
feedback transfer function values and to qualitatively predict
how changing the feedback transfer function affects limit-
cycle amplitude. This application provides an additional
indication of reactor stability and qualitatively confirms
results from numerical simulations of BWR dynamic
behavior.
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Table II: Calculation results

Aim,)

0.005600
0.005747
0.005940
0.006118
0.006302
0.006468
0.006643
0.006800
0.006964
0.007271
0.007838
0.008357
0.008793
0.009232
0.0O9733
0.010144
0.010556
0.010947
0.011284
0.011667
0.011961
0.012333
0.012821
3.013333
0.013958
0.014245
0.014955

(Hz)

0.4609
0.4564
0.4506
0.4453
0.4399
0.4350
0.4300
0.4255
0.4208
0.4122
0.3963
0.3818
0.3687
0.3560
0.3413
0.3277
0.3147
0.3025
0.2910
0.2800
0.2698
0.2599
0.2455
0.2323
0.2186
0.2119
0.1990

M{wx)

0.005607
0.005753
0.005946
0.006124
0.006308
0.006474
0.006649
0.006806
0.006971
0.007276
0.007843
0.008362
0.008798
0.009237
0.009737
0.010148
0.010560
0.010951
0.011288
0.011672
0.011966
0.012338
0.012826
0.013338
0.013963
0.014250
0.014961

<P(<»l)
(degrees)

2.7654
2.6993
2.6168
2.5461
2.4773
2.4190
2.3608
2.3117
2.2625
2.1784
2.0424
1.9375
1.8632
1.7976
1.7344
1.6936
1.6586
1.6312
1.6151
1.5958
1.5902
1.5777
1.5733
1.5695
1.5639
1.5671
1.5638

R

0.00001
0.0021
0.0050
0.0077
0.0105
0.0130
0.0157
0.0181
0.0206
0.0254
0.0343
0.0426
0.0497
0.0569
0.0653
0.0723
0.0793
0.0861
0.0921
0.0989
0.1042
0.1110
0.1200
0.1296
0.1416
0.1471
0.1612

Pi

0.0174
0.2353
0.3530
0.4298
0.4938
0.5427
0.5879
0.6239
0.6584
0.7144
0.7998
0.8632
0.9087
0.9491
0.9899
1.0200
1.0477
1.0720
1.0916
1.1126
1.1279
1.1462
1.1690
1.1913
1.2169
1.2281
1.2544

R+P,

0.0174
0.2375
0.3581
0.4376
0.5043
0.5557
0.6036
0.6421
0.6791
0.7398
0.8342
0.9059
0.9585
1.0061
1.0553
1.0924
1.1271
1.1582
1.1837
1.2116
1.2322
1.2573
1.2890
1.3210
1.3585
1.3752
1.4156


