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ABSTRACT

A complete set of kinetic equations describing the
diffusion decay of supersaturated solutions, as well as
the formation of new-phase fluctuations in equilibrium
systems, is derived. A novel method of determining
forward and backward reaction rates entering the master
equation is proposed which does not require the use of
any reference cluster size distribution, either the con-
strained or the true equilibrium one,employed in all mo-
difications of the classical nucleation theory. Instead,
this reference distribution can be obtained as an equi-
librium solution of the present master equation. The
main advantage of this method is the possibility to take
into account various factors affecting the difusion de-
cay, such as the reaction kinetics at the precipitate
surfaces and the diffusion kinetics in the mother phase
with account of elastic interaction between nucleating
species and their clusters. The latter is of a key im-
portance in the irradiation environment considered in
the forthcoming second part of the article.

1.INTRODUCTION

In the classical Becker-Doring theory for homogeneous nucleation of a
liquid from the vapor the nucleation rate is calculated by considering a
steady-state size distribution of liquid clusters,established by condensa-
tion and evaporation of atoms to and from the clusters. Central to this
theory, however, is the use of a hypothetical reference distribution, namely,
the cluster size distribution that would exist in a supersaturated vapor
constrained to be in thermodynamic equilibrium [1]. Katz and Spaepen [2]
have argued that it is not necessary to invoke this hypothetical reference
state. They have determined the departure rate of atoms using the size
distribution in a true ,that is physically-realizable,equilibrium. The main
underlying assumption of their argument is an INDEPENDENCE of the evapora-
tion rate of the degree of supersaturation,which is quite plausible for
dilute systems. Still,there remains a problem to construct a self-consis-
tent theory,based upon purely kinetic considerations,i.e.,upon the forward
and backward reaction rates,determined independently. And it appears that
an "obvious" definition of these factors is simply the impingement and
evaporation rates of atoms to and from the nuceus surface, which leads one to a
paradox. We shall discuss that in the present paper and show how to de-
fine the forward and backward rates so that the equilibrium distribution
obtained from the kinetic master equation would coincide with one obtain-
ed from thermodynamics.

All stages of diffusion decay in supersaturated solutions can be described
within a framework of the present theory ,and it can be easily extended
to describe the new phase formation in open dissipative systems, such
as materials under irradiation that continuously produces vacancies and
interstitial atoms,thus, keeping the system far from thermal equilibrium.
In the first part,however,we shall discuss the most simple one-component
case to give a clear idea of the present method.
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2.GENERAL THEORY

The time evolution of the size distribution of nuclei n(x,t) is gov-
erned by the master equation

where W(x;y)is the frequency with which an x-mer (e.g.,a void containing
x vacancies) becomes an y-mer.The summation is carried out over all pos-
sible reactions, A natural initial condition for eqn.(l) £eflects the
presence of single point defects (PD) at t = 0: n(l,0) = c7w; n(x,0) = 0,
x>l; c" being the mean PD concentration, w,the atomic volume. Eqn.(l) is
not tractable analytically and usually it is assumed that n(x,t) for di-
lute systems is set up by the capture and emission of single PD,which re-
duces eqn.(1) to

where J(x,t) is the net rate at which an x-mer becomes an (x+l)-mer;
f(x) is the forward reaction rate ,and b(x),the backward reaction rate. In
principle,eqns.(2) and (3),given knowlege of both f(x) and b{x),are a com-
plete solution to the new phase formation problem.To show it let us define
a constrained equilibrium distribution of x-mers n*(x) by a recursive re-

lation J [ ft*()] **00f C*) H * M b(x) (4

The solution of eqn.(4) is given by

where in the one-component case /3G(x) is the free-energy change required
to form an x-mer. According to the conventional approach,a steady-state
net flow in the x-space (i.e.4r n(x,t) = 0) J(x,t) = Js is a constant
equal to the nucleation rate.It can be obtained by the summation of the
equation

]
if the following boundary conditions are satisfied

which means that (i) Js is small enough so that the PD concentration (x=l)
is close to the constrained equilibrium value,and (ii) the concentration
of extremely large nuclei is negligible. Then from (7) and (8) we obtain

r =^ i (9)

whence w -(

_J i~f (10!

At the late stage of diffusion decay the quasy steady-state criterion
(/St)n(x't) = 0,is not valid since majority of PD is contained in precipi
tates competing between themselves for remaining PD. At this stage it is
convenient to reduce the master equation (1) to its continuum analogue by
Taylor expansion with respect to l/x«l

n.
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(12)

That is the well-known Fokker-Plank equation,where V(x) represents the
deterministic evolution of the system ,while 5&{x) corresponds to the
fluctuations which broaden n(x),making it possible for undersized nuclei
reach the critical size. Thus,eqn.(11) describes diffusion in the x-space
with a "drift" term n(x,t)V(x) which dominates the n(x,t) evolution at the
late stage of diffusion decay. As has been shown by Lifshitz and Slezov
[3],the competition between precipitate particles results in the formation
of the universal size distribution which does not depend on the initial
size distribution.

Thus,the phase-transition kinetics can be described if both f (x) and
b(x) are known. However,these are not both available in the conventional
approach which derives b(x) from f(x) and n*(x). The main underlying as-
sumption is that f(x) and b(x) are defined as simply the rates of arrival
and "evaporation" of PD to and from the nucleus surface,respectively. Then
in dilute systems,where the interaction between PD is negligible,it is pos-
sible to assume that b(x) is independent of the supersaturation degree and
hence,it can be expressed through n*(x) and f(x) in the limit of the con-
strained [l],or true [2] equilibrium state; n(x) is obtained from a kinetic
theory,while n*(x) is deduced from thermodynamics.

3.A KINETIC APPROACH TO DERIVATION OF REACTION RATES

In the following we assume a very simple continuous model taking into
account both the diffusion process in the mother phase and the reaction
kinetics at the nucleus surfaces. The former is characterised by the PD
diffusion coefficient D,while the latter is expressed through the rate of
PD crossing the nucleus surface,v. Note that these are ,in general,indepen-
dent factors,i.e. each of them can be negligibly small compared to the
other one. For example,if D/vR •*• 0 (R is the nucleus radius) then we come
to "diffusion-controlled" limit since in this case diffusion limits the
rate of variation of nucleus sizes. This is usually the case in solids
and liquids :D»\> a /t,1 , where a is the interatomic spacing, t$ is the PD jump
frequency;and if the last jump of PD into nucleus is not substantially dif-
ferent from jumps within the matrix then v«a/tj , so that D/vR~a/R « 1
for any macroscopic nucleus. On the other hand,in the vapor - liquid tran-
sition the mean free path of vapor atoms lp, substitutes for the interatomic
spacing so that D/vR<*lp/R » 1 for the majority of droplets. Accordingly,
the "reaction-controlled" limit, vR/D -*•(), is more relevant to these systems.
We consider the problemin a general form and determine the PD arrival rate
to a nucleus as the product of its surface,4rRz , and the arrival rate per
unit area that is given by v-c(R)/w, where c(R) is the atomic fraction of
PD within the lust jump from the nucleus surface,We obtain

f .(x) = (4jf RZ/w) .v.c(R) (13)
•tot

where the subscript "tot" underlines that f t(x) is the total arrival rate
of PD to a nucleus.Then a very important approximation is usually made, name-
ly, it is assumed that c(R) = c,where c is the mean concentration of PD in
the system. It means that nuclei do not affect the concentration of PD. We
shall see that this approximation generally is NOT valid ,though it may be
justified in the reaction-controlled limit. Indeed,from the diffusion theory
it is well known that in the vicinity of ANY sink {or source)of PD a
quasy steady-state profile of PD concentration is established after a cha-
racteristic time t^^R /D. On the other hand, the characteristic time of the
sink size variation,tR~ R/(dR/dt) ,where dR/dt is the growth rate of the
sink,equals or exceeds (1 + vR/D)R/vc (the equality is for the absolute
sink). Hence,the ratio t^/t, is given by

tfi /ts ~ (1 + D/vR)/ c >1 (14)
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For dilute systems ( c" « 1 ) tp /ts » 1 which means that any particular nu-
cleus surrounds itself with a quasy steady concentration profile well be-
fore its size is significantly changed. Consequently,this profile may be
found from the steady-state solution to the diffusion problem:

=0

(17)

where r is the magnitude of the radius vector directed outwards the sink
center, c£ is the equilibrium PD concentration for a sink of the radius R
The solution is straigtforward if a spherical symmetry is assumed:

(18)

One can see that only in the reaction limit,vR/D -v-0,nuclei do not affect
the PD concentration,whereas in the diffusion limit,D/vR ->-0,the concentra-
tion near a nucleus is either higher or lower than c ,depending on the nu-
cleus size. For ariy given c there exist a critical size Rc given by the
equation: c* = c* ,where c* = c^ exp{-oC/R ), <£ - 2y*w /kT, T is the tem-
perature. Only critical siz% nuclei do not disturb the PD concentration.
In a particular case of true equilibrium, c~ = c^ ,RC -OD SO that all nuclei
do AFFECT the PD concentration in the diffusion limit.

The above solution to the diffusion problem (15)-(17) will give us the
total evaporation rate since the net rate of PD arrival to a nucleus,given
by the net PD influx (17),equals the difference

f, .(x) - h ( x ) = (4F RZv/w) ( c{R) - c e ) (19)

From eqns.(13), (18) and (19) both the total arrival and the total evapora-
tionrates are available:

Now,if we identify,according to the conventional point, f. t(x) and b. .(x)
with forward and backward reaction rates entering the master equation* (1)
then eqn.(6) will give us the kinetic analogue of the free energy change
to form an x-mer -*L. H

(2D

where S = c"/c^ is the supersaturation ratio. However,the usual capilla-
rity approximation gives the expression

kt
which,naturally,does not contain any rate coefficients,such as D or v,in
contrast to eqn.{21). To make the comparison even more evident consider
the diffusion limit,D/vR -*-0 in the large enough size range so that
ei/R <<1 (we can do it since no size limitations have been assumed so

far). Then approximating the summation in eqn.(21) by the integration we
obtain

which is obviously different from the thermodynamic expression (22) in
both the constrained ( S>1 ) and true ( S=l ) equilibrium. On the othê r
hand, in the reaction limit, vR/D -*-0, eqn. (21) after the integration re-
sults in essentially the same expression as (22):
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the only difference being the higher order corrections in vR/D -+-0.
What is the physical reason of this paradox? May it be that the diffu-

sional kinetics cannot be applied to the equilibrium systems? We will
show now that it is not the use of diffusion approach but rather the in-
terpretation of f(x) and b(x) that leads to paradoxes in both equilibrium
and nonequilibrium cases. Consider the extreme limit, D=0,meaning that PD
diffusion through the matrix is suppressed,while the surface reaction
kinetic is not: v>0. Obviously, in this case there cannot be any time evo-
lution of n(x,t)=n(x). However, eqn.(20) gives in this case: f-Wx) =
bj. t<x) = 4ir R^v cf/w. And from the above interpretation the diffusion co-
efficient in the 5-space, 5D(X) = (f (x) +b (x) ) /2 =(?)- (f^(*> + 1 W < X > > / 2 =

4jr R*v c//w >0. That would have meant the possibility of broadening of
n(x,t) without the PD transport through the matrix!?

Thus,the intuitive interpretation of f(x),b(x) as f^^(x) and b^(x)
leads to contradiction with both thermodynamics and kinetics. And now we
will show how to define f(x) and b(x) so that to obtain self-consistent
master equation describing equilibrium and nonequilibrium systems. To do
this we will not make any additional assumptions. Instead,we make use of
the main assumption of the classical nucleation theory,namely,the indepen-
dence of the forward and backward reaction rates,f(x) and b{x),entering
the master equation. It means that b(x) is independent of the supersatu-
ration and,on the other hand,f(x) is independent of the evaporation rate.
Obviously,it is otherwise for f, ,(x) that increases along with the increase
of evaporation rate due to an additional influx of PD previously eva-
porated from the same nucleus. This additional influx is completely de-
termined by the evaporation rate,which makes f, , (x) and b^tx) depend on
each other. To make the theory self consistent w°e" should exclude the deter-
ministic component from the definition of independent stochastic factors
f(x) and b(x). The way to do it is simple: we determine f(x) as the dif-
fusion influx of PD in the limit of zero evaporation rate, c* =0:

£ (25)

Then, for any given c^the net diffusional influx is equal to the differ-
ence

f(x) - b(x) = V(x) = 4-^?*[c(*)-c/] (26)
where f(x) is given by eq.(25). In this way we obtain

,+ ^ <27>
*D X>

These are really independent factors,which can fluctuate independently,
as is required from their stochastic interpretation. Another important
consequence is that b(x) as well as f(x) has NONLOCAL nature,i.e. they
depend on both reaction and diffusion kinetics. Due to this symmetry the
ratio f{x)/b(x) that determines an equilibrium solution of the master equa-
tion, given by eqn.(5),does not depend on any kinetic coefficients in
agreement with thermodynamics,that "is not aware of time". The integra-
tion of eqn.(6) using eqn.(27) results in the expressionr
which coincides with the thermodynamic expression (20). And what is
more,the diffusivity in the x-space now reflects the diffusion and re-
action kinetics of PD in a natural way:

00 - (29)
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In the limit,D -^0 we have V(x), ̂  U) -*-0 as well,since without the
PD transport through the matrix n(x) remains constant. In the opposite
limit,D -*ec_we arrive at the reaction-controlled regime: *X)(x) =
( 2 T / W ) R v( c + Cjf ), which can also be reached if v -*0. On the other
hand,if v -»oc,then we have the diffusion-controlled regime: 9i(x) =
(2 jr/w)R D( c + c* ) .

4,CONCLUSIONS

l)The master equation (1) together with expressions {27} are a com-
plete set describing kinetics of a new phase formation in both equi-
librium and nonequilibrium systems.

2)The elementary steps in the x-space correspond to both reaction
and diffusion kinetics of PD and,hence,have nonlocal nature.

3)In the reaction-controlled approximation the present theory
gives essentially the same results as the classical nucleation theory,
while in the diffusion-controlled approximation the results are quali-
tatively different.

4)The main advantage of the present approach is its applicability
to open dissipative systems far away from thermal equilibrium.
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