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ABSTRACT

We use strong coupling theory of superconductivity to perform a detailed analysis of the

Eliashberg functions, o^Ffu), for thirteen samples of Nb-Ge with critical temperatures ranging from 7.0

K. to 21.IK. As critical temperature increases, we analyze the general trends of the electron-phonon

coupling parameter X, of the integral of a*F(w) "A", and of other characteristics of cPT(w) on the basis

of qualitative or empirical criteria. While we find that the samples have in general the behavior

expected, a closer analysis points to an overall attenuation in a*F(u) of unclear origin. Though the gap

edge, Afj, appears to be well described by the a^Ffw) obtained, the thermodynamic critical field agrees

poorly with that reproduced by d*F(tn) in the only case where the necessary (tunneling a2F(w), critical

field measurements) data are available. Our analysis suggests there is a gross uncertainty in the

measured Hc(0). The overall analysis shows that the samples obtained are of enough quality to already

give meaningful results upon inversion of the tunneling data.
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functional derivatives of Tc and Ao with «JF(w):
I. INTRODUCTION

Kihlstrom and Geballe1'1 fabricated high-quality A-15 NbGe-SiOx-Pb tunnel junctions with Ge

composition from 17 to 25.7% . They reduced the tunneling data by the modified McMillan-Rowell3

proximity gap inversion analysis developed by Arnold and Wolf4, to generate the Eliashberg function,

<JJF(LJ), and related microscopic parameters. The critical temperature, Tc, of the samples ranged from

7K to a higher value of more than 21K. Figure 1 (taken from Ref. 2) shows four of the a'Ffdj) curves

from that study. The low-Tc sample showed two peaks in a!F([j) resembling the transverse and

longitudinal mode peaks of crystalline Nb. As Tc rises with the approach to stoichiometry, a lower

frequency peak breaks off and becomes clearly distinguishable in high-Tc samples. The origin of this

peak will be discussed later in this paper. Also the higher-!c samples have a markedly increased

amplitude of â FCu), when compared to the low-Tc ones, thus the integral of 0^(01), "A", rises with Tc

as a general trend. A decrease in <u2>, the second moment of o^w), as Tc increases was observed

and led to the conclusion1'2'1 that mode softening played an important role in the high-Tc Nb3Ge

samples, a conclusion also supported by the trend in A. We will analyze more closely these

observations.

To further analyze these results2 they used the approximate analytical formula of Geilikman and

Kresin6 for 2Ao/kijTc, where kg is the Boltzmann constant. In this formula one has to choose an

"appropriate" frequency which is not uniquely determined. A reasonably good agreement was obtained

for the strong coupled region only.

Also, in an attempt to calculate Tc from microscopic parameters, they used the well-known

McMillan equation7 for Tc using the improved form suggested by Dynes8. The Allen-Dynes" equation

for Tc was also used for this analysis as well as solving the linearized Eliashberg equations9. Although

very useful, these equations are approximate and could lead to less precise conclusions. Tc was

obtained within 10-15% by these methods.

Further, a tentative analysis of the behavior of the series by the use of the functional derivative

technique, first introduced by Bergmann and Rainer10 was done. A qualitative use of the

«or'F(u)

introduced by Mitrovic, Leavens and Carbotte11 gave an overall consistent qualitative picture.

In this work we attempt a more quantitative analysis extending previous work in which

only a qualitative behavior was established". We will use the numerical solution of

Eliashberg gap equations. Eliashberg theory of superconductivity is essentially the exact

solution of a many-body problem and is exact within the square root of the electronic to the

ionic mass, V ' . This fact allows us to confront a precise theory with experiment looking
m /M

for more insights in this analysis. In this paper we take an attitude that differs from previous studies.

We do not want to check how good the agreement with different theories is, but instead we want to use

the advantage that the theory of strong coupling superconductivity is precise and well established to

confront it with the experimental results. We would like to make a judgement about the quality of

these samples, looking for insights as how to fabricate better samples.

We will use the a2F(w), and the value for Tc, obtained from the tunneling experiments to

compute through Eliashberg theory, the value of the gap edge, AQ. This value will be compared to the

experimental result. This is particularly interesting since the three quantities (oJF(u), Tc, and AQ)

come from the same experiment on the same sample.

We will also give values for other thermodynamic quantities for which, at the moment, there are

not experimental results known to us. To calculate them we have used the density of states at the

Fermi level, N(0), that we obtained from experimental results2'1* for the normal electronic specific hea!

coefficient, i, as a function of Tc on a different set of samples. In Ref. 2, a study is reported where

Tc, a*F(w) and */ have been obtained for the same sample.

Our paper is organized as follows: in section II, we briefly describe the formalism and the

notation used. In section III, we study the characteristics of the Eliashberg function, a2F(u), for the

thirteen compositions considered here. We give physical arguments to establish some empirical rules

and take them as the basis to analyze the tendencies of the characteristics of o!F(u). We get JJ* by



fitting it to the measured value of T c through the Eliashberg theory. We compare the theoretical and

experimental values of n* and comment on the tendencies that we find. In section IV we make use of

the functional derivative at T c , C c
, and of the derivative of T c with p*, , to look more

6c?F(w) in*carefully at softening as a factor associated with higher Te and analyze the relative influence that the

changes in a?F(<ii) and n* have in the rise of Tc.

In section V, we first comment on the parameters that we need to solve Eliashberg gap

equations below Tc, namely, the normal electronic specific hear coefficient, 7. We discuss, further, the

values of the single spin electronic density of state; at the Fermi level, N(0), that we obtain. We then

proceed to present the values that we have calculated for the thermodynamic critical field Hc(0), from

the solution of the Eliashberg gap equations below Tc. We will analyze these results and draw

conclusions from them.

In section VI we present the results of AQ the calculation of the gap edge at T - 0, through the

Eliashberg theory. We will present the tendencies of AQ with Tc at this point. We will give arguments

to establish a rough empirical rule that AQ aligns with X and suggest the usefulness of a study of the

series from this point of view. We will show that the whole analysis points to the existence of some

minor sample preparation problems. In the last section VII we present our conclusions and speculate as

to where these difficulties might come from and point to the importance of making complementary

measurements with the same sample.

II. FORMALISM

This work is based on the numerical solution of the Eliashberg gap equations. The

linearized version of them, valid at the critical temperature, Tc, is:

A m

*TC (1)

where p is the breaking parameter which goes to zero at T • T c and A n is the gap function

defined at the n th Matsubara frequency on the imaginary axis iwn - i»T (2n - 1), n - 0 . ±1,

±1 T is the temperature. wm is given by

(2)

with

" 2 /
w duu a*F(w)

<^F(ui) is the electron-phonon spectral density (or Eliashberg function) as obtained from

tunneting experiments 11* is the Coulomb repulsion pseudopotential parameter.

Below the critical temperature we have to use the non-linearized version of the Eliashberg

gap equations:

rT sgn

(4)

(5)

To get the thermodynamics we calculate the free-energy difference, AF:

AF - N(0)ir

*T S (Anm - p)

- TTT 1 (6)



where N(0) is the single spin density »t electronic states at the Fermi surface and

(V)

The thermodynamic critical field at the temperature T is given by.

HC(T) - ( 8*1AF|) 1 / J (8)

We solve (4) and (5) down to T - 0.1 Tc and then to get the value for the thermodynamic critical

field at zero temperature, H^O), we use the known asymptotic behavior valid in the low

temperature regime:

Hc <T) -He (0)( I-at1)

The gap edge, AQ, defined as

&0 - Re A (Ao, iO)

(9)

(10)

is obtained by the analytic continuation into the real u i s of our solution for the gap function

obtained on the imaginary axis. The analytic continuation is done using Fade approximants.

III. CHARACTERISTICS OF a>F(u»)

In Table I we present the characteristics of Etiashberg functions for all the systems analyzed

in this work. In Figure 2 we present the electron-phonon coupling parameter, X, and the integral

of the Eliashberg function, A, as a function of Tc. There are qualitative arguments that relate X

and A with Tc, Indeed, at the basis of the phenomenon of superconductivity is an attractive

interaction of electrons mediated by the lattice. Roughly speaking, the lattice that can be polarized

easier should have a higher Tc, since the polarization effect will be bigger in this case. Since the

low frequency modes represent a soft lattice (lower spring constant so more easily deformed) and

since the electron-phonon coupling parameter, A, is the first inverse moment of a ^ w ) , soft modes

translate into higher X and (according to this argument) a higher Tc as well: This means obviously

that X and T c scale together.

7

This result seems in contradiction with the functional derivative of Tc with
«TC

o*F(w), , which is s curve that rises from w - 0 to a maximum at w-8KuTc and

goes back to zero as «"* (see Figure 7 below). This curve tells us that very low frequencies

do not contribute to Tc in a particularly important way. The same thing is valid for the very

high frequencies. The important contribution comes from the intermediate (- 8kijTc) part of

the spectrum where the functional derivative has a maximum. Indeed, it is possible to give

arguments 1( of the same kind to show that "A" is a parameter that should align better with T c

than X. This is not surprising: since is always positive, all phonons contribute to

T c and therefore a higher A should give, in general, a higher Tc. The qualitative consideration

of relaxation effects " into the picture presented above leads to a conclusion in agreement with

the functional derivative analysis as we can see in the following. Let us recall that the energy

associated with the electrons at the Fermi surface is of the order of eV while it is only of the

order of meV for phonons. Therefore, the lattice reacts slowly when compared to the electron

gas. Let us now imagine that the electron located at X in Figure 3 is travelling with the Fermi

velocity, vp. A characteristic distance for superconductivity is the coherence length, £0.

Assume it takes a time to to travel such a distance. If the attractive interaction is to take full

advantage of the polarization caused by the presence of this electron, the lattice should attain

during this time, tQ, the full amplitude of its harmonic oscillation. Let us describe this motion

simply by sin wt. The optimum frequency, w0, in what superconductivity is concerned will be

defined by this condition. This means that sin w0t0 - 1. Using to » io/vr, (0 - hvj-/i0 where h

is Planck's constant and 2A0 > 3.52 k])Tc (a known result from BCS theory), we arrive at the result

that h«0 - 8kgTc which is the result indicated by the functional derivative: the intermediate and

not the very low (near zero) frequencies favor a high T. Thus X would not necessarily optimally

align with Tc. In fact, the parameter A may in general align better. Now Tc, in our case, ranges

from 7K. to just over 2IK. This means that 8kuTc moves from about 4 meV to 13 meV. The

maximum phonon frequency for all these samples is around 33 meV. Therefore 4-13 meV belongs

to the low-intermediate frequencies of the spectrum thus both X and A should align with Tc.



Figure 2 shows how X and A varies with Tc. It is striking that
dA dA

. and — ~ are both very small from 7K to 13K: an interval that doubles the critical

temperature. From 13K. to 19.75K. both A and A increase substantially, showing the trend that

is expected. But the wiggles that appear from this temperature on, point to an inconsistent

behavior in both A and A. Furthermore, A changes from 10.42 meV to 8.95 meV (a substantial

amount) for two samples with similar Tc's (19,75 and 19.8). Since the composition is not

dramatically changed, the crystal structure is the same and the critical temperature varies very little,

this result suggests an uncertainty of at least 15% in the value of A. The same situation exists with

the samples with Tc « 20.1K and 20.2K. Further, Table I shows that values for A are all lower for

the samples between 19.8K and 20.3K. The rest of the samples follow the expected increasing

tendency of A and A with Tc.

In Figure 4 we present the electron-electron repulsion pseudopotential parameter, p*, as a

function of Tc. There are several points to note. First there is obviously targe uncertainty in

the ji* values. Thus it is hard to look for trends. Because of this we cannot rigorously test the

theory proposed by Muttalib et alIB, that ft* should increase with p although no such trend is

apparent. Second, while the uncertainties are large, the values are consistently below 0.1 where in

most other studied systems give ft* values in the 0.1! to 0.13 range. This may suggest an

attenuated amplitude for ô FCiu).

There is an empirical rule developed by Leavens 18 from the numerical solution of

Eliashberg gap equations, that states that for any superconductor

< C (»*) (11)

where C (ft*) is a universal function that depends only on p*. In Figure 5, we present this

function together with our theoretical points for n* (which obviously follow the rule) and with

the experimental points as well. The experimental data parallels the trend and it is interesting

that for four of the samples the corresponding experimental value lies on the curve. Leavens

has shown that the equality holds only for a2F(w) - AS (a>-in0), where u0 is the frequency where
*Tc

the functional derivative of Tc with cr̂ FfuO, , has its maximum (roughly, at 8kgTc, as
S^Ff)

as mentioned previously). Such an optimized spectrum is not the case for the samples under study

and therefore these experimental points on the curve seem strange. One has to remember though

that \i* was determined with very large uncertainties from the tunneling experiments. Note that the

sample with Tc - 7K. follows the rule very well (the highest value for fi* in Figure 5). This

analysis points also to the fact that the values for it* are very low.

In Figure 6 we present <w>/A and A/A as functions of Tc. The parameter <u»/A puts

emphasis on the relative weight of high frequencies in a?F(u), while A/A can be considered as a

measure of the softening (low frequency). If softening is to be the characteristic feature related to

the increase in Tc> then one would expect that A/A should increase with Tc, while <u>/A

decreases. In fact we see in Figure 6, an irregular behavior of these tendencies with little change as

Tc increases from 7 K to 16.8 K. then a substantial, though irregular change as Tc increases further.

These criteria have to be applied with care though, since for example, the difference in A/A

between I9.75K to 19.8K is clearly due to experimental uncertainty.

In conclusion, the analysis of the characteristics of <JIF(M) shows that these functions might

be attenuated in all but the sample with the lowest critical temperature. Since in the inversion of

the tunneling data the proximity version has been used, we could be facing a difficulty that has not

been considered before. One could speculate that there is a normal layer on the side of NbjGe not

totally corrected for by the Arnold-Wolf proximity analysis . Another possibility could be that the

metal-semiconductor interface is more active than expected though the electronic states created in

such an interface should be inaccessible with the voltages used in these experiments. The

degradation in the Nb-Ge part of the interface could influence the tunneling characteristics and

could require more complete treatment during the inversion procedure.

IV. THE FUNCTIONAL DERIVATIVE AT Tc

We have calculated the functional derivative of Tc with o^Ffa),

for all the samples. We present in Figure 7 our results for four samples with Tc - 7K, I3.3K.

ID



18.2K. and 21.2K. We can see the typical features of this function in this figure: it is always

positive, indicating that all the phonons can bind Cooper pairs and therefore contribute to the

occurrence of the superconducting state. It goes linearly to zero at u - 0, then it rises to a

maximum, roughly at 8kgTc, and goes to zero for large frequencies as w1. We see the position

of the maximum moving with T c and the broadening of the peak as T c goes higher. This

broadening means that the contribution to higher Tc's is less and less selective as the coupling

gets stronger: compare the curve for 7K to the one for 21.2K. In the first case the phonons

that contribute the most to a higher T c lie between 2.5 - 7.5 meV an interval of only 5 meV.

In the second case, the function derivative has a very broad maximum and can be considered

roughly constant from 8 meV up to the end of the phonon spectrum: up to 33 meV. This is

important since the softening has been repeatedly associated with the increase of T c white this

result indicates that, in this sample, any phonon appearing at any frequency above 8 meV will

contribute equivalently to a higher Tc. In Figure 1 four of the a'Ftw) traces from Ref. 2 were

shown. There is clearly phonon mode softening (a rise and movement to lower energy) taking

place but what really contributes to a higher Tc is the enhancement of the integral of ec^w), A.

It is true that this is in part due to the peak at the lower frequency but the position of the peak

is not the critical factor. We would argue that the formation of this peak is important only

because there is more weight in a*F(u) and this is what contributes to superconductivity. In

fact it would be irrelevant if it were placed at 20 meV instead of 10 raeV: The area under

ot'Ftw) "A* is the key parameter. Note also that, in these samples, A rises as well. But this is

because A increases due to the peak at 10 meV, i.e. at a lower frequency than the two other

peaks. Nevertheless, it could happen that X decreases or remains constant as Tc gets higher,

according to the picture developed here.

Furthermore, the mentioned decrease in <u3> with Tc which is also characteristic of

these samples as a trend, is, in the same sense, circumstantial and not fundamental as a feature

associated with a higher Tc at least in the case under study. Again, it could even rise or be

constant while Tc gets higher.

The functional derivatives can be used in another way to understand further the changes

II

in Tc. In fact, the change in Tc for small changes in o*F(w) and n" is given by:

*T C

ATC - A/1 * J dui
rrc (12)

where Aa*F(uj) is, roughly speaking, the small amount added or subtracted to c^FM at the

frequency ui. iTc/6(J* is the derivative of Tc with the electron-electron repulsion

pseudopotential parameter, /J*, and AJI* the corresponding difference in this parameter

associated with this change. This formula is meaningful only for systems where small changes
«TC

occur in ct2F(w) since the functional derivative. , varies as shown in Figure 7.

We have found, comparing systems with a small difference in Tc that the changes in both

contributions are of the same order of magnitude for all samples considered, in general,

indicating that a higher Tc is a consequence of both a stronger electron-phonon interaction and

a weaker electron-electron repulsion. This observation does not quite agree with the findings16

cited previously that n* (the electron-electron repulsion) increases with disorder. In our case

this would mean that p* decreases with increasing Tc. But, as we stated before, this result

could just not apply in our case. Indeed, disorder and composition change might have a

different physics behind them. For this particular case, one can think of disorder (upon

irradiation, for example) as occurring because some Ge atoms switch position with some Nb

atoms. The change in the spectrum aaF(ui) from disorder to order will then most probably,

reveal, the formation of peaks due to the Nb-chains. When composition is changing what could

happen is different: since one has excess Nb it is probable that the chains form before the bcc-

Oe lattice. Then the change in Q!F(ID) from poor to stoichiometric Ge samples might reveal the

effects that the formation of this lattice has in the phonon spectrum and in the electron-phonon

interaction. If this is true, first, it would follow that the results quoted above (Reference 15) do

not apply here and, secondly, on this basis one could speculate that the peak at 10 meV comes

from the bcc-Ge lattice. If this is the case, it would be interesting to follow the behavior of

this peak in relation to the occurrence of the A-15 phase and the instabilities associated with it

in NbjGe. Since the number of atoms per unit cell does not change with the variation of

12



composition, ihe enhancement of the parameter A has to be interpreted as a strengthening of

the effective attractive interaction between electrons.

V. THE SOLUTION BELOW Tc

To get the thermodynamics below Tc one has to solve Eq. (4) from which we get the gap

function at a set of points on the imaginary axis, i.e. at the Matsubara frequencies. We then use

this result in Eq. (6) to compute the free energy difference as a function of temperature. We

have solved Eq. (4) numerically for a set of 20 points (emphasizing temperatures very near Tc

and near zero). As is apparent from formula (6) we stilt need to know the single spin density

of states at the Fermi level, N(0). We have N(0) from heat capacity measurements for only a

single sample in this series with T c - 2IK. To estimate the trend as Tc varies we use the work

of Ghosh et al l s which gives a qualitative estimate of N(0) from measurements of the slope of

the thermodynamie critical field at the critical temperature and of the residual resistivity. This

is only an approximate method, for more accurate results one has to use heat capacity data. To

get the single spin density of states, N(0), we use our knowledge of the electron-phonon

coupling parameter, A, and the formula;

- , - _ * * kBN(0) (1 • A). (13)

In Figure 8 we reproduce the results of Ghosh et al. for i together with our interpolation to the

data. The maximum value found by Ghosh et al. as we see from the same figure, is around

26mJ/moleKJ. Stewart et al.17 measured T » 30.1 mJ/mole for a single phased stoichiometric

NbsGe sample with Tc = 21.SK, Kihlstrom et al.1 have obtained for the NbjGe sample with

Tc - 20.3K a value for the normal electronic specific heat coefficient, 7, of 34 ±3 mj/mole K2.

For the same Tc the results of Ghosh et al. give a much lower value. For this reason, since we

expect from the work of Ghosh et al. only a qualitative description of the variation of 7 with

Tc, we have decided to take only the trend of the curve and shift it to higher values in 7, until

we reach 34 mJ/mole K ! at Tc - 20.3, i.e. the result of Kihlstrom et al. We expect to get in

n

this way a reasonable description of the behavior of 7 as a function of Tc for the samples that

we are analyzing. Using formula (13) we obtained N(0). We mentioned previously that the

integral of cr'FfuO, which we called A, scales with the critical temperature, as a general trend.

Using this empirical approximate rule, it is straightforward to get18 from the definition of the

Eliashberg function

Tc - g2 N(0) (14)

where gs is an averaged squared electron-phonon matrix element. This is a qualitative formula

that relates the increase in the single spin density of states at the Fermi level, N(0) to an

increase in the Tc. This gives rise to a picture that the increase in N(0) is responsible for the

high-Tc behavior. In Figure 9, we show the tendency that we found for N(0) with varying Tc.

Since N(0) was obtained from Eq. (13) it is quite natural that it is influenced by the behavior of

the electron-phonon enhancement parameter, A. But if we ignore the wiggles, we see that N(0)

does not show a tendency to increase with Tc in the high-Tc region. This behavior supports the

14

view 7 that in superconductors where the A-15 structure is metastable as in NbsGe, the high-

Tc behavior is not due to a high peak in the density of states at the Fermi level. Note that

formula (14) does not have to be in contradiction with this observation. Comparison between

neutron scattering data and tunneling results point to an important strengthening of the

coupling20.

From our calculated free-energy difference we have computed the thermodynamie

critical field, HC(T), at a set of twenty temperatures using Eq. (8). In Figure 10, we present our

result for a small number of samples covering the whole interval of the critical temperatures.

Note the behavior near Tc: the thermodynamie critical field goes linearly to lero at Tc and the

derivative increases as Tc gets higher. The square of this derivative is related to the jump in •

the specific heat at Tc , ACV (Tc), and so higher values of this derivative point to higher values

for this jump. The relation is:
Tc f

dT J
(13)

ACV (Tc) can also be calculated from our solution of Eliashberg gap equations below Tc using

14



the known thermodynamic relation

(Te) - -T •
S'AF

(16)

and extrapolating up to Tc. This result is shown in Figure II. Table II shows our values for
dHc

and compares the results for ACV (Tc) using both Eqs. (15) and (16). The overall

dT Tc

reasonable agreement points to consistency in the results of our calculations. At the present

time, the two experimental values known to us are from reference 18, from which one can get

ACV (Tc) - 1519mJ/mole K and ref. 2 which gives ACV(TC) - 1357 mJ/mole K. Both are in

good agreement with our results.

Another important parameter is the thermodynamic critical field at T - 0, Hc(0). This

we obtained from Eq. (9). In Figure 12 we show the calculated values as a function of Tc.

Notice that H<.(0) seems to rise linearly with Tc with perhaps an increase to a steeper slope

around 17K.. The values for H^O) range from 0.2-0.9 Tesla. Hc(O) values from unpublished

HC2 measurements are also plotted on Figure 12 for several NbsGe samples with a comparable

range of Tc's. The experimental values are lower than the calculated values but parallels the

trend. The critical field at T - 0, 1^(0), is found in BCS theory to be related to the gap edge,

AQ. When a strong coupling correction is introduced we get the relationship:
21 S 1 S

H,. (0) - - N(0) (1 + X) Ao 07)

For the sample10 with Tc - 19.6K and Hj. (0) - 0.44 Tesla. the electron-phonon enhancement

parameter, A, was found to be 1.4 and the gap edge was also obtained. If from the data above

we compute Arj from (17), we get 2.14 meV. This value is much lower than 3.58 meV obtained

experimentally for this sample. Formula (17) should give reasonably accurate results. Thus this

disagreement actually shows a lack of consistency between the measured H^O) and AQ if A and

N(0) are correct. Notice that this is true not only using the BCS results but also through

Eliashberg theory since the o2F(ui) obtained from the tunneling experiments is not capable of

reproducing this measured thermodynamic critical field at T - 0, H,;(0). Notice further that the

difference in the values for HctO) cannot come from our assumption on N(0). To see this more

15

cleanly we can use the value obtained for the normal electronic specific heat coefficient, -j, gain

from experiment on the same sample. This value leads to N(0) - 1.5 st/eV-atom. From this we

can get the ratio H<;(0) V N(0) - 0.359 Tesla/(eV-atom)>". In Eliashberg theory this ratio

depends solely upon <£F{u) and u* « can be seen from (8). In our calculation, in the same

units, we get for this ratio 0.570 for the sample with Tc - I9.52K. Therefore it looks like the

disagreement comes from either the inverted tunneling results directly (see Table III for more

details) or from the measurement of H<.(0).

Furthermore, in Table III we also show our calculated &o's u s i n8 formula (17) and our

values for Hc(0), N(0) and A. We look at the general overall agreement of these values with the

experimental tunneling data as an evidence of internal consistency in our calculations. On the

other hand, as we said before, the disagreement between the measured 1^(0) and the measured

AQ (in the sense of Eq. (17)) seems to be an indication that either the or'Ftu) obtained from

tunneling experiments might not yet be accurate enough to describe all the details of the

thermodynamics of these samples or the measured Hc(0) is very inaccurate. Since o^Ffu) is

consistent with AQ but not with H,.(0) and since tunneling only looks at roughly a coherence

length from the surface, one could argue that it is not representative enough of the bulk

properties of the sample. But, on the other hand, the specific heat results and the whole

analysis point to an error in H^O) as the more likely source of disagreement.

Further, in Figure 10, we present the thermodynamic deviation function, D(t), for some

few samples. D(t) is defined as:

HC(T)
D(0

Hc(0)
(18)

with t B T/Tc.

This function is very sensitive to the input parameters, i.e. the changes in o'Ftu) and n* and

does not depend on N(0). The extrema of this function tend to scale roughly with A31. There

are no experimental data known to us to compare with at this moment. From this function
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through the functional derivatives, a certain amount of information about cr'Ffui) could be

obtained.

In conclusion, we have established that our solution of Eliashberg gap equations is in

close agreement with the known expressions coming from BCS theory which points to an overall

internal consistency in our calculations. The targe disagreement between the experimental value

for the thermodynamic critical field at T - 0, Hc(0), and the one obtained from the Eliashberg

function c^Ffv) might be due to the fact that the Eliashberg functions obtained are not yet

accurate enough to describe all of the bulk properties of the samples or to the measured value

of Hc(0) being very inaccurate. This last explanation seems to be more likely'3 although an

overall attenuation of ĉ FCu) for the high Tc samples seems to be characteristic of the series.

VI. THE GAP EDGE

As we stated previously, we have obtained the gap edge, AQ, from our solution of the

Eliashberg gap equations below Tc by analytically continuing the gap function, A(u), onto the

real axis using Pade approximants. In Table HI we can see our results and compare them with

the experimental values. Figure 13 shows the tendency of the gap edge to grow with increasing

Tc. There is an overall agreement of these values with experiment although a systematic

displacement towards higher values is evident. It is worth noting that the gap edge, Ag, scales

very well with A as can be observed in Figure 14. This is not surprising from the general shape

of the functional derivative,
«A0

, which peaks11 roughly at 2AQ. The gaps range in our case from a lower value of
(

1.03 meV to a higher value of 3.82 meV, 2Arj coincides with the low frequency part of the

spectrum, i.e. the one that is weighted the most when calculating A, Note, further, that the only

sample that does not align is the one with Tc - 7K. We have argued previously in section III

that the sample with Tc - 7K seemed to give the only non-attenuated Eliashberg function upon

inversion. If this is true the empirical rule stated above could serve as a starting point to give

more precise arguments as to how big the electron phonon enhancement parameters should be

for these samples. If one displaces parallel to itself this curve in order to meet the
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corresponding point for Tc - 7K and A - 0,81, the shifl in the value for A obtained for the rest

of the samples (leaving untouched the values for AQ) does not seem unreasonable as we can see

from Table IV. As an example, for another A-15 superconductor" like NbjSn, Tc - 18.1K,

A - 1,7 and A - 10.7 meV. Notice that these values are to be judged as high when compared to

those that we have obtained here since for the sample with Tc - IS.2K considered here A - 1.4

and A > 8.9 meV. It is interesting to note that the scaling we just mentioned would give for

this same sample A - 1.68 and A « 11.08 meV, both of which are of the same order of

magnitude as the corresponding vales for NbjSn. Notice further that for a constant normal

electronic specific heat coefficient, -j, an increase in A would translate in a decrease in the

density of states, N(0), Since the thermodynamic critical field, H^O), is proportional to N(O)1/*,

one would obtain a lower value, i.e. a trend that fits better the experimental results. This could

be taken as supporting the very low experimental values quoted for H^O). Actually this is not

the case: since the functional derivative of H^O) with u?¥(iii) is always positive and has a

maximum at about 5Kj)Tc, the scaling will bring into play three factors in the value for

First an increase due to the enhancement of o^F(w),

second, a decrease due to an enhancement of n* and to the fact that the derivative of

with it*, ——-— , is negative and, finally, an enhancement in the absolute value of the just

mentioned derivative since it increases with >J*. It is difficult to predict the issue of this

interplay of factors. More experimental data would encourage the detailed study of this scaling

procedure.

VII. CONCLUSIONS

We have solved Eliashberg gap equations for thirteen different compositions ranging

from 17 to 25.7% Ge for which the Eliashberg function c^F(u) has been obtained by tunneling.

The aim of this analysis was to look for insights that permit a judgement of the quality of the

samples and of the Etiashberg functions obtained. The detailed analysis done here points to a

high quality of tunneling junctions judged from the capability of the Eliashberg function,

fu), to describe the thermodynamic properties of the sample. We found though that the
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Eliashberg functions, asF(w), obtained are not yet capable of describing accurately all the

thermodynamics of the samples. More precisely, we have analyzed the trends of the

characteristics of aTfu) with varying composition and found that they do not follow the

behavior indicated by qualitative arguments and empirical rules. The low values found for the

electron-electron repulsion pseudopotential parameter p* suggest an attenuation of the

Eliashberg functions not fully converted for by the Arnold-Wolf analysis. The situation is

analogous to the one that led to the inclusion of the proximity effect in the tunneling inversion

procedures. Since the proximity effect has been explicitly considered one might think that a

normal layer or a degraded layer may still occur in the Nb-Ge side of the Si-NbGe interface

and if it is so, its influence has to be taken into account during the inversion procedure, as well.

Our functional derivative analysis shows that there is a marked broadening of the
«TC

maximum of the functional derivative, , as Tc increases, indicating that for high-Tc

samples, phonons of any frequency (higher than 8 meV) are equally effective in contributing to

the occurrence of superconductivity. This fact allows us to say that it is not the softening of

the spectrum but the enhancement of the parameter A which is the essential feature to be

associated with higher Tc in this case. That is to say only the strength of the additional peak is

important not its position.

Also, the variation of the electron-electron repulsion pseudopotential parameter, n*, as a

function of composition does not coincide with the one predicted for disorder: the physics in

both cases seems to be different.

We have further solved the Eliashberg gap equations below Tc. The disagreement that

we found between the measured value of the thermodynamic critical field at T - 0, H^O), and

the value obtained from a*F(<i>), led us to suggest that the experiment on the critical field is

very inaccurate".

We have shown finally that the values calculated for the gap, edge, A from the a^wj's

are consistent with the experimental values. We have mentioned the existence of an empirical

rule that JIQ scales with A and have shown that it could be used to see the trend of the

corrections that might appear in a^w) as more details of the preparation procedure are

19

mastered. We have shown that the changes that could be obtained compare well with the known

data for other A-15 systems.

Finally, the fact that the Eliashberg functions obtained did permit this detailed analysis

of the results points to the first that they are already of the high quality needed for inversion to

be meaningful.
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TABLE I

TABLE II

TABLE HI

TABLE IV

Characteristics of arJF(w) and the variation of p* with the critical temperature

(see text for the definition of all the parameters).

Results for the derivative of the thermodynamic critical field at

Tc,
dT

and [he jump in the specific heat

at Tc, ACv(Tv), first (1) from formula (15) and secondly (2) from formula (16).

The last column is thermodynamic critical field at T - 0, Hc (0)

Variation of the ratio Hj-tOJ/v'NW as a function of Tc (see text). The gap edge,

AQ, is also presented. First using formula (17) and our values for H^O), N(0)

and A : Arj(F); then from our solution of the Eliashberg gap equations through

Eq. (10): Ar/E1); a n d finally the experimental value: Ap(EXP), for comparison.

Values of the electron-phonon enhancement parameter, X, that are obtained when

the empirical rule proposed in the text is used. Tc also appears for a better

identification of the samples.
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TABLE I
TABLE II

TC(K)

7.0

13.2

13.3

16.8

18.2

19.52

19.75

19.8

20.1

20.2

20.3

21.2(A)

21.2(B)

A

0.81

0.86

0.92

1.05

1.40

1.53

1.64

1.51

1.46

1.55

1.40

1.70

1.73

A(meV)

5.84

5.98

6.36

7.31

8.90

9.90

10.42

8.95

8.93

9.48

8.72

10.57

10.95

<u>(meV)

14.3

13.7

13.7

13.8

12.7

12.4

12.7

12.1

12.4

12.1

11.7

12.4

12.6

<w>/A

17.01

16.67

16.63

16.84

16.22

16.43

16.42

15.29

15.73

15.68

15.91

15.94

16.47

A/A

0.139

0.143

0.145

0.144

0.157

0.155

0.157

0.169

0.164

0.160

0.161

0.161

0.158

0.132

0.017

0.035

0.023

0.066

0.084

0.099

0.041

0.035

0.055

0.025

0.079

0.091

(K.)

7.0

13.2

13.3

16.8

18.2

19.51

19.75

19.8

20.1

20.2

20.3

21.Z(A)

21.2(B)

dHjT)j

dT fTc

(Tesla/K)

0.6850

0.9064

0.9104

0.9640

1.0152

1.0736

1.0851

1.0858

1.0819

1.0925

1.0796

1.1243

1.1173

v0Cv(Tc)

from (15)

(mj/mole K)

328.8

820.4

830.3

1110.5

1267.0

1437.0

1469.6

1474.3

1491.2

1513.2

1502.9

1634.4

1624.2

vCv(Tc)

from (16)

(mJ/mole K)

203.0

664.4

690.0

860.6

i 115.6

1461.2

1522.0

1454.9

1489.1

1487.7

1439.5

1645.9

1702.9
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TABLE HI

(K)

7.0

13.2

13.3

168

18.2

19.52

19.75

19.8

20.1

20.2

20.3

2I.2(A)

21.2(B)

Hc(0)v^(0)

(Tesla/(eV.at)2)

0.16

0.316

0.325

0.432

0.515

0.570

0.592

0.579

0.581

0.596

0.578

0.64S

0.651

A

0.81

0.86

0.92

1.05

1.40

1.53

1.64

1.51

1.46

1.55

1.40

1.71

1.73

vo(F)

(meV)

1.10

2.14

2.17

2.79

3.07

3.32

3.36

3.37

3.42

3.45

3.45

3.65

3.62

vo(E)

(meV)

1.13

2.30

2.33

3.07

3.53

3.85

3.95

3.98

4.01

4.07

4.02

4.34

4.33

vo(EXP)

(meV)

1.03

1.85

1.90

2.62

3.11

3.4

3.7

3.69

3.51

3.67

3.5S

3.82

3.85
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TABLE IV

TC[K]

7.0

13.2

13.3

16.8

18.2

19.52

19.75

19.8

20.1

20.2

20.3

21.2(A)

2I.2(B)

M.EXP)

0.81

0.85

0.91

1.05

1.40

1.44

1.64

1.50

1.46

1.55

1.40

1.70

1.73

A(SCAL)

0.81

1.15

1.18

1.48

1.68

1.80

1.93

1.92

1.85

1.91

1.88

1.98

1.99
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Fig. i

Fig. 2

Fig. 3

Fig. 4

Fig. 5

Fig. 6

Fig. 7

FIGURE CAPTIONS

Electron-phonon spectral function aPF(w) for four Nb-Ge samples from Ref. 2 with Te's

7.0 K, 16.8 K, 20.1 K and 21.2 K respectively.

Change of "A* (the integral of a?F(w)), and A , with Tc. They both increase with Tc

although there are irregularities.

An analogy to the electron-electron effective attraction is superconductivity (see text).

Variation of ji* with Tc. There is large uncertainty in the data but no increasing

trend is apparent.

Leaven's empirical relation (see Eq. (11) and related text). Experimental data should fall

below, not on the C(j« ) curve.

The values of <u>/A and A/A as a function of Tc. Again there are irregularities.

ST.
The functional derivative as a function of u for four samples:

Fig. 8

7,0 K. (. . .), 13.8 K (+++), 18.2 K( ) and 21.2 K ( ). Notice how the maximum

moves and broadens as Tc increases.

The normal electronic specific heat coefficient, 7, as a function of Tc obtained by

Ghosh et al. (Ref. 13). The fit to the data is ours.

thermodynamic deviation function, CKt), as a function of the reduced temperature

squared, ts (t • T/Tc), for the same samples is also shown.

Fig. 11 The calculated jump in the specific heat at Tc, ACV(TC), for all the samples under study

as a function of Tc.

Fig. 12 Variation of the therroodynamic critical field, H^O), with Tc. Also plotted are data

from Hcs measurements on similar Nb Ge samples.

Fig. 13 Calculated results for the gap edge, A<], as a function of Tc for all the samples. The

corresponding experimental points are also shown. Note the systematically higher

calculated values within an overall general agreement. This kind of deviation was also

present in the original inversion proximity program results from which the OJ2F(L>) was

obtained.

Fig. 14 Approximate correlation of the gap edge, AQ, with the electron-phonon enhancement

parameter, X, for all the samples but Tc - 7.0 K..

Fig. 9 The single spin electronic density of states at the Fermi level, N(0), does not seem to

increase with Tc as an overall trend for the higher-Tc samples.

Fig. 10 Behavior of the thermodynamic critical field, H^T), as a function of T for the

samples with T c - 7 K (. . .), 13.8 K (+++), I8.2K ( ) and 21.2 K ( ). The 28
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