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I. INTRODUCTION

In 1984, Mandelbrot et al. [1] showed that fractured surfaces are fractals in nature and
that the fractal dimensions of the surfaces correlate well with the toughness of the material. Later on,
the present author [2] analyzed the critical crack extension force with the fractal model and pointed
out that the true areas of the fractured surfaces in materials are actually larger than those indicated by
the data obtained by macroscopic measurements. The effective critical crack extension force would
thereby be larger than that calculated from a flat fractured surface. Herrmann [3] modelled fractures
on a square lattice and found that the patterns of cracks can be fractal even without including noise
due only to the interplay of anisotropy and memory. The shapes of the cracks can be compared to
the ones found experimentally for stress corrosion. Fractal description of fractures is a question of
technological importance and also an interesting theoretical problem.

The aim of the present paper is to discuss the problems in recent studies on this subject
and to show the possibility of applications of fractals to fractures in materials.

IL FRACTALS IN MATERIALS

A fractal is a shape made of parts similar to the whole in some way [4]. This property,
called self-simularity or self-affinity under a scale transformation, is common to all fractal objects.
The mathematical fractal model has an infinite number of generations without upper and lower
limits; otherwise coarse graining of the initiator or fine graining of the lowest limit of generation
would not give the same shape as the original one. Fractals in nature are approximate models. The
difference between fractals in nature and rigorous ones are [5, 6]:

1. The range of length in which self-similarity holds is bounded from above by the size of
the object and from below of the size of the smallest building block.

2. They usually appear random, but are self-similar in a statistical sense.

Fractals in materials are more complicated and sometimes not so typical as the sea shore,
snow flowers and trees even in a statistical sense.

The range of length in which self-similarity holds is small. Some authors pointed out
that a constant value of fractal dimension in a certain range of scale is a necessary prerequisite for
self-similarity of a structure; e.g. the number of generations should be larger than three and the
range of scale should be observable for more than one order of magnitude [7].

The approximation to self-similarity in materials is poor even in a statistical sense. There
may be many physical sources of self-similarities in some ranges of scale (Fig.l). The problem is
how to find out the main one corresponding to the property you studied.
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Fig. 1 log L( e) — log e plot to determine fractal dimension Dp of a line.

Recently, fractal analysis has been well known and able to apply to structural elements in



materials which are usually described by their integer Euclidean dimension, for example, macro-
scopic crack lines, or planes, vacancies, dislocations, grain boundaries, dispersoid particles etc.
However, a fractal structure must be geometrically scaling.

Self-similarity implies that a similar morphology appears in a wide range of magnifica-
tion in the analysis. Fractured surfaces require careful metallographic analysis to determine not
only a Dp value but also to establish their self-similarity. How wide should be the range is an open
problem. For instance, the total length, L«(TJ) of a Koch curve is given by

(1)

where 17 is the yardstick length, e is the normalized yardstick length with respect to Lo. the length
of the initiator (e = Tj/Lq) and Dp is the fractal dimension of the Koch curve, e = rB, r is the
reduction in scale by one iteration n.

If r = j , n = 2; then e = \ sa ^j-. Two generations are enough to appear the self-
similarity in a range of one order of magnitude. However, two generations are not enough to be
considered as a fractal at least for measuring the fractal dimension with the slit-island method
obviously [8,9].

Usually, n and r take discrete values; then, from equation 1, the length of the yardstick
cannot change continously. The measured log Lo ( TJ) — log 17 plot would be wavy rather than a
straight line if you change the yardstick length continuously.

i a THE RELATIONSHIP BETWEEN FRACTAL DIMENSION
AND FRACTURE TOUGHNESS OF FRACTURED SURFACES

Unlike previous empirical relations, a model based on linear fracture mechanics theory
was proposed [2].

In Irwin's approach in fracture mechanics, the critical strain energy release rate, i.e., the
critical crack extension force, G\c may be written as

Gu = 2Is (for brittle fracture)

Gu = 2is + ip ~ ip (for quasi - brittle fracture)

where 7« is the specific surface energy and 7P represents the energy expanded in the plastic work
necessary to produce unstable crack propagation at the crack tip. In the quasi-brittle case (or the
small scale yielding case) we assume that the plastic zone at the crack tip is very small and the
thickness of plastic deformation is very thin.

Owing to the crack propagation along a zigzag line, the true areas of fractured surfaces (or
lengths of lines) are actually larger than the data obtained by macroscopic measurements. The area
of the fractured surface per unit thickness of specimen would be [ L«(TJ)/LO(TJ)] • 1 (in fracture
mechanics, we always simplify the crack as a line in a two-dimensional system). Then, instead of
equation 2, we have

and

From equations 1 and 3, we obtain [2, 8]

and
log Gu = log(Gic)o + (1 - DP) log(ij/Lo) . (5)

3



The logarithm value of critical crack extension force or facture toughness is linear in relationship
with the fractal dimension of fractured surface (Fig.2) This relation, based on fracture mechanism,
holds in many experimental measurements [8, 10, 11, 12, 13].
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— ° ^ l c =-log(Tj/L0) > 0 (6)

due to TJ < Lo •

Taking care of the scaling range of the fractal, the relation has been derived again recently
by Tzschichholz and Pfuff [20].

IV. THE PROBLEM ON THE CORRELATION BETWEEN THE FRACTAL
DIMENSION AND THE TOUGHNESS OF MATERIALS

In previous papers [2, 8] (or equation 5 and equation 6), the present author showed that
the critical crack extension force, or the fracture toughness increases with the increase of fractal di-
mension of fractured surface; i.e. the correlation between fractal dimension and fracture toughness
is a positive one. Recent experimental data verified this conclusion again [20]. However, some
experimental data showed that the correlation between DF and toughness (dynamic tear energy,
fracture toughness etc.) is a negative one [1,10,13,14]. If a high fractal dimension is supposed to
be characteristic of a rough surface as opposed to a smooth one, we would conclude that the rough
surfaces are to be associated with brittle materials. This is contrary to experiences! This, however,
is difficult to explain.

In Section V, I am going to show that the origin of the negative correlation mainly lies in
the slit-island method for fractal dimension measurement and in some possible physical sources of
crack propagation.

V. DIFFICULTIES OF THE SLIT-ISLAND METHOD

The slit-island method was proposed [1] and was widely used for fractal dimension mea-
surements [10,14-19]. In spite of various explanations on the dependences of toughness on fractal
dimensions [2, 8,9], Lung and Mu [8], based on experiments, pointed out that the fractal dimension
determined by the slit-island method is dependent on the yardstick chosen. The measured value
would not be the real fractal dimension of fractured surfaces.

The theoretical base of the slit-island method is that the ratio

(7)

[•. £ - -



is size independent provided e is constant. However, in practical measurements, we can only keep
tj constant. We cannot keep E( = TJ/ Lo) constant due to different sizes of the Koch islands (Lo).

For the Koch perimeter,

the ratio

(8)

In general, an( 17) is dependent on the size of Koch island (L o ) . We cannot obtain a linear rela-
tionship between logarithm values of An's and Ln 's of different size similar Koch islands with a
constant yardstick length 17.

Furthermore, e< = 17/Loi. For the larger island, e, is smaller and the smaller normalized
yardstick sees more generations. In addition, CKB(E) is yardstick dependent, a;(e,) i- «/(£>). The
measured values of Dm must be yardstick dependent. As was expected, our experimental data
verified the above conclusion (Fig.3) [8]. This would then be one of the origins of the negative cor-
relations between measured Dm and the toughness of materials. Indeed, we changed the yardstick
length, a positive correlation between Dm and G\c( K\c) was obtained (Fig.4). Then, we may draw
the conclusion that the slit-island method is one of the causes of the negative correlation between
Dm and the toughness of materials.
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Fig.3 Measured fractal dimension Dm as a function of Ig TJ on specimens with different K\c

values.
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We notice that

<*o - —rr; (-DF = 1) .

From (8)

(9)

J4O(TJ)/J4«(TJ) would approach a constant value as n > Tic (ric fa 20 for a quadratic Koch island
[8]; ft ?y 100 for a triadic Koch island [9]) and then a n ( TJ) is size independent approximately. We
obtain

(10)

Fractals in materials with only several self-similar generations (n < Tic) is not enough
for measuring Dp with the slit-island method.

The condition that equation 10 holds is n > r^; but the problem is how can we know
our normalized yardstick length is small enough to have satisfied the condition. It is difficult to
judge. Furthermore, in many cases, the scaling range in materials is limited (n < T^), and it is
no use to reduce the yardstick length to the condition that £m( rim) < ec( tie) because em is out of
the lower limit of the scaling range [9]. Sometimes, you obtain a positive correlation between Dp
and K\c (in brittle materials, TJ/LO is easy to be small). You still cannot judge if it is the real Dp
of the fractured surfaces. You should check it by changing the yardstick in a certain range of scale
to make sure that the measured value Dm does not change largely; dien Dm is near the real Dp. It
seems laborous. We think the best way to measure the fractal dimension of fractured surfaces may
be the relations [2,21,22],

^ 1 ^ (11)

We may measure the total length of crack propagation with different lengths of yardsticks. Then,
Dp can be obtained by the slope of the linear relationship between log LB(TJ) and log t7.

log Ln(Tj) = Dp log LO(TJ) + (1 - Dp) log (12)

Lo ( TJ) can also be determined after Dp is known. It seems hopeful to use the fractal dimension as
a parameter for quantitative fractography.



VI. PHYSICAL SOURCES OF FRACTAL SURFACES

The fractal behaviour of a fractured surface is the total contributions of many elementary
processes. Every elementary microstructure contributes its fractal or non-fractal behaviour at a
certain range of scale (Fig. 1). Even in the same range, there are perhaps several elementary physical
processes mix-up and lead to multifractality.

A log — log plot permits an analysis of the fractal character of a microstructural feature.
This experimental microstructural analysis should be compared with the log — log plot of the frac-
tured surface and then relates to the properties of materials. Unfortunately, little experimental data
are available along this line at the moment

Some theoretical models have been proposed for explanation of the relationship between
fractal dimension and toughness of materials.

1. Intergranular fracture model [2]

Intergranular cracks may be connected to construct a Koch curve in a two-dimensional
system [2,23]. According to this model, G\c (or K\c) is enhanced.

Gu = (Gic)o ex~Dr

where, Dp = 1.26. It is calculated from geometrical consideration that "d" is the size of the grain,
the lower limit for the scaling range and Lo is a length related to the crack propagation, the upper
bound for the scaling range, which can be determined by equation 11. The enhancement of G\e (or
K\c) by self-similarity features of the fractured surface must not be very large. Enhancement by
plastic deformation may be orders of magnitude higher [2,20].

Similarly, a transgranular fracture model was proposed by Xie and Chen to predict their
results of fractures in rocks [16].

2. Segment number effects [23,9]

We suppose that new segments of microcracks of grain boundaries were superimposed
on the preceding larger segment between large inclusions (Fig.5).

Fig.5 Generators of fractal curves used to model the curves on a fractured surface: (a) N even;
(b) N odd.

Then the fractal dimension may be

A>« = log JV/tog[Jv'siii2(p/2)]1/2 2 s in-Hl/JV 1 ' 2) < p < * (JV = even) (14)

D0& = logJv'/log[l + ( J V 2 - l ) s i n 2 ( ¥ ) / 2 ) ] 1 / 2 sin"1! 1/(JV + I)1 /2] < <p< * (JV = odd)
(15)

Here, we have assumed the angles between two adjacent segments to be equal. We also
know that the value of the angle <p depends on the grain configurations. In this case, the fractal
dimension DF may decrease with the increase of the segment number JV.

This effect seems possible under the following condition and argument. High strength
materials may induce much smaller cracks (inclusions) to propagate. This makes the crack propa-
gation between two small inclusions easier. Then, the segment number JV decreases and hence the
fractal dimension increase. The correlation between Dp and K\c is therefore negative.
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3. Ledge effects in crack propagation [24]

The vertical section method is employed to measure fractal dimensions of cross section
profile of fractured surfaces of30CrMnSiNi2A high strength steel under plane strain conditions.
We found that the fractal dimensions of Koch curves along the direction of crack propagation,
D\ are different from that perpendicular to the direction of crack propagation, Dt. A positive
correlation between D\ and K\c is obtained in comparison with a negative correlation between D%

dtf(Fi6)
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Fig. 6 igKu vs fractal dimensions D\ and

However, the correlation between (D\ + D2) (approximately equal to the fractal dimension of the
fractured surface) and K\e is still a positive one (Fig.2).

Recently, Zhou and Thomson [25] pointed out that a ledge might be formed by passing a
number of screw dislocations through the crack tip on a slip plane normal to die crack line. Ledges,
a few atom spaces in height, will always emit dislocations before the crack will cleave, provided
the angular orientation term is favourable. When a dislocation is emitted or ejected from the ledge
crack, the ledge crack contains one less dislocation than before, and the ledge is one Burgers vector
less in length. If we assume Dz is a measure of the ledge height, Dz may give some information
on dislocation emission from the ledge cracks.

4. Changes in fracture mechanism [26]

Fractal dimension of different parts of a fractured surface of 30 CrMvSiNx'2 A steel
formed by slow crack propagation induced by the combining effect of hydrogen and static bending
moment were determined by using the method of fracture profile analysis. The results showed
that the fractal dimension increases with increasing transgranular fracture relative to intergranular
fracture as the crack propagate. This means that the increase of the fractal dimension responds to
the increase of the energy needed to form the fracture surface and the process of forming a fractured
surface by slow crack propagation is the one of increasing fractal dimension of the fractured surface;
when the fractal dimension reaches a critical value, the crack propagation becomes unstable.

5. Fractal crack growth

Herrmann [3] described the fracture growth as a moving boundary problem similar to di-
electric breakdown or viscous fingering. He modelled this problem on a square lattice by computer
simulation and found that the patterns of cracks can be fractal even without including noise due
only to the interplay of anisotropy and memory. The shapes of the cracks can be compared to the
ones found experimentally for stress corrosion.

The important thing is that he assumed a beam model in which the p defined by

P = (f2 + rmax( |mi | (16)
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where / is the traction force applied on the beam and mi and v%i are the moments that are acting
at the two ends of the beam; this p determines if the beam will be broken. Each time a beam is
broken the shape of the crack and consequently the boundary conditions of the equation of motion
changes and one has to discretized the equation again to know which beam to break next. If in
equation 16 an exponential instead of a power law was used the structures seem to be dense. The
form of equation 16 is empirical. For TJ = 1 this growth law is inspired by the von Mises yielding
criterion, but it is not possible to derive it from first principles. The open problem is how can we find
the relationship between equation 16 and many physical mechanisms of fracture, e.g. the above
mentioned examples. Anyhow, he found some generic features due to mechanical instabilisties
leading to fracture. The specialities are in the form of equation 16 and the parameter of it If a
mechanism can be described as a power law it induces a fractal crack growth otherwise it does not.

Another interesting thing is that in his calculations the fractal dimension Dj depends on
the parameter 17. Dj decreases as TJ decreases. We know that the material fractures before yielding
when TJ < 1. This result showed that low fractal dimension corresponds to brittle fractures. It
seems reasonable.

VII. APPLICATIONS TO DEVELOPMENT OF NEW MATERIALS

Materials with fractal structures sometimes have bad properties; e.g. dendritic solidifica-
tion in undercooled alloys may produce segregations of impurities and then lead to low toughness
of materials.

Some properties may be enhanced by fractal structures. The enhancement of fracture
toughness by fractal surfaces mentioned above is one example. Another example is that a fibre
with fractal tree structure may increase the pull-out energy from the substrate (Fig.7). The pull-
out energy of a fibre with fractal tree structure from the brittle matrix has been calculated [27]. It
is found mat an increase of the number of generations may increase the efficiency of enhancement
of pull-out energy, (W& )„/( Wp). The fractal tree of three generations with branched angles 0
absorbs more energy than that oftwo generations with branched angle 2 9.

A model experiment has been done by Fu et al. [28]. The maximum pull-out stress and
energy of a steel wire tree in resin was measured Experimental data showed that the pull-out stress
of a tree with one generation of branch angle 90* increases 75% of that of the single wire and a
tree with two generations of branched angle 90° increases 160%. The pull-out energy of a fractal
tree increases respectively. It seems possible to apply fractal structures to the development of high
toughness materials.

9
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