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ABSTRACT

We show that the anomalous statistics which arises in 2+1 dimensional Chem-Simons
gauge theories can become temperature dependent in the most natural way. We analyze and show
that a statistics changing phase transition can happen in these theories only as T —> oo.
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It is by now well known that, in 2+1 dimension, a Chern-Simons gauge

theory coupled to a matter current can lead to anomalous statistics [1,2].

Such a phenomenon is interesting and can have physical applications [3].

In fact, it has been suggested that the phenomenon of high Te supercon-

ductivity may have its origin in such theories [4]. It is, therefore, quite

appropriate to study the behaviour of such theories at finite temperature.

Among many questions of interest, one can ask, for example, if statistics

can become temperature dependent in such theories and if so, whether one

can envision a phase transition involving the two phases of normal statis-

tics and anomalous statistics. We would like to point out here that Wen

and Zee [5] had already discussed the possibility of such a phase transi-

tion which will arise from the restoration of a spontaneously broken gauge

symmetry. Our analysis, however, is quite general in the absence of gauge

symmetry breaking and is complementary to their analysis. We find that,

in such theories, angular momentum and, therefore, statistics does, indeed,

become temperature dependent and that the only phase transition that

occurs in such a case is at T —• oo.

Let us recapitulate very briefly how anomalous statistics arises in a

Chern- Simons gauge theory. Let us consider a Dirac fermion, in 2+1

dimension, interacting with an Abelian gauge field where the action for

the gauge field is a pure Chern-Simons term [1]. (One can, of course,

discuss anomalous statistics also in the context of a bosonic theory [6].)

The Lagrangian density of such a system can be written as

C = ±£^Ati(x)dvAx(x) + 4>{x){i? - m + g^{x))^{x) (1)
B7T



Here K is a constant and in our convention, rfv = (+,—,—). It is important

to note that in this theory, the Maxwell equations give

K K

which allows us to express the gauge potentials explicitly in terms of the

current. It is straightforward to calculate the angular momentum associated

with (1) and, in Coulomb gauge, it can be shown to have the form [1,2,7]

J= fd?x [i^x^drf + itf W ] + -Q2 (3)
J it /C

where

Q = jd2x j° (4)

In writing eq. (3), we have used the solutions of eq. (2). Note that it is the

last Q-dependent term in eq. (3) which gives rise to an anomalous angular

momentum in the present case [7]. With standard arguments, one can then

show that the exchange of two fermions, in such a case, will lead to an

additional phase factor, exp(27rt<72/«;) [8]. This is the origin of anomalous

(fractional) statistics. We want to emphasize that it arises primarily from

a non-vanishing K and g and is completely determined by K,/g2. Note, in

particular, that a vanishing re will necessarily force the theory into a zero

current sector where the anomalous part of the angular momentum operator

will vanish resulting in normal statistics.

To analyze the properties of such a system at finite temperature, it is

useful to reformulate the theory in an alternate way. Let us consider the

following system of fermions interacting with an Abelian gauge field :

I = rj>{ip - m + g/Lty + *<({? -M + £/!)#, (5)



where i runs from 1,2,...., JV and \M\ » \m\. This theory is renormaliza-

ble in 2+1 dimension and can, therefore, be studied in its own right. In

particular, let us note that integrating out the heavy fermions will result

in an effective Lagrangian of the form [9]

(6)

It is clear, therefore, that we can think of the Chern-Simons theory of eq.(l)

as the low energy effective theory resulting from eq.(5) with

Pi (7)

Note that if we choose g = 1, then statistics, in this case, would become

fractional for JV > 3. { One can, infact, go ahead and even try to argue

at this point that this is an example of violation of the decoupling theo-

rem [10], but we do not pursue this question any further in the present

letter.) To study the temperature dependence of the anomalous statistics,

we can,therefore, study the fermion system of eq. (5) at finite tempera-

ture. The heavy fermions can once again be integrated out using either the

imaginary time formalism [11] or the real time formalism [12] and the low

energy effective theory can be most conveniently obtained from the method

of derivative expansion [13]. We omit the technical details [14] and merely

quote here the results of such a calculation at finite temerature.



Here (3 = (kT) * and once again, it is clear that the theory at finite tem-

perature, eq. (8), is equivalent to the Chern-Simons theory of eq. (l) at

low energy with
,m. - M , ,\M\0.

K{T) = Ng]M\ { 2 } (9)

We note that the coefficient of the Chern-Simons term, in the present case,

has become temperature dependent. Consequently, following our earlier

discussion, we conclude that angular momentum and, therefore, statistics

will also become temperature dependent. Let us note that as T —* 0 (/? —>

M
2

which is consistent with eq. (7). For any finite T, however, K will have a

nontrivial temperature dependent value. For T —> oo (/? —• 0)

K(T -> oo) -+ 0 (11)

As we argued before, this is the case where we expect statistics to be normal.

Unfortunately, such a phase transition will occur only at an unphysical

temperature. One can, on the otherhand, view such a result with optimism,

namely, that in such a 2+1 dimensional universe all statistics would have

been normal in the beginning.
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