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ABSTRACT

We consider the thermal and critical behavior of the square Ising lattice with frustrated

first- and second-neighbor interactions. A low-temperature domain wall analysis including kinks

and dislocations shows that there is a close relation between this classical model and the Hamilto-

nian of an Ising chain in a transverse field provided that the ratio of the next-nearest to nearest-

neighbor coupling, is close to £. Due to the field inversion symmetry of the Ising chain Hamilto-

nian, the thermal properties of the classical system are symmetrical with respect to this coupling

ratio. In the neighborhood of this regime critical exponents of the model turn out to belong to the

Ising universality class. Our results are compared with previous Monte Carlo simulations.
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I Introduction

For many years the Ising square lattice has received considerable addition being

the object of numerous studies, yet it still defies exact solution wln-n further neigh-

bor interactions are included. Besides the pure theoretical interest in this model, it

has been recognized that real physical systems such as adsorbed monolaycrs on cu-

bic (100) surfaces' and layered quasi-two-dimensional anisotropic antiferromagnets2

may be describable in terms of such Ising-type models.

When second neighbor interactions are added it has been argued that the critical

behavior can be particularly rich, including the possibility of nonuniversal critical

lines3. Subsequently, Nightingale* performed a finite size scaling study which indi-

cated that the critical exponents varied continuously with A' = - J2/ \Ji\, the ratio

of the second-nearest neighbor to nearest-neighbor interactions, provided that X is

greater than \. This result was later confirmed by Barber5 for at least small positive

values of l/X using perturbation theory. The model has also been considered within

the context of many-fermion formalisms6, but the partition function could only be

solved approximately by means of perturbational methods. Dallon and Wood7 have

developed series expansions adapted to rather negative values of X, the series be-

coming erratic for competing or frustrated regimes (A' > 0), although Oittnaa8 was

able to analyze this case extending the high-temperature expansion up to order 12,

suggesting a breakdown of universality for X > i . Based on a low temperature

scries expansion analysis, Wu9 argued that the model docs not belong to the [sing

universality class for X / 0. In addition, other analytical approaches10 have also

suggested a nonuniversal behavior for A' > j . More recently", a mean-field cluster

variational method indicated the presence of first order phase transitions for X > \,

their character becoming continuous only for large X values, as they should.

Extensive and detailed Monte Carlo (MC) simulations over a wide range of A'

values have been performed and reported12'13 by Landau and Binder. They con



eluded that the system is Ising-like for X < 5 and hinted a nonuniversal behavior

above this value. Within tlie statistical error, the critical exponents describing the

transition, to the disordered state turn out to be nonuniversal for X > \ and ap-

peared to approach the two-dimensional Ising values only for large values of X.

The purpose of this article is to set up an alternative approximation, specifically

appropriate to take into account the regime close to X = 5, a rather particular point

characterized by the ground state degeneracy and the absence of long range order

at finite temperatures. Our investigation of the critical behavior will complement

the MC simulations which sometimes are hampered by numerical difficulties around

this region. We will compare our results with those of Ref. 12 which discusses this

region in much more detail.

We found it convenient to perform a domain wall analysis to describe the low-

temperature fluctuations dominating the critical behavior of this region. In this

approach, the domain walls are considered as the basic fluctuating degrees of free-

dom, all fluctuations at small length scales are integrated out. At low-temperature

regimes it is reliable to assume that the walls are only allowed to hop to the nearest-

neighbor bonds through single-step kinks. This approximation is not essential but

simplifies the discussion. Moreover, it becomes very accurate if a highly anisotropic

regime is chosen between the vertical and horizontal couplings. Additional1", we will

include dislocations of nearest-neighbor wall pairs. Certainly, wider dislocations can

also take place but may be neglected in the low-temperature region of the phase di-

agram. It is worthwhile to point out that these simple "defects", namely, kinks and

dislocations, describe a wide class of configurations, including overhangs, clusters

and droplets inside droplets. These are schematically shown in Fig. l(a).

Having introduced these considerations, it will be straightforward to show that

the transfer matrix associated with this model is closely related with the Hamiltonian

of an Ising chain in a transverse field provided that X tends to 5 , |1 — 2X\ playing

the role of the field strength. This will give rise to a free-fermion theory description.

The equivalence of the ground state of the linear XK-modei in a transverse field to

the standard two-dimensional Ising model via its transfer matrix, was also pointed

out by Suzuki14.

As it is known, the Ising chain with a transverse field has been solved exactly

by Pfeutyls, obtaining the ground state energy, all the elementary excitations, and

the T = OK instantaneous correlation function between any two spins by means of

previous analysis developed by Lieb et al.16 and McCoy17 on the S — | anisotropic

XY chain. Based on these exact results we shall gain new insight into the thermal

and critical behavior of our two-dimensional system.

Due to the field inversion symmetry of the Ising chain Hamiltonian it will turn out

that these properties are symmetric with respect to X = ^. All critical exponents

come out to be Ising-like although the associated critical amplitudes depend on .V.

In particular, as X —* | , this variation is very strong which explains in part what we

think is an apparent departure from the Ising behavior observed in MC simulations

possibly masked by crossover effects of the model dimensionality. We should hasten

to add that our calculation scheme breaks down for A' ~3? \ and indeed, on such

regimes the nonuniversal behavior obtained in MC simulations is probably a real

effect.

The rest of this article is organized as follows. In Section II we define the model

and briefly review its ground state structure. Then we introduce a domain wall

analysts, which is correct at low-temperatures and X —* ^, leading to a quite natural

derivation of a transfer matrix closely related with the Hamiltonian of the Ising

chain in a transverse field. In Section III we exploit the exact results of its ground

state to provide information about the wall densities, thermodynamic potentials,

specific heat, spin-spin correlation functions, correlation length, and the spontaneous

magnetization of the two-dimensional model. Finally, in Section IV we make some



concluding remarks.

II Dp main wall analysis

We consider an array of M rows and Af columns of spins 5 = ±1 arranged at the

vertices of a square lattice. The interacting Hamiltonian is taken to be

sk S,- sm s . ,
where the superscripts v and h restrict the sums to vertical and horizontal nearest-

neighbor (nn) spins respectively. The third sum runs over all next nearest-neighbor

(nnn) or diagonal spins.

When nnn pairs are antiferromagnetically coupled (Jj < 0) and the nn interac-

tions have the same sign, two simple but competing ground state orderings arise.

Assuming |Joj > |-A|t when X = —Jtf \J\\ < \< ' ^ e prevalent order is ferromagnetic

or antiferromagnetic depending on the respective character of the nn interactions.

For X > j the system breaks up into two pairs of interpenetrating antiferromagnetic

systems. The resultant structure is an alternate arrangement of single ferromagnetic

layers (rows or columns) of spins oriented with opposite signs and is called super

anti-ferroinagnetic (SAF). When X = ^, the lowest energy state is highly degen-

erate, a phenomenon which is responsible for the vanishing of long range order at

finite temperatures,

A simple analysis shows that the replacement (Jo,Ji) —* (—Jo, — Ji) leaves the

thermal properties unchanged as long as appropriate thermodynamic definitions are

used. For convenience we shall restrict ourselves to the case of ferromagnetic nn

interactions (JQ,J\ > 0). We will adopt Jo = J\ in all numerical examples.

As it is well known, to every rf-dimensional problem in statistical mechanics a

mathematically equivalent one exists in d — 1 dimensional quantum field theory18.

The relationship is established by means of the transfer matrix formalism. In our

case, the domain walls are formally equivalent to the world lines of particles in a

Id quantum system, the vertical direction playing the role of a discrete temporal

evolution. For example, in Fig. l(a) the kinks represent the hopping or kinetic

terms of the corresponding Id operator, the wall dislocations reflect creation and

annihilation of particle pairs.

We shall assume that the domain walls are created on a ferromagnetic vacuum

state. Identical results would arise if the antiferromagnetic or SAF phases were used

instead. An immediate observation is that the statistical weight Wf of an arbitrary

row state \p) relative to the ferromagnetic phase can be expressed as

W, = exp [ - (2)

where /? = Ji/T and the index n* denotes the presence (n* = 1) or the absence

(n ' = 0) of a wall across the j'th link of the row state \p), therefore the sum simply

counts the number of walls in a row. If T < Jo it is sufficient to consider only single-

step kinks and nearest-neighbor wall dislocations, hence the Boltzmann weights of

a straight wall (w,), a kink (u>») and a dislocation (wj) between two successive row

states are given by

), = exp(40X) , uk = ut = exp [-20 (JB/Jt - 2X) ] . (3)

These weights do not include the horizontal nn Ji couplings, already taken into

account by Eq. (2);

Now, we may integrate out all these low-temperature fluctuations by means of

the following row-to-row symmetrical transfer matrix

-/» E (»;+»*) ] - (4)

where /,„, m,ff and n^ denote respectively the number of straight walls, the number

of kinks and the number of dislocations between the states \p) and |<r).

"T



A simple but useful analysis shows that the number of straight walls between

two arbitrary states is given by

. . 1 r ^ / « -\
~ "V - (5)

Thus, the matrix elements of 9 can be expressed as

_ .l«-+«^), (6)
i ' ' J

if T < Jo.

A word of caution should be added at this point. The matrix elements of Eq. (6)

do not reproduce the correct Boltzmann weights of two successive row states con-

taining wall configurations such as those depicted in Fig. l(b). When J2 < 0 this

results into an effective repulsion between walls, however at low-temperatures these

configurations are unlikely to occur. Moreover, since 7 <&. 1, the overestimation of

these processes in Eq(6) is rather small, at most of order 7*, even on approaching

X = \ from above. This approximation will lead us to a free-fermion theory.

Next; we note that there is a one-to-one correspondence between a row configu-

ration \p) with v walls and a collective state of v hard-core bosons in one dimension,

namely

\p) = <r+ <x+ ...<j+ |0) , 0 < v < H. (7)

Here |0) denotes the vacuum ferromagnetic state and the Pauli-spin raising and

lowering operators a* , <t~ create and destroy only one domain wall at each bond

regardless of the order in which they are applied.

It is possible to write down Eq. (6) in an operator form introducing the following

Hermitian bilinear operators

rti — 2 » y u Oi , f\i — —T ? \G; ^j_« -f- H.c.) .
> i

«3 = -7 E (*t <+i + H.c.) , h = /3(1 - 2X). (8)

Noting that Hi is diagonal in the wall occupation number representation and ex

panding the exponential of Hi + Hs, it is easy to see that we can reproduce the

transfer matrix elements of Eq. (6) up to second order in 7 by defining

0 = e - ! W l <r<K2+*3> e ' i W l . (9)

Each operator in Eq. (9) represents one of the characteristic domain wall excitations.

Hi takes into account the effective energy to create a wall, the hopping terms of Hi

describe the meander entropy of the walls and "H3 characterizes the positional en-

tropy of wall dislocations. The above transfer matrix elements can also be expressed

in terms of the usual az, a1, spin-j Pauli matrices, yielding for 0

0 = e-"h vj V, V$ + 0 (71) ,
\ / \

(10)Vi = exp -

We can neglect higher order commutators provided that

1 <%. JO. [II)

Close to this regime, also known as the Hamiltonian limit19 (h/j finite), the transfer

matrix is finally expressed in terms of an Ising chain Hamiltonian in a transverse

field, namely

0 = exp(—H) , W = A ^ i T J ' - 7 ^ f f J ( r ^ , ] tA/ ' / i , (12)
3 i

which describes a rather weakly coupled system competing with an ordering field

h = /?(1 — 2X) applied in the transverse direction.

Let Z\M) be te partition function for a finite lattice of M rows with boundary

conditions such that the walls of the last row are pinned in the state \M). Then

the partition function can be calculated iteratively as

1 exp(-W) IM) Zm . (13)



The transfer matrix may now be interpreted as the time evolution operator over a

discif te imaginary time of a spin chain interacting with H, the domain wall contours

of Fig. I (A) being the world lines of these spins. It is clear that in the limit M —* oo,

the free energy per site T of the two-dimensional model can be computed from the

ground state energy per spin e0 + h of W, i.e., T = J\ + 2Ji + Te0- In addition,

the correlation functions of two sites located on the same row can be expressed in

terms of the instantaneous spin-spin correlation functions of H at T = OK. Since

£a(h) — ep(—A), it follows from the preceeding discussion that the thermal and

critical properties of the square lattice within the temperature region defined by

Eq. (11), are symmetrical with respect to X = j . This corresponds to an innocuous

spin inversion a' —* —a'.

Ill Thermal and critical behavior

In this section, we study the ground state properties of the one-dimensional problem

defined by 7i, The exact diagonalization of the Hamiltonian contained in Eq. (12)

has already been performed by Pfeuty15 using a similar calculational scheme intro-

duced by Lieb et al.16 on their study of the 5 = 5 anisotropic XY chain which

enables us to go further in our analysis.

Using a Jordan-Wigner transformation20 to map the Pauli matrices onto a set

of spinless fermion operators and after performing a particle-hole canonical trans-

formation (the reader is referred to Ref. 16 for a more detailed calculation), the

Hamiltonian under consideration is cast in a quadratic form in the new set of non-

interacting fermion operators ijt, namely,

(14)

where the elementary excitations At are given by

(15)

The free energy of the two-dimensional lattice can now be expressed in terms of

the vacuum energy of the t) quasiparticles. In the thermodynamic limit M' —* 00,

we get

T

(16)

where E(p) denotes the complete elliptic integral of the second kind. Clearly, the

free energy is non-analytic at p = I or equivalently at a critical temperature Tc,

which is the solution of the equation

(17)

Note that as X —» ^, Tc lies in the region defined by Eq. (II) where our calculation is

most reliable. The phase diagram defined by Eq. (17) is in good agreement with the

semilogarithmic plots of T~* vs. In 11 — 2X\ resulting from MC simulations which

also suggest a symmetrical behavior (see Fig. 12 of Ref. 12 ).

We can evaluate the domain wall density behavior by averaging £ j cr*a~/tf on

the ground state of H. Following Pfeuty15 and after some straightforward algebra

we obtain

= 5±^l(l+A)E(p) + (l-A)K(p)], (18)

where K(p) is the complete elliptic integral of the first kind, the plus and minus

signs ef.and for the SAF (X > 5) and the ferromagnetic states (X < i ) , respectively.

At low-temperature regimes the wall density reproduces the nxpected ground

state properties; it vanishes in the ferromagnetic phase and goes to unity in the

10



SAF state. At higher temperatures (<r+o~) —» \ as it should for a disordered phase.

The derivative of this surface exhibits a logarithmic singularity at T = TC(X) and

as a consequence of the ground state degeneracy it is discontinuous at the point

Cr = o , x = i).

From Eq. (16) we derive the entropy and the average energy of Hamiltonian (1).

The shape of these potentials, shown in Figs. 2(a) and (b), follows from the fact

that as X -+ J and temperature is increased, the ordering field h, governing the

temporal evolution of the domain walls is rather weak, giving rise to a i.iaximum

dislocation^ and meandering wall disorder.

Noting that p(A', T) is maximum at T = TC(X) and using the well known prop-

erties of the elliptic functions", it turns out that the specific heat derived from

Eq. (16) displays a logarithmic divergence if X ^ \. We show C{T) as a function

of the reduced temperature T/Jo for X = 0 (dotted curve), 0.3 (dashed curve), and

0.45 (solid curve) in Fig. 3(a). It is clear that as X —* ± the behavior of C(T) around

Tc becomes more asymmetrical. More specifically, close to the critical regime we get

T-Tc
In

Tc
(19)

implying a critical exponent a = 0.

The case X = ^, (h = 0) is special in that, as will be shown below, there is

no long range order at any finite temperature. When ft = 0 the diagonalization of

Eq. (12) is rather trivial leading to a specific heat given by

This magnitude behaves quite differently than for other X values and it shows no

sharp peak, only the rounded maximum characteristic of one-dimensional systems,

also in qualitative agreement with MC calculations. The specific heat C(T) at

X = ~ (dashed curve) and A" = 0.499 (solid curve) are plotted in Fig. 3(b) (see also

IX

Fig.6(c) of Ref. 12). We observe that C(T) for X = \ and 0.499 are very similar

except for the singularity which moves towards T = 0 as A' —» ^.

The logarithmic behavior predicted by Eq. (19) differs from MC results which

suggest a non I sing-like character of the specific heat above X = i (see Fig. 19

of Ref. 12 ). However, note that as X —» ^ the associated critical amplitude is

drastically altered as can be seen in Fig. 4 (dash-dotted curve), reflecting what we

think is a crossover effect of the model dimensionality, possibly masking the true

critical behavior near this point.

Now, we direct our attention to the correlation functions. To this end it is conve-

nient to change from the domain wall description to a standard spin representation.

It is clear that there is a simple two-to-one correspondence between a row configu-

ration of walls and a row state of spins, the wall network being invariant under a

global spin inversion.

The wall occupation number n, on a given row at link j can also be represented

in terms of the product of its surrounding spins at sites j and j + 1, i.e., n} =

(1 — Sj S J+i)/2. Thus, the effect of the operator a^ on a wall state is translated into

<J'J <rj+1 on the corresponding spin state. Noting that reversing the state of a single

spin results in the simultaneous change of two nearest-neighbor wall occupation

numbers, it is clear that the effect of o* <r*+1 on a wall state is taken into account by

<rj operating on the corresponding spin configuration. Therefore, the Hamiltonian

of Eq. (12) is transformed into

3 j

Assuming as usual, periodic boundary conditions, the correlation function pn =

J2j{Sj 5J+n)/-V of two spins located in the same row can be computed from the

instantaneous expectation value p'n = Yii(aj " j + n ) / ^ evaluated in the ground state

of the Hamiltonian (21). After performing a canonical substitution a1 —» a*, n' —>

12



—ax, clearly we should get

«.= /»» , (22)

where the first expectation value is evaluated in the ground state of Hamiltonian (21)

(spin Hamiltonian) while the second one is taken on the ground state of Hamiltonian

(12) (wall Hamiltonian), and A is the same as in Eq. (15).

As it is known, p% has been worked out by Pfeuty15 and McCoy17 (see also

Barouch and McCoy22), for arbitrary values of A. Their results can be classified in

three main regimes:

(i) |A| < l (T < Tc)

In this case the spin-spin correlation function displays a long range order added

to an Ising-type decay, namely

( 2 3 )

with 6 = sign A = sign(l — 2X). In the limit n —» oo, (n even if X > \) this yields

the square of the spontaneous lattice (sublattice) magnetization. Close to T~ this

magnitude behaves as

A / ~ (24)

with a magnetic critical exponent & = \.

Near X — \ the order parameter gets almost stuck until very close to TC(X), as

shown in Fig. 5 where the cases X = 0 (dotted line), 0.45 (dash-dotted line), 0.499

(dashed line), and ^ — X = 10~6 (solid line) are displayed. The critical amplitude

for the magnetization also slowly increases as Â  —* j as can be seen in Fig. 4 (doted

curve). This description coincides to a good extent with MC results (see Figs. 7, 17

and 22 of Ref. 12 ).

13

(ii) |A| = 1 (T = Tc)

Here, the correlation function decays algebraically, giving rise to a critical expo-

nent t; = | which is also confirmed by MC simulations. According to Pfeuty15, the

asymptotic behavior is given by

+ 0(n"J)] , (25)

with A ~ 1.282427. This result implies a universal critical amplitude independent

of X which is in contrast with the systematic variations observed in MC simulations

(see Fig. 22 of Ref.12).

Now the correlation function exhibits an Ornstein-Zernike type decay. Although

frustrated interactions are present in the model, this result excludes the existence

of incommensurate floating phases, characterized by algebraically decaying

correlations23. More explicitly, we have

where the correlation length £ is given by

Thus, on approaching 7"c
+, £ diverges as

(26)

4 - 1 + 2JO/TC

with v - 1.

In particular, when X — \ there is no long range order at any finite temperature,

the model breaks up into M decoupled vertical chains. Note that as X —* \ the

asymptotic critical behavior can be seen only quite near to Tc. This lias also been



corroborated in MC simulations {see Fig. 18 of Ref. 12). The critical amplitude for

the correlation length is also given in Fig. 4 as a function of X by the dashed line.

Finally, it is instructive to check our description in the high temperature limit,

at least in a qualitative fashion. For this purpose, we studied two relevant bulk

properties like the critical internal energy and critical entropy, i.e.,

£ „ - J5C)/TC = (29)

with t = T/Tc.

In Fig. 6 we display these quantities as a function of X. The critical entropy

varies slowly with X, and has a finite peak at X = 5, whereas the critical internal

energy diverges at the same point. Although our calculational scheme should break

down in this case, these curves are nevertheless in good qualitative agreement with

MC results (see Figs. 21 and 22 of Ref. 12).

IV Summary and conclusions

We have revisited the thermodynamic and critical properties of the square Ising

model witli first and second-neighbor interactions, using an approximate transfor-

mation scheme which maps the problem onto that of an Ising chain in a transverse

magnetic field. The particular transformation we employ is most reliable when the

ratio of the competing coupling strengths is close to i . Within the context of the

many-fcrmion formalism, our approximation may be classified as a free-fermion the-

ory.

We have performed a domain wall analysis around this region whicl, includes

single-step kinks and nearest-neighbor wall dislocations as the major type of defects

present in the system, still describing a wide range of configurations realized at

low temperatures. Indeed, the dislocations play a relevant role in this description

since incommensurate or floating ptiases with well defined wall densities are unstable

15

against disorder.

Except for the specific heat, the thermal and critical behavior is in general good

accordance with the available MC results near X = \. Since the domain wall de-

scription is symmetrical around this point, we confirm that within regimes satisfying

Eq. (11) the critical exponents of the present model belong to the Ising universality

class although the critical amplitudes indicate a crossover of the model dimension-

ality at X = \. Certainly, this effect is numerically very hard to detect.

The situation for X >* \ remains unclear since configurations containing wall

contours such as those depicted in Fig. l(b) are not properly taken into account

by the present low-temperature analysis. In this case the underlying interacting

fermion theory related to the transfer matrix of the model could probably give rise

to the nonuniversal behavior predicted by other studies.
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Figure captions

• Figure 1: (a) Typical configuration conformed by single-step kinks and

nearest-neighbor wall dislocations. The vertical direction plays the role of

a discrete temporal evolution, (b) Configurations overestimated by Eq. (6) in

the text.

• Figure 2: Thermodynamic potentials: (a) entropy and (b) average energy

measured with respect to the ferromagnetic state. These surfaces have a log-

arithmic singularity at TJJi = |1 - 2X\ e-1J<l/Tc.

• Figure 3: (a) Logarithmic behavior of the specific heat vs. temperature for

X = 0 (dotted line), A' = 0.3 (dashed line) and * = 0.45 (solid line), (b) The

case X = \ (dotted line) compared with \ - X = 1(T3 (solid line).

• Figure 4: Normalized critical amplitudes vs. X = —J2/J1 for the sponta-

neous magnetization (dotted line), specific heat (dash-dotted line) and cor-

relation length (dashed line). The corresponding X — 0 values are 1.1779,

-0.4657, and 0.5398, respectively. The solid line denotes the normalized crit-

ical temperature (J'c|x=o — 2.3457).

• Figure 5: Spontaneous lattice magnetization vs. temperature for X = 0

(dotted line), X = 0.45 (dash-dotted line), | - X = 10"3 (dashed line) and

\-X = It)"6 (solid line).

• Figure 6: Normalized critical internal energy (£„, — Ec)/Tc and critical en-

tropy Soo — Sc as a function of X = —Jt/Jx- The corresponding X = 0 values

arc 0.8926 and 0.4972 respectively.
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