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Abstract

A formulation which accounts for fluid-structure interaction
of piping systems under seismic excitation is presented. The
governing equations of the fluid and the structure to model the pipe
are stated. Using the finite element method the discretized equations

: are obtained. A transformation procedure for proper assembly of
matrices is introduced. A solution algorithm is described.

I . INTRODUCTION

In the analysis of piping systems, conventionally, the fluid-
structure coupling effect is neglected due to its simplicity. Hara [4]
has studied the differences between a liquid lumped mass model and
a presstire wave propagation model. Hatfield and Wiggert [9] have
adopted a model analysis method to seismic response analysis of
piping systems.

_ In recent experiments [5], strong dynamic behavior of the
fluid in a pipe under seismic loads is observed. Thus, a need
emerges for a fluid-structure interaction formulation to appropriately
represent the fluid-pipe seismic response.

In this study, the finite element formulation proposed by Liu
and Chang [1-3] is modified to incorporate friction in pipe flow. The
discretized matrix equations are mapped into a fluid-pipe mixed
coordinate system to satisfy the velocity compatibility at the nodes.
The Liu and Chang [1-3] solution algorithm is also outlined.

The organization of the paper is as follows. The governing
equations for the fluid and the structure are introduced in Sections 2
and 3, respectively. The respective discretized equations are also
stated in these sections. Section 4 is devoted for the description of
the fluid-pipe mixed coordinate system. The solution algorithm is
presented in Section 5. Finally, the conclusions are given in Section
6.

2. FORMULATION OF THE FLUID

The unidirectional flow of a compressible and inviscid fluid
is governed by the following continuity and momentum equations: =

land

(2-2)

> where p is the Bulk Modulus; p F is the fluid mass density; v is the
; fluid velocity, p is the pressure; b is the body force; the local flow
• duecnon is denoted by x; and ff is the friction force given by the
: Darcy-Weisbach equation: . i

f f = 2 D v l v i
(2-3)

i where f and D are the friction coefficient and pipe diameter
: respectively. The body force.b is generally given by

b = g sin9

I where g is the gravitational acceleration, and 6 is the pipe inclination
angle. A subscripted ', ' denotes partial differentiation. Refer to
Figure 1. for a description of geometry and flow direction.

figure 1. Pipe geometry

The weak form of equations (2.1) and (2.2) is established by
multiplying by a pressure and velocity test function, respectively
and then by integrating over the fluid domain
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where M s , C*, and K1 are the structural mass, damping, and
stiffness matrices, respectively; a, v and d are the nodal
accelerations, velocities and displacements, respectively; f includes
all external forces.

Note that the damping term is included for the completeness of the
formulation.

where ft and T denote the domain and the boundary surface,
respectively.

The fluid governing equations are discretized using a Galerkin
formulation

and
M p p + G T v = 0 (2.7)

(2-8)

•where M p is the pressure-mass matrix; G is the divergence operator

matrix; M is the fluid-mass matrix; f is the fluid external force;

f**(v) is the frictional force; and a superposed dot denotes temporal
differentiation.

3 . FORMULATION OF THE PIPE

The pipe is modelled using a 6 degree-of-freedom beam
elements proposed by Hughes and Liu [7J.

"irie governing equations for a linear elastic material is given
by

- p d + Oy.j + f; = 0 (3-D

(3.2)

(3.3)

where p is the structural mass density; u; denotes the displacements;

CTij and Eij are denote stresses and strains; Cyjcm is the elasticity
tensor,.and ' i

(3.4)

A repeated index designates summation. A superposed dot
expresses a temporal derivative, and a spatial derivative is denoted i
by a ",". i
The variational form for equations (3.1) through (3.3) is given as
follows [8]:

p 5u; U; J 8u;

= J 8uifidn+ J (3.5)

r,
where flj and Ts refer to the structural domain, and the boundaries,

respectively. Su; is the lest function, and h; is the surface traction.
Through a finite element discretization, the matrix form for equation
(3.5) can be obtained

(3.6)

4. FLUID-PIPE COUPLING
I

At the element level, the flow direction is assumed to .
coincide with the pipe axis since there is no cross-flow. For a
straight pipe system, the overlap of pipe and fluid flow axes occurs
throughout the mesh. However, elbows are important components
in a piping system for changing the direction of the flow.

The formulations introduced in Sections 2 and 3, are valid at
the element level and can also be applied to straight pipe systems for
reasons mentioned earlier. An inconsistency would arise during the
assembly procedure if there are elbows, since the velocity
compatibility would not be satisfied. In order to overcome this
deficiency, a fluid-pipe mixed coordinate system is proposed.

The elbows are modelled with pjeccwise straight pipe
elements. At the junction of two adjacent pipe elements, the mixed
coordinate system is defined by using the flow directions in each
clement. (Refer to Figure 2.) j

First the average flow direction is computed through a vector .
addition. Consequently, a three dimensional coordinate system is
constructed at each node. The fluid and pipe matrices are
transformed from the physical coordinate system into the mixed
coordinate system. Then, the transformed matrices are assembled
into the appropriate global matrices to introduce the solution j
algorithm. j

Element (e)

Element (e-1)

x : flow direction for element (e)

x e : flow direction for element (e-1)

x : average flow direction for node I

Figure 2. Nodal fluid-pipe mixed coordinate system

5. SOLUTION ALGORITHM

In the light of the preceding section, all matrices defined
earlier in Sections 2 and 3 are assumed to be transformed into an
appropriate nodal fluid-pipe mixed coordinate system. The
governing matrix equations for the fluid and the pipe are combined
as follows:



M F v - G p = fF

Ms a + Cs v + Ks d = f

(5.1a)

(5.1b)

(5.1c)

where fP encompasses all external fluid loads.
Equations (5.1) are integrated in the time domain through a ,
Newmark-P scheme. The predictor and corrector formulas for this j
scheme are given as follows

and

3n+i = dn + At vn + (^ - P) At2 an

vn+i = vn+(l-y)Atan

(5.2a)

(5.2b)

(5.3a)

(5.3b)

where At is the time step; a superposed "~" denotes the predicted
values; P and 7 are the integration parameters and have to satisfy the
following conditions for unconditional stability of the time
integration scheme:

y > | (5.4)

P = z(7+*)2 (5-5)

A similar set of predictor-corrector formulas is introduced for the
pressure

(5.6)

(5.7)

(5.8)

Pn+1 = Pn+1 + OCAt pn+1

with the appropriate stability condition

In order to introduce the predictor-corrector algorithm, the matrix
governing equations are rewritten as

(5.9a)

(5.9b)

(5.9c);M$ an+i + Cs vn+1 + Ks dn+i = fn+i

The algorithm proposed by Liu and Chang [1] is adopted for an •
efficient way of solving Equations (5.9). It will be described below.

By using the corrector formulas, equations (5.3b) and (5.7),
the fluid equations are converted into

Mp pn+1 + yAt GT an+1 = - GT vn+l (5.10a)

MF an+i = OtAt G pn+i + G pn+i + fLi (5.10b)!

Similarly, the pipe equation is cast into the following form through
equations (5.3)

(Mf+ yAt C'+ pAt2 K1) an+1 = fnri - C
s vn+,+ Ks an+i

(5.10c)

After assembling all the contributions from the fluid and pipe '
degrees-of-freedom, the overall governing equation is formed

C (5.11)

B = MF + M*+ yAt Cs+

B an+i = C i + oAt G pn+i

where 6 is the generalized mass matrix

s (5.12a)

and fjn-1 is the generalized force vector :

d = & 1 + fn+i + G pn+i - C1 vn+i+ K5 3n+i (5.12b)

The acceleration of the nodes are solved from equation (5.11)

an+i = a« i+aAtB- iGp n + i (5.13)
where

aLi=B-id (5.14)
and substituted into equation (6.10a) to obtain

(Mp + ayAt* GT B-J G ) p^ i = - yAt GT a^j - GT v n r i

(5.15)

Since GTB-' G is a full matrix, it is too costly to evaluate pn+i
directly from equation (5.15). Therefore, an approximation for B*1

is introduced.

B-1=M4 + (higher order terms) (5.16)

The change in pressure, Pn+i, is solved from equation (5.15),

Pn+, = (Mp + ayAt* GT M-i G ) i (- yAt GT a ^ - GT vn+i)

(5-17)

The nodal acceleration can be computed from equation (5.13). After
using the corrector formulas velocities and displacements at each
time step can be evaluated. It should be noted that this algorithm is
At3-accurate.

•

6. CONCLUSIONS

The formulations presented in this paper are being
incorporated into the computer code FLUSTR-ANL (FLUid-
STRucture Interaction code developed at Argonne National
Laboratory). It will be used to analyze the large-diameter piping
systems under seismic excitations. It is believed that the results will
provide a fetter representation of the seismic response of the
coupled fluid-piping systems.
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