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ABSTRACT

The free energy of Penner's model exibita logarithmic singularity
in the continuum limit. We show, however, that the one and two
point correlators of the usual loop-operators do not exibit logarithmic
singularity. The continuum Schwinger- Dyson equations involving
these correlation functions are derived and it is found that within
the space of the corresponding couplings, the resulting constraints
obey a Virasoro algebra. The puncture operator having the correct
(logarithmic) scaling behaviour is identified.
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May 1991

Recently some remarkable progress has been made in the understand-
ing of the non-perturbative nature of two dimensional quantum gravity by
formulating it in terms of large-N matrix models [1]. This, in turn, has
enabled to get a deep insight in some aspects of string field theory [2], A
close contact between matrix models and topological field theories has also
been established [3], The existence of the double scaling limit of the matrix
models has made a relationship between integrable systems and the string
theory through a class of differential equations governing the correlation
functions of certain type of operators in the matrix models [4]. So far the
matrix models has provided some understanding in the study of strings
in non-critical dimensions, i.e. coupling c < 1 matter to two dimensional
gravity. These string theories seem to be simpler than the critical strings
(at least for c < 1) and they have a non-perturbative definition and could
be solved exactly. The issue of symmetries of these string field theories
have been addressed in terms of the matrix models. It is known that the
effective theory of matter coupled to two dimensional gravity lives in a
space time, whose dimension is one higher than the critical theory and the
present understanding is that this extra dimension is provided by the two
dimensional gravity. Also the symmetry of the effective theory is known to
include the diffeomorphisms of this higher dimensional space time. In the
description of matrix models, the symmetries are found to be those of the
resulting string field theory. This has been understood for c < 1; for c = 1
matter coupled to gravity, where the effective theory is two dimensional,
the symmetry is not clearly understood till now. On the other hand, for
c = 0, it is well known that the effective theory is one dimensional and the
symmetry is the Virasoro symmetry. Alt these are discussed by studying
the field theory of a hermitian matrix field, mostly restricting to the action
involving polynomials of the matrices. Similar conclusions are also drawn
by studying the n-matrix models and the symmetry is found to be Wn+i

In this note, we consider the study of an one-matrix model (Penner's
model) where the action is non-polynomial in the hermitian matrix [6|.
This model has been considered earlier [7,8] and a double scaling limit
was found where the free energy exhibits logarithmic scaling violation. It
has been conjectured in [7] that this matrix model has some bearing on
the question of the critical theory at c = 1. This is based on a rough
similarity of the free energy of this theory with the Legendre transform of
the free energy obtained in [9j for strings propagating on a circle of seif
dual radius R=l . This is yet to be proved rigorously and if it is really
true, one needs to know various operators in Penner's model and the final



aim should be their interpretation as target space operators. Here, we do
not aim to achieve such a goal but consider few operators of this theory
and study them with the hope that they will be useful in the study of the
corresponding continuum field theory.

Penner's model is denned by the partition function [6]:

J dM«x|>[-l<r{log(l - iMVt) +
l l ' f dMexp\~\trM*] (1)

where M is an JV x JV hermitian matrix and the non-polynomial potential
V[M) - \{\Qg(l-iM^/i) + iMi/t\ generates all K-valent graphs with K> 3.
Setting t —> t/N and denning the free energy as F(N, t) — — log Z we have
[6,8]

F[N,t) =

where B2m's are the Bernoulli numbers. The double scaling limit is defined
o s t - t l and JV -> oo such that p, - JV(1 - t) is kept fixed. Then the free
energy can be written, up to divergent constants, as

(3)

Therefore, the free energy F(y.) in Penner's model has the same singularity
behaviour as that for c=l for genus (g) zero and one [9]. The free energy
(before taking the continuum limit) was used to compute the orbifold Euler
characteristic of the moduli space of the Riemann surfaces with any number
of punctures [6). The same {after taking the continuum limit) is related to
the Euler characteristic of the moduli space without any puncture which is
explicit in equation (3) for g > 1 since they are given by —1/12 for g = 1
and BijAg{g - 1) for g > 2 [6,10].

Let us consider now the correlation functions of the operators tr[Mp),
known as the microscopic loop operators for any finite p, where p is the
length of the loop. The one point function of this operator is defined as

> - (4)

We follow a different path to compute the above object instead of the
well known formalism of the orthogonal polynomials and their recursion
relations. Though we shall see that the result will be same as the latter
approach but the former will be helpful to us during our analysis. In terms
of the eigen- values x, of the matrix M, the above equation can be written

(5)

where S,{xi) = ^s(tV^i,-)'/( 'O- Defining z, = {is/lxt - l)/t and restrict-
ing to only positive values of t, we can simplify the above to obtain

where a = — 1/J and the measure dna(z) is given by

(7)

This is the measure with correct domain for the well known orthogonal
Laguerre polynomials. An orthonormal basis for the monk Laguerre poly-
nomial can be chosen such that we have

The correlation function now can be expressed in terms of these polynomials
as

p

(9)
where n — 0,1,2, , JV — 1. Now we can use the above orthogonal condi-
tion for the polynomials to carry out alt but one of the integrations in the
numerator and all in the denominator. The result is :

>= (10)

where we have defined the integral

These integrals can be explicitly evaluated for any finite integer value of r
by considering the generating functions of the Laguerre polynomials and
some algebraic manipulations with them yielding the final result as

>=
)

(12)



Though the finai expression looks complicated, for any finite integer value
of p, it can be simplified. For example, note that for p = 0 we have the
expected result namely N. Similarly, for p = 1 and 2, the results are
-iN2i/t and N2 - 2tN3 respectively. For any values of p we can obtain a
simpler expression for the one-point correlation function, however, we never
observe any logarithmic scaling violation for these operators.

We now turn to compute the two-point correlation functions for the same
operators. Proceeding in the same way as that of the one-point function,
we find all integrations can be carried out except two of them reducing to
the result :

tr{M>)tr(AF) >= (•
r=0 .=0

where the function FTi3(I,J,N) is given by

Fr,,(/, J, N) = /W/W - 2 (14)

In the above equation, j£r' are the integrals already defined in equation (11)
and J^X are the new integrals defined as

\n\T(n + a + l)m!r(m + a+ I)]1/2

(15)

The last identity is obtained by considering again the generating functions
for the Laguerre polynomials and some algebraic manipulations. However,
equation (13) is the full two-point function and the connected two-point
function can be obtained by defining

tr{M")tr(M") >c= - < tr(Mp) >< tr(M") > (16)

From the above discussions, it is trivial to check that < tr(Mp)tr{Mq) >c

is zero (as it should be), N(l-Nt) and lSN*t2 -20AT3i + 2JV'(r2 + l) - 2 M
for p = q — 0,1 and 2 respectively. In this way, we can always evaluate the
connected two-point functions for any finite integer value of p and g. Also
note that any higher correlation function can be evaluated in this formalism
and the interesting feature is that i^j,.... are always functions of the only
two integrals / ^ and J^l-

Let us compare these results briefly with the correlation functions of the
loop-operators in the free fermion formalism developed in [11]. Here the
correlators are defined as

trMpltrMP3 (17)

where \F > is the filled Fermi sea for N-fermions, * = £JLQan0n is the
fermion field with an and il>n as the one-fermion annihilation operator and
the wave function respectively. In equation (17), R is an infinite matrix
called the Jacobi matrix and it depends on the details of the potential.
The loop-correlators are then found by observing how the creation and the
annihilation operators act on the Fermi sea. For example, the one and the
two-point connected correlation functions are given by

tr(Mp) >c = >= tr{SR") (18)

tr{Mv)tr{M'1)

= tr\SRf(l-S)R'1} (19)

where S is the projection operator on the subspace of the one body wave
functions with 0 < n < N — 1. It is a simple exercise to see that in our case
the infinite Jacobi matrix is given by

where Rn = n(l - nt) and Sn = -i\/i(2n + 1). Using this we find

< tr(M ') > = n + Rn+1 + S2J - N2 - 2fJV3

(20)

(21)

tr{Mi}tr(M2)>c = RN-IR?

= 18N4t2
+ RNRN+1 + 2RNSNSN_1 +
20N3t+2N2{t* + 1) -2Nt (22)

Note that the right hand sides of (21) and (22) are the precise results we
had obtained in our approach. This can be checked for any values of p and
q proving the consistency of our results.

From the above results we do not find any logarithmic scaling violations
in the one and two point correlation functions of these operators. Let
us find out their scaling property in the large N limit by evaluating the
correlation functions for the resoivent operators. The one point function
for the resolvent operator defined as F(z) =< j^tr(~z~] >, where we have



scaled t -+ t/N and M —» \/~Nm, can be evaluated in the known procedure
of orthogonal polynomials. Expanding z around zcr — —1i and t around
tcr — 1, i.e. setting z = —2i + of and t = 1 — aV we obtain that

- _

(23)

Note that in the large AT limit, the universal part of the one point function
of the resolvent operator scales as positive integer powers of /J. We isolate
the non-universal part to be i + af. Similarly, we can compute the two-point
function for the resolvent operators and the result is that

(24)

Notice that the two point functions for the resolvent operators, in the large
N limit begin from O(ai) and scale as integer powers of /*• Also they do
not have any non-universal part associated with them. In the large JV limit,
we still do not notice any logarithmic scaling violations for them.

Now we proceed to derive a set of Schwinger-Dyson equations for the
connected Green's functions of the above resolvent operators. This can be
done either by following the procedure of [12] or of [13], but both giving
the same result :

W(z)W[z)Y[W(z,)>c+ <W{z)\[W(z,)>c<W(z)]\W(zi)>c

+ ^—r- < TlWlzA—tri
iy/iz t\ N

In the above we have defined the operators as

(26)

(25)

where we have taken Wn = j~tr(mn), the loop operators. For K = 0,
the third term in the above S-D equations is regarded as zero and the
last term is simply 1/(1 - i\/iz). This is because we have an identity

(1/JV) < tr[(l — is/im) '] >c— 1, which can be checked in our approach of
computing the one point correlation functions. Now defining the Green's
functions of the resolvents ELS

G*(*l, 22, , * * ) = £ I} (
n,>0v=l

the above S-D equations can be written as

In the above equation, the sum over S denotes the sum over all partitions
of the set (ni,ns, ....,nK). As mentioned before, for K = 0, this is regarded

G 2 { z , , ) + G ? W _ ^ G l ( 2 ) + r _ l _ = 0 (29)

The non-universal terms in the one-point function Gt on the sphere can be
evaluated from the above equation, by setting z = —2i + af and t = 1 - a2fj.
which agrees with our earlier result for the same. Denoting the universal
parts of the connected Green's functions Gp by gp, we have G\(z) = »' +
a( + off! and for p > 2, Gp = aPffp.

Then we can look for the solutions of the form :

(30)

Here, for simplicity we assume that 5n, nt is zero for any negative n,-.
Substituting the above in equation (29) and by comparing the coefficients
of f-m! for m > - 2 we obtain that

9v9m-f = 0 (31)

Similarly, for K > 1, by comparing the coefficients of f-™"2 l\f=i ff"'"', we
can get constraints on £'s. Generically we get :

p=0
= 0

(32)
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Defining the generating function g as :

9 —
(t,}=o

r
•••i'0,0 1,1 (33)

where the mode '0' appears k0 times, '1 ' appears ki times etc., and T =
expj?, equation (32) can be rewritten as :

= Lm r = 0 m > - 1 (34)

where im ' s are the generators of the Virasoro algebra. Hence we see that
the S-D equations involving the correlation functions of the resolvent opera-
tors generate the Virasoro constraints in the space of the coupling constants
/z,'s. The Virasoro constraints in the present case has a special feature
compared to the same in other cases involving the polynomial potentials,
namely, here it is untwisted, i.e. the modes of the generators are exactly
integers and not shifted by fractions.

At this stage, it is worthwhile to look for the scaling operators which
exibit logarithmic scaling violations. Of course, one such operator is the
puncture operator j - itself. This can be identified with (rlog(l — ii/im)
and it's one and two-point functions can be computed in the formalism we
have discussed earlier. Using some simple tricks and the Euler-Maclaurin
formula, we find that the one and two-point functions of this operator in the
spherical limit are given by fi log/i and log/x respectively. They are exactly
the same as expected for the puncture operator. So we identify this as the
puncture operator. We propose another set of operators of the form tr\{\ —
iyftm)' log(l - (Vim)]. By taking suitable combinations of these operators,
one can show that in the large N limit, the one- point functions scale as
I±T log fj.. It will be interesting to see if these scaling operators provide
any new type of constraints in the space of the corresponding coupling
constants. One can also explore the possibility of any other critical points
in Penner's model.
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