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ABSTRACT

In this paper I discuss the evolution of cosmological perturbations on different cosmo-
logical backgrounds. Conformal transformations will be used to transform the equations of motion
for perturbations which have time dependent coefficients into the equation of motion of a simple
harmonic oscillator with constant frequency. In this way we may work out an exact solution for the
equations of motion of the perturbations. By using the regularity boundary condition we pick up
one particular solution for each mode. And from these regular solutions we evaluate the quantum
state for each perturbation mode.
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1 Introduction

In a previous work we have studied the classical and quantum evolution of
cosmological perturbations generated from a massive scalar field [1]. We
have found an approximate solution for the equation of motion of each mode
from which we evaluate its wavefunction and the classical density perturba-
tions coming from the quantum fluctuations in each mode. In this paper we
study the equation of motion of cosmological perturbations generated from a
conformally coupled scalar field on different cosmological backgrounds. The
problem of the quantum evolution of cosmological perturbations h&s been
studied in the context of inflationary universe models [2] and in that of per-
turbative miniBuperspace models [1, 3]. However, in all the previous works
the solutions for the equations of motion were either too complicated to be
written in a simple closed form or they were just approximate ones that hold
in the adiabatic limit.

In this paper the emphasis is on obtaining a simple and exact solution
which holds for all time evolution. As usual, the price one h&s to pay is that
of studying simple models which may not be very realistic. The models which
we will be studying are conformally invariant. It is precisely this symmetry
which allows one to obtain exact solutions. Some of these models have been
studied in the context of quantum field theory on curved spacethne [4], with
emphasis on discussing the properties of the vacuum state for these fields
rather than studying cosmological perturbations.

2 Equations Of Motion With Time Depen-
dent Coefficients.

Consider the following conformat transformation,

tank(t) = «n(f). gprh(t) ~- cos(ff) (1)

(this is a conformal transformation because it maps the interval — JT/2 < 9 <

ir/2 into the interval - co < t < +oo), it preserves the relation (cos2 + sin' —
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Now consider the equation of motion for a simple harmonic oscillator:

V I 2 V A / n \
X H- W X — U, {£}

Transforming 8 into the time t, one obtains the following equation of

motion with time dependent coefficients:

dt2 = 0.^ +
dt ccu

The idea now is to use the solution of eq.2 to solve eq.3

The general solution for eq.2 is

(3)

X{6) = Acos{wB)

and using the original transformation, one gets

e'6 - aeck(t) + itank{t).

(4)

(S)

Thus, the general solution of eq.3 is

X(t) = a(sech(t) + itanhit))"1 + j3(sech{t) + itanh{t))~m, (6)

where we have used different combinations of the solutions for eq.2 to obtain
particular solutions foi eq.3 .

The importance of eq.3 lies in the fact that very similar equations of mo-
tion arise in many physical systems. For example, they arise in the study of
the evolution of cosmological perturbations on different cosmological back-
grounds. As a particular example of a physical system which has an equation
of motion similar to eq.3, we consider the evolution of perturbations in a
closed de Sitter spacetime with metric:

dS'1 = -dt- 4 H--cosh-(Hl)dn''t, (7)

where dil] is the metric on unit 3-sphere and H' is the minimum radius
of the spatial sections of the de Sitter hyperboloid. For some particular
matter source of cosmological perturbations, usually a masslese scalar field,

the equation of motion for the perturbation mode with frequency w usually

has the following form,

At AY ,,,i
(8)dt*

X = 0.

This equation could be obtained from eq.2 by using the following conformaJ
transformations:

tanh(Ht) = sin(6), aech(Ht) = cos{B). (9)

Thus using this conformaJ transformation one obt&ins an exact solution
foi the evolution of the cosmological perturbations in a spatially closed De
Sitter Bpacetime. The solution will be:

X{t) = a (10)

which may be written in terms of the scale factor (a = H [co3h(Ht}):

~^ , a (H°r
[1 + i^ffa) ' - 1]»

(11)

Consider now another equation of motion, the equation of motion for the

perturbations on the Euclidean section of the de Sitter spacetime( half of a

4-spheie with radius H~' ), the metric on S4 is

dS1 = dr1 + H-2sin2(HT)dQ,l,

and the equation of motion for the mode with frequency w is

Consider now the following conformal transformations,

sinh(t) = -COI{HT), cosk(t) - csc(Hr).

(12)

(13)

(14)

The interval 0 < HT < TT/2 is mapped into the interval —oo < [ < 0, and

it preserves the hyperbolic relation (cosh2 - tmh2 = 1). In the time t the

equation of motion for the perturbations becomes

(15)



which has the following general solution

X(t) = ae-°" + 0ewt (16)

Transforming back to the Euclidean time r we obtain an exact solution for the
original equation of motion with time dependent coefficients. The solution is

X{T) = a(csc(Hr) + cot(Hr))u + P(CSC(HT (17)

Now we may write X(T) in terms of the scale factor on the 4-sphere

(Ha)-'
(18)

One may notice the similarity between this solution and the solution written
in eq.ll, in fact, the solutions in eq.lg are the analytic continuation from
the region Ha. > 1 to the region (Ha < 1) of the corresponding solutions
in eq.ll. It is very important to notice the fact that, of the two mode
functions, one is regular at the Euclidean origin and the other one is singular.
Thus the regularity boundary condition forces us to choose the mode solution
which is regular »t a=0, that is the solution which vanishes there. Clearly,
in the Lorentzian region we choose the mode solution which is the analytic
continuation of the regular solution in the Euclidean section, and, in this way,
we obtain the regular solution for the equation of motion of the perturbations
everywhere on the de Sitter instantort (aH = cosh(Ht) for Ha > 1, and
aH = sin(Hr) for Ha < 1). The solution is written in terms of the scale

factor,
(Ha)"*

fln(a) = 0
[l + yT-C

(Ha)w

Ha< 1,

Ha > 1.

(19)

(20)
[1 + i<J(HaY - I]"-

In the last formula we have used the more familiar notation for the inho-

mogeneous modes so that g,, is the inhomogeneous mode with frequency w,t.

Clearly, from this solution one may write down the wave function of the

perturbations on the de Sitter spacetime [1,3],

a3gn ,
il>(fa,a) = A(a)exp(-——/n

2) Ha < 1, (21)

*(/„,«) = (i^fn) Ha > 1. (22)

To calculate the density perturbations corresponding to the quantum fluc-

tuations in a given inhomogeneous mode /„, one needs the explicit form of

the wave function in the Lorentzian section of the spacetime, i.e. on the de

Sitter spacetime. For this purpose, one may evaluate the value *" in the

region Ha > 1 and the result is

(23)

3 (1+1) Model Of Perturbations

Consider the cosmologies! model in which the universe has only one spatial
dimension, the space sections are sl, a circle with radius (the scale factor)
a(t). The metric of sjjacetime may be written as,

' + ald6\ (24)

Now as a source for matter perturbations, consider a m&ssless scalar field
(j>. The action of the matter field may be written as,

/ = 1/2 j(dlt<t>dl'$)Na.d9dt. (25)

One may expand the ̂  field in terms of its Fourier components on the circle,

)«»(»*)• (26)

The action becomes the sum of the actions for individual inhomogeneous
modes:

(27)

and the equation of motion for the nth mode is

Now the lapse function N may be chosen at will, as long as it is real. We

therefore make the choice N = 1. With this choice the equation of motion

6



for the nth inhomogeneous mode takes the form,

(29)

Now consider the conformal transformation

dt = a(t)da, (30)

Such a transformation leads to equations of motion with time independent
coefficients. If a is taken as the independent time variable, the equation of
motion of the nth mode becomes,

d2

da2 /„ + <fn = 0.

The general solution for this equation is

gn(a) = Aexp(iwna) + Bexp(-iwna),

(32)

(33)

and, in terms of the original cosmological time, the solution may be written
as,

gn(t) = AExp[iwn / ~ ] + BExp[-iwn f -%•}. (34)
J o.{t) J Q\t)

Now one may ask which of these two mode functions correspond to the
analytic continuation of the regular Euclidean mode. From the previous
discussion we guess that the regular mode is the B-mode. So we evaluate **
for this mode,

t= ~*ir- (35)

This means that the quantum state of the nth inhomogeneous mode is

2 9»
(36)

U\a) ^ C(a)Exp(-l-w,,f-) (37)

It is worth noting that the dispersion of the state is time independent, this

corresponds to the fact that there is no particle creation for a conformally

invariant matter field in an expanding universe.

r & * ' .!*•

4 Physical Interpretation

In the last two sections we have found a method for solving some physical

equations of motion with time dependent coefficients. In this section we will

try to shed some light on the interpretation of this method in the cosmo-

logical perturbations context, and as a by-product we will find out in which

cosmological models our method works (and so we will understand exactly

in which situations our method is applicable and in which it is not).

We start from the fact that the Einstein static universe is conformally
equivalent to any homogeneous and isotropic expanding universe, with a
conformal factor that is a function only of time (in the case of anisotropic
Bianchi models the conformal factor is also a function of the spatial point):

ds2 = -dt2 + a2dSl2
k (38)

where dill is the metric on a 3-hypersurface of constant curvature. The
curvature may be negative, zero or positive depending on whether the value
of k is -1, zero or +1. Now consider the conformal transformation,

dt ~ a(t)da.

The Friedmann metric becomes

da2 = a2{a)(-da2 +

(39)

(40)

and, in the case of (k = +1), one obtains a metric which is conformally
equivalent to an Einstein static universe. In the other cases one obtains
a metric which is conformally equivalent to a static universe ( even in the
cases of spatially open or flat cosmological backgrounds, there is a conformal
equivalence to Einstein static universe, but one has to use a more complicated
transformation).

Now the essential point is that when the cosmologica.1 model under study

is conformally invariant our method is always applicable. For example, in

the model which we have studied in the last section, the matter field used as

the source for the cosmological perturbations is a massless minimally coupled

scalar field in two dimensions, this model is conformally invariant. And since

we were studying the closed cosmological model, we may transform the model



ftom the evolution of massless minimally coupled scalar field in an expanding
universe to the evolution of the same field in an Einstein static universe. ThiB
transformation is precisely what we have done in order to obtain equations of
motion for the cosmologica] perturbations with time independent coefficients
from equations of motion with time dependent coefficients. This is possible
because for out model there is a conforms! equivalence of the theory of per-
turbation in an expanding universe with that in an Einstein static universe.
As a by-product of this interpretation one can now understand in which type
of model this idea works. For example, another model in which it is possible
to find exact solutions for the equations of motion of perturbations is one
in which the perturbations are generated by a massless conformally coupled
scalar field in 4-dimensional expanding universe.

5 Conformally Coupled Scalar Field Model
For Cosmological Perturbations

The action for EL conformally coupled massless scalar field is

/ = 1/2 [(d^d-^ - iR^NJdClzdt. (41)
J 6

If the cosmological background has SJ spatial sections, then one may
expand the field <f> in terms of harmonics on the 3-sphere.

(42)

where (,6,9 are the three angle coordinates on the 3-sphere, and Q"'m are

the scalar harmonics on the 3-sphere. From now on we will drop the indices

(lm).

The equation of motion for each mode is

a' a a a-

Consider the conformed transformations,

dt — ada, and Fn = o/n.

(43)

(44)

Such transformations map the expanding universe into a static universe and
at the game time they transform the equation of motion for the perturbations
generated from the matter field <j> into that of a simple harmonic oscillator
with constant frequency wn

(45)

As in the previous cases, the time evolution of the physical perturbations
may be obtained by solving the equations of motion for the transformed
modes Fn, and using the inverse of the conformal transformation to obtain
solutions for the equations of motion of the physical mode /„:

= ±Exftu,n J Jr] + f (46)

Clearly, both of these modes appear to be singular at (a = 0 ), however,
one must remember two things: (1) these modes are Lorentzian modes; and
(2) in the exponential factor we have i . Take as an example the closed de
Sitter scale factor; it is evident from equation (IS) that for (u>n > 1), which
is the case for all inhomogeneous modes, the regular mode function remains
regular even if divided by a factor of j . We shall write the solution explicitly
for the closed de Sitter background: it is written in terms of the de Sitter
scale factor (alt = cosh(Ht) for Ha > 1),

[l+tV(gg)» - 1]-
ff"(0) = Q (H^ + ' j

Thus the mode which is regular at a=0 is:

(Ha)<u , - i

(i +
Ha < 1

9n(«) = ^ ;
(*«)' = Fa > 1

(47)

(48)

(49)

It is clear that in the case of the homogeneous mode wn = 1 the regular part
of the mode remains constant for small values of the scale factor. Now we
can evaluate the quantum state of the mode /„ from formula (21). For this
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purpose, one may evaluate the value ^ in the region Ha > 1 and the result

is

(50)

Explicitly, the quantum state of the inhomogeneous /„ mode obeying the

regularity boundary condition is

(51)

(52)

(53)

fn,a) = A(a)exp\ - — -

^(/n ,a) = A ( 0 ) e x p l - - [ - ^ -

The condition for the perturbations to behave classically is that

(

This is equivalent to ( ^ << -), which amounts to the fact that the pertur-

bations are inside the Hubble radius.

In a general n-dimensional spacetime model, the conformally invariant

scalar field has an action,

= 1/2 (54)

The conformal transformation of the scalar field 4> depends on the dimen-

sion of the model, in general it transforms like [4]

1 i i w^r1 i t&ti\

With the help of this transformation and the transformation to the conformal
time, also in this general case, it is possible to obtain exact solutions for the
mode equations of motion. Clearly, for n=2 which is the case for the model
in section 2, there is no coupling to the curvature, and the <j> field is invariant
under conformal transformations. For this reason it is possible to transform
the equations of motion to those of a normal harmonic oscillator without
rescalling the mode function /„,
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