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ABSTRACT

There are many situations where the usual statistical methods are not adequate to charac-
terize correlations in the system. To characterize such situations we introduce mutual correlation
dimensions which describe geometric correlations in the system. These dimensions allow us to
distinguish between variables which are perfectly correlated with or without a phase lag, variables
which are uncorrelated and variables which are partially correlated. We demonstrate the utility of
our formalism by considering two examples from dynamical systems. The first example is about
the loss of memory in chaotic signals and describes auto-correlations while the second example is
about synchronization of chaotic signals and describes cross-correlations.

MIRAMARE- TRIESTE

July 1991

1 Introduction

The usual way of studying correlation!) between two variables is to calculate
the correlation function and correlation coefficient [ij. Let x and y be two
variables which take a set of values (.C[,y,), i = 1,2,...,N. The correlation
function G is defined by

G =< (r-t- (1)

where the average is taken over the set of N values. The correlation coefficient
R is obtained by normalizing G and is given by

R =
jxt-

Both G and R depend on tlie correlations between the deviations from the
mean value. They depend on Uie actual values that the variables take and
can be said to describe algebraic correlations between the variables. The
correlation coefficient is more useful tliau the correlation function since it is
bounded at both extremes. We have —1 < R < 1. The extreme values are
obtained when the two variables are perfectly correlated. The value R = 1
means that the variables arc- in phase with each other while the viiue R = — 1
means that the variables are 1SO° out of phase.

The interpretation of values of R in between the two extremes is a difficult
task. Consider the case when i? = 0. This value is obtained if the variables
are perfectly correlated but 90° out of phase and also if they are totally
uncorrelated. Thus in such situations li is not a good measure to describe
correlations between the variables. It, is of course possible to get complete
information of the correlations by considering higher moments such as <
(xt~ < x >)"(«/<— < y >)" > wliprc fi,v > 1. However, this is a tedious
procedure and to extract I lie- informal icsp about the correlations is difficult.

In this article we discuss a new method of characterizing correlations be-
tween the variables [2, 3]. The method i« based on studying geometric corre-
lations and uses the concept of fractal dimension and multifractals [4, 8]. We
define a set of mutual correlation dimensions (or exponents). These dimen-
sions are able to distinguish between variables which are perfectly correlated
(with or without a phase lag), variables which are partially correlated and
variables which are uneon-elated. They also give us a quantitative criterion
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for the degree of partial rnrivlnliou. We demonstrate the utility of our di-
mensions by considering two example from dynamical systems. The first
example treats the loss of memory of initial conditions or unpredictability of
chaotic signals [2]. lit this case we study the auto-correlations. The second
example treats the synchronization of chaotic signals [3]. In this case we
study the cross-correlations.

In Section 2 we discuss the formalism and define the mutual correlation
dimensions. The bounds on these dimensions and their interpretation are
discussed. The example of the loss of memory of initial conditions in chaotic
signals is considered in Section 3 and the example of the synchronization of
chaotic signals is considered in Section 1. Section 5 concludes the article with
a discussion.

2 Mutual Correlation Dimensions

2.1 Formalism and definitions
Let the variables x and y take a set of N values ( I , , J / ( ) , t = 1,2, . . . , iV.
We assume that the variable ,T (y) takes values between the extremes xmin

(jmin) and xmax (j/mol). Divide Hie range xmiH to xmaz into n equal parts.
Similarly, divide the range ymin to ymar into n equal parts. Thus the x - y
plane is divided into n2 boxes, t,j, ?', j = 1,2,..., n where the indices i and
j correspond to the variables x and y respectively. Define the length scale
/ = 1/re. If the ranges of the variables x and y are normalized to unity then
the size of each box is P. Let p ; j be the joint probability that the pair {xt, y,)
falls in the box 6,j. We define mutual correlation exponents C{q, 1} by [9]

1
<l - 1 111 /

(3)

where —oo < q < c© and the primp on the summation means that the sum
is taken over only those values of * and ;' for which pij ^ 0. The mutual
correlation dimensions C(q) me defined by

= t in ; < " ( < / , ' ) • (4)

We note that C(0J is the mutual correlation fractal dimension and is tlic
analog of the usual fractal dimension l)(0). We have

(5)

where M is the number of boxes which have a nonzero probability p,}. Sim
ilarly, C(l) and C(2) are the analogs of Hie information and correlation di-
mensions D(l) and D(2), respectively. The mutual correlation information
dimension, C(l), is obtained by taking the limit q —» 1+ in Eq. 3 and is given
by

I t t /
(6)

It is easily seen from Eqs. 3 and 4 that ('(</) ' s monotonic in q.
Let us now consider tlie following three cases:

Case a: Perfect correlation: Consider the case of perfect correlation where
the variables x and y are perfectly correlated with or without a relative phase
lag. Obviously, for such a situation tlic joint probability reduces to the form
Pij = Pifij.m where m is uniquely determined by /. It can be seen from Eq. 4
that this leads to C{q) = l)^(it) where DT(q) are the generalized dimensions
for the variable x (or y) and are. given by [6, S]

l i i i i •
7 — 1 '—o In I

(7)

Thus we obtain C(q) = Dv,(q) for both the in phase and out of phase situ-
ations where Dw(q) is the larger of /Jj.ff/) and Dy(q). This condition serves
to identify perfect correlations.

We illustrate the case of perfect, correlation in Fig. l(a) to l(d) for n = 10.
The occupied boxes are shaded. The h'igs. l(a), l(b) and l(c) show the
cases where the phase differences are 0°, ISO0 and 00° respectively. The
corresponding values of the correlation coefficient (Eq. 2) are 1,-1 and 0. In
all these cases (Fig. l(a) to l(d)) the mutual correlation fractal dimension
C(0) = 1.
Case b: The uncorrelated case: Consider the case when the variables x
and y are completely uncorrelaied. Mere the joint probability pij factors



so that p,j = pip,. Tims f'(ij) = DJ-(<I) + D!/[q). The condition simplifies
if Dj-(q) — Dy(q) which is tin- case in many applications and we obtain
C(q) = 2DT[q). The uticorrelated rase is illustrated in Fig. l(e). For this
figure (7(0) = 2 and R = 0.
Case c: Partial correlation: Clearly a large majority of cases will lie between
the two extremes defined above i.e. though the pair of variables x and y
may not be pei'fectly correlated there may be some finite correlation between
them. We call this situat ion the case of partial correlation. Our notion of the
mutual correlation dimensions (F,q. 4) allows us to quantify this situation.
In this case we shall obviously find that. D»,{q) < C(q) < Dx(q) + Dv(q). The
extent to which C(q) differs from /),,,(r/) indicates the degree of deviation
from perfect correlation. We illustrate the case of partial correlation in Fig.
l(f). Here, 1 < C(0) < 2 and II civn have any value between —1 and +1.

2.2 Mutual correlation dimensions and correlation co-
efficient

It is interesting to compart- (he mutual correlation dimensions C(q), with
the usual statistical study of correlations. As noted in the introduction the
correlation coefficient (Eq. 2) provides a measure of the algebraic correlation
between the variables. The correlation coefficient is sufficient to characterize
in phase and 180° out of phase correlations. However, it is not able to distin-
guish between situations where the two variables are completely uncorrelated
and where they are perfectly correlated but are merely out of phase by some
angle (except ISO"). On the other hand our mutual correlation dimensions
identify geometric correlations in the x — y space. They do not depend on
the actual values that the variables take but only on the number of occupied
boxes 6,j and their probabilities. They can easily identify the fact that the
variable x always uniquely determines the variable y in the perfectly corre-
lated case, whereas a- and y are completely independent of each other for the
uncorrelated case. Thus ("•'(<•/) will turn out. to be Dw(q) in the perfectly corre-
lated case and Dx(q) + Dy(q) in the uncorrelated case and the two situations
are completely distinguished.

2.3 Higher dimensional variables
We now consider systems whore x and y are d-dhnensional vectors given
by x = (xu...,xd) and y = (i/i, (/,<). The definition of the mutual
correlation dimensions C{q) given by Rqs. 3 and 4 is easily extended to higher
dimensions. We divide the range of each component of x and y into n equal
parts. Thus the boxes &(,, ;,,)(_/, j l ( ) lie in a 2d-dimension&l space where ik

and jk [k = 1 , . , . , d) are indices for the parts into wliich the components xk

and yk are divided. The mutual correlation exponents are given by

C(qJ) = In/
(8)

where p( i] iju,,...^) is the probability that the point (x,y) lies in the box
()J id)y,,...,w). The mutual correlation dimensions are obtained by using

Eqs. 4 and 8. The three cases (perfect, correlation, uncorrelated case and
partial correlation) considered above are also applicable for correlations in
higher dimensions.

Though the above procedure defines the mutual correlation dimensions in
higher dimensional systems, in practice, the implementation of such a proce-
dure is very cumbersome due to the high dimensionality of the boxes required
for the cover. We propose two methods to circumvent this problem. Firstly,
we can consider correlations between the vector x and a single component of
vector y, say yt, k = I <l. This procedure is defined and illustrated in
Section 3. Secondly, we can consider the pair-wise correlations between the
components of x and y, i.e. define mutual correlation dimensions for each
pair (ii , j / t) . This procedure is defined and illustrated in Section 4.

2.4 The f(a) spectrum
The characterization of correlations provided by the C(q) spectrum can be
equivalently expressed in the form of the / ( a ) spectrum [5, 7], Define the
exponent <* by the scaling relation

vu ~ /" . 0)

where a > 0, Let f(a) be the fractal dimension of the subset supporting the



probability scaling as I", It is possible to show that

1

and

C(q) = ^ [qa(q) - f{o{q))} .

«(-/) = J [(?-!)£?(«)] -

(10)

(11)

Knowing /(e*), Eq. 10 can be used to obtain /(a(q)). Notice that / , a and
C(q) are related by a Legendre transform.

3 Loss of Memory in Chaotic Signals
Chaotic systems produce a time evolution which appears to be chaotic and
unpredictable despite the deterministic nature of the underlying evolution
equations. The unpredictable behavior in such systems is understood by
saying that the nonlinearities present in the problem lead to the sensitivity
to initial conditions which differentiates a chaotic system from an integrable
system [12]. This sensitivity to initial conditions is reflected in the fact that
two close-by trajectories diverge exponentially in time. This leads to the
unpredictability associated with the chaotic systems in the following sense.
A small but finite error or uncertainty in the initial conditions grows very
rapidly with time and after some time it becomes almost impossible to predict
the phase space trajectory. We may Bay that the system progressively loses
the memory of the initial conditions. This loss of memory of initial conditions
obviously depends on the exponential divergence of trajectories and also on
the amount of uncertainty of the initial conditions.

The most natural way of characterizing exponential divergence of close-
by trajectories is by the introduction of the concept of Lyapunov exponent.
This exponent characterizes the average rate of divergence of the nearby
trajectories for small time intervals. As the time progresses, the Lyapunov
exponent does not remain a very useful parameter to quantify unpredictabil-
ity. The initial exponential divergence of chaotic trajectories is not valid for
longer times and as the distance between the trajectories reaches the scales of
the size of the attractor, the trajectories start folding back on the attractor.
For longer times suitable methods of characterizing loss of memory of initial
conditions were not available. It is for this problem that the formalism of

mutual correlation exponents described in Section 2 was first developed and
applied [2], In this case it is the auto-correlations in the chaotic signal which
give useful information. We arc able- to distinguish between chaotic signals
which completely lose the memory of the initial conditions, those which par-
tially lose the memory of the initial conditions and those which never lose
the memory of the initial conditions. We describe this application in this
section.

3.1 Mutual auto-correlation exponents
Consider a discrete dynamical systom in (/--dimensions

x,+, =fM(x() (12)

where f is an autonomous map, /( is the set of parameters and x( € Rd.
Given an initial condition Xn , the map of Eq. 12 generates a time series
{xf}, ( = 0,1,2,.... We assume that I ho transients, if any, have already died
and our time series gives the points of a trajectory on the attractor i.e. Xo is
a point on the attractor.

We begin by discussing the one dimensional situation first. Divide the
maximum range of the variable in n parts of equal length /. If the range of
the variable x is normalized then the length of each part is / = 1/n.. Here
the length scale / specifies the uncertainty or error in the initial conditions.
Let p,- be the probability that the variable x lies in the i interval. We define
a joint probability Pij(r),i,j =1 ,2 , ...n as the probability that the variable
x lies in the t'h interval at some time * and in the j ' h interval at time t + T,
i.e. after a time T. The joint probability Pij(r) will be independent of t since
we assume translational invariance in time.

We now introduce the mutual auto-correlation exponents C{q, I, r) for the
above cover by the following relation [10] (sec Eq. 3)

In/
(13)

We note that C(q, I, T) defined by Eq. 13 a«p the mutual correlation exponents
for the variabtes xt and a-(+r, / = 1,2

Let us consider the following two limiting cases
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(a) T - 0. In this case, ihr joint probability Pij(0) = p;6,j. Clearly the
mutual auto-correlation exponents reduce to the usual generalized dimensions
of the attractor i.e. €'[</,I,T) = D(q) (Rc-f. [11])
(b) T —> oo. The asymptotic behavior is more complicated. Consider the
following three possibilities.
(i) Suppose there is no loss of memory. Then writing pij(r) = Pj/,-(i")p, where
Pj/i(r) is the conditional probability, we note that for no loss of memory
Pj/i(r) = 1 for some value of j ami 0 for the remaining values. Thus from
Eq. 13, we find that the mutual auto-correlation exponents do not change
with time and C(q,l,r) = D(q) for r —> oo.
(ii) Consider the situation when the system has completely lost the memory
of the initial conditions. Then we get ;j,j(r) = p,pj and from Eq. 13 we see
that C(q, I, T) = 2D(q). Tims, the doubling of the generalized exponents
indicates complete loss of memory. We note that this condition of complete
loss of memory corresponds to the mixing property of the attractor.
(iii) There are cages where asymptotically D(q) < C(q,l,r) < 2D{q). Here
the memory is never completely lost even though we have initial exponential
divergence of trajectories.

3.2 Mutual auto-correlation exponents and invariants
of the attractor

It is possible to approximately relate the mutual auto-correlation fractal ex-
ponent C(0,f,T), the Lyapnnov exponent A and the length scale /. In r time
steps an interval of width / will be mapped into length R « ieXt. If for times
larger than some time f, R becomes of the order of the size of the attractor,
we can roughly say that the memory of the initial conditions is completefy
lost, i.e. given an uncertainty of / in the initial value of the variable x, the
value of x after time f may lie anywhere in the attractor and is thus com-
pletely unpredictable. The size of the attractor when measured with the
scale / is l~DWi. Thus we get the relation

'=-<*•>¥• (14)

For time r < r, R is less than the size of the attractor. The number of lengths
that R covers is Rji. If we start from M initial lengths they are mapped into

MR/I lengths. Starting with (lie entire attractor i.e. M ~ I D ( o \ we get,

<7(ru,T) ~ y ; ( 0 ) - ^
r ri

(15)

It is also possible to approximately relate the mutual auto-correlation
information exponent 0(1, / , r), the metric entropy [12], h, and the length
scale (. It turns out that [13]

C(1,LT) ~ D(\] - — , (16)

In /
where D(l) is the information dimension of the attractor.

Noting the similarity of the form of Eqs. 15 and 16 above we may conjec-
ture that for any q we may have

where A, is some generalized exponent and Ao = A and Aj = h.

3.3 Higher dimensional systems
The formalism introduced in Subsection 3.1 above is easily extended to higher
dimensional systems. For a (/-dimensional system, Eq. 13 can be generalized
by letting the indices i and j represent (/-dimensional boxes. If we have a
time series in only one variable, we ran use the method of time delays to
construct the state vectors xt = (.r^,Zk+\,..., £jt+(/_i), k = 1,2,... where d
is the embedding dimension [14, 15].

However, as noted in Section 2 the procedure for higher dimensional sys-
tems (Eq. 8) becomes cumbersome to implement since one has to work in
the embedding space which has double the dimension of the space in which
the original dynamical system is embedded. For dimension d > 1 a differ-
ent version of the mutual auto-correlation exponents which gives essentially
the same information can be introduced by defining the modified mutual
auto-correlation exponents C(q. L T) as

C(q,l,T) =
""[ E (ft.". u

1 L(i, M),j
In/

(18)
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where p^, id)j(
T) is the probability that the state vector x lies in the box

(ii,...,*d) at some time I. and the variable x lies in the length interval j
after a time r + d - 1, i.e. at time I + r + d - 1. The definition of C(q, /, T)
requires calculations in a space of d + 1 dimensions only. For T = 0, we
have pj.j ,d(j(0) = p(;, ijj^ij.j- Hence we get the usual generalized di-
mensions C(q, /,0) = £?(</)• In the other limit of large time if we assume
that the variable x completely loses memory of the initial state vector, then
p(,, id(j(r) — P(M ijjPj- For a chaotic attractor with D(Q) > 1, the pro-
jection along any direction is expected to be continuous. Thus, in this case
C{q, 1,T) = D(q) + 1. On the other hand if for large times there is no loss of
memory the exponents will not change with time and remain same as D{q),

3.4 Examples

We consider various examples which illustrate the utility of the mutual auto-
correlation dimensions defined above.

3.4.1 Logistic map

Consider the logistic map defined by [16]

T,+I = tixt(\ - xt) , (19)

where 0 < fi < 4. Here we discuss the behavior for four different values of fi.
Case (a) ft = 4.0. This is a case of fully developed chaos. Fig. 2(a) shows the
plots of the mutual auto-correlation fractal exponent C(0, /, r ) as a function
of T for different values of I. The curves start from C(0,/, 0) = 1. There is a
monotonic increase and a subsequent flat telling as we approach C(0,1, T) 2* 2
i.e. twice the original value. The rate of rise and the time required for
doubling clearly depend on the length scale. The sharp rise from r = 0
to T = 1 is an artifact of choosing equal length scales and not the natural
length scales of the system. Using the region of steady rise of C(0,l,T) to
obtain an estimate of the Lyapunov exponent we get A ~ 0.60 while the exact
analytical value is A = In 2 ~ 0.0!). We find that the estimate of A improves
as / decreases.

The behavior of the mutual auto-correlation exponents for other values
of q is similar to Fig. 2(a). However, the plots are not very smooth for larger
values of q. Using Eq. 17 we have found A for 0 < g < 5 using linear portions
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of the graphs of C(<IJ,T) verses r for / = 0.003. The behavior of A, as a
function of q is shown in Fig. 1.
Case (b) fi = 3.5699 For this value of n we have a period-doubling
attractor. The mutual auto-correlation fractal exponent C ( 0 , / , T ) of this
map is plotted as a function of lime in Fig. 2(b). The Lyapunov exponent is
zero in this case and the mutual auto-correlation fractal exponent C'{0, J, T)
remains invariant in time. (There are some small oscillations which may be
due to not using natural length scales and the C(0,1, r) values anr-larger than
fractal dimension for the atlractor due to finite value of /.) This indicates
that there is no loss of memory and the future is completely predictable.
Case (c) ft ~ 3.59687. This value of fi gives a two band attractor. The plot
of C ( 0 , ( , T ) verses time is shown in Fig. 2(c) for / = 0.01. The behavior
for small r is like the ft = 4 case. However, asymptotic behavior is quite
different. Asymptotic value of time dependent fractal exponent is clearly
less than twice its value at I = 0. This shows that the system never loses
memory of the initial conditions completely. This is because the variable
x, keeps on alternating between two bands and we always know the band
in which it lies at any time once the initial band is known. For small T a
straight line fit to the data in Fig. 2(c) yields A = 0.13 against the actual
value 0.17.
Case (d) ft = 1 + 1/8 - 0.002 = 3.826.... This is the case of intermittency.
In this case we find the doubling of fractal exponent. The mutual auto-
correlation fractal exponent against time is plotted in Fig. 2fd) for / = 0.01.
The Lyapunov exponent calculated from the linear portion of the curve in
Fig. 2(d) gives A ss 0.3S while the actual value is also 0.38. We find that the
fractal exponent doubles around r ss 27. This shows that there is a complete
loss of memory of the initial conditions. The time required for the doubling
is far higher than predicted by Eq. M. We also find that this time increases
indefinitely as ji approaches the tangcnl. bifurcation value. This is expected
since A —t 0.

The intermittency serves as an example to illustrate the fact that this for-
malism gives certain information not given by the Lyapunov exponent alone.
We choose two values of jt having almost the same values of Lyapunov ex-
ponent, namely ft = 3,065 and /i = 3.828367 showing two-band attractor
and intermittency respectively. In the case of intermittency, we see the dou-
bling of the fractal exponent H.syiuplotically whereas in the case of 2-band
attractor we do not see the doubling asymptotically.
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It is interesting to compare the mutual auto-correlation fractal exponent
C ( 0 , / , T ) , for the four cases of llie. logistic map considered above with the
auto-correlation coefficient R(T) given by

R(T) =
(a-,- < x > ) ( . r , + T - < r >)>

< ( i: ,- < x >)2 >
(20)

In Figs. 4(a) to 4(d) vie. show /?(r) as a function of r for these four cases.
For fi = 4.0 (Fig. 4(a)}, the correlation coefficient is zero for all nonzero
T. Here the values in the lime series are linearly independent. For ft =
3.5699... which gives period doubling allractor the correlation coefficient
R(T) oscillates in time (Fig. -t(ti)). For /< = 3.59687 (two band attractor)
also the correlation coefficient, oscillates in lime (Fig. 4(c)). Lastly, for
ft = 1 + \3 -0.002 = 3.82G... (inlPttnittoncy) the correlation coefficient
remains nonzero for small T and decays steadily in time (Fig. 4(d)). Thus
tlie system shows short time correlations.

From Fig. 4 we notice that, the correlation coefficient does give us some
idea of the evolution of the system. However, it does not provide useful
information about the loss of memory or the predictability of the time series.
This is evident from Figs. 1(1>) and 4(c) where we obtain an oscillatory
behavior for both cases. The rea.son is that the correlation coefficient is of
algebraic type where actual values of the variable are important and may
not always reflect the fact that very different numerical values can still be
correlated. We also see. from Fig. •!(«) thai there is no correlation for r > 0.
However, we know that the system does retain partial memory for some time
(Fig. 2(a)).

3.4.2 Henon map

The Henon map is given by (17}

Let a = 1.4 and 6 = 0.3. We consider the time series in only one variables,
say x. We next construct tlie state vectors x, = (J : , ,X ( + 1 ) . Using this state
vector the mutual auto-correlat ion exponents can be calculated using Eq. 18.
Fig. 5 shows C(0,/, T) as a function of T for / = 0.05. The increase of 1 in
fractal exponent confirms the fact that there is complete loss of memory.
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3.5 Limiting Behaviour

We now discuss the effect of the two limits / - • 0 and r - t o o . We find that
these two limits are uon-ronimulitiK. The behavior in the limit r ~* oo is
clear from the examples discussed above. The asymptotic behaviour gives
us information about the extent, of loss of memory. Now consider the other
limit I —• 0 being taken first. From E<|. 15 we see that the slope of C(Q, I, T)
verses / tends to 0 as ! —» 0 and licuce for any finite r, C(0,/,T) tends to
D(0) and not 2£>(0) as / —* 0. Tlie slopes of actual curves of (7(0,/,r) in
Fig. 2(a) are also decreasing as / —> 0 and seem to support this conclusion.
Similar behavior is seen for other values of q. Based on this let us conjecture
that limj_0C((j,/,T) = D{q) . This conjecture implies that there is no loss of
memory if the initial conditions are specified with infinite precision. This is
natural since we have deterministic chaos. Thus the above conjecture allows
us to conclude that the loss of memory of the initial conditions is a property
of coarse graining.

4 Synchronization of Chaotic Signals
Here we consider two co-evolving dynamical systems which synchronize and
show that the mutual correlation dimensions are useful for characterizing
correlations between them.

4.1 Drive and response systems and synchronization
of response systems

Two systems are usually said lo be .synchronized if their trajectories converge
to the same trajectory, i.e. at each time step t he variables for the two systems
take up identical values. A priori, il. would seem that no such synchroniza-
tion is possible between two chaotic systems. If one considers two identical
autonomous chaotic systems with nearly the same initial conditions, each
maps out the same attractor in llie phase spare. However, as discussed in
the previous section the two trajecloricH (juickly become uncorrclated due to
the sensitive dependence on initial conditions characteristic of chaotic sys-
tems. Thus it appears that synchronization is difficult to achieve for chaotic
systems even if the systems are identical.

II



An ingenious way of synchronizing chaotic signaSs has been proposed
by Peeora and Carroll [IS] in a recent paper. Consider an autonomous d-
dimensional dynamiral system

ii — f { t i , f t ) , (22)

where u = ( M I , H 2 , . . . , « U ) and f[u) — ( / i (u) , . . . ,/j(u)) are d-dimensional
vectors and /( is the set. of parameters on which the function / depends.
Divide the system into two subsystems, namely a drive subsystem Ud and a
response subsystem uT such that u = {Ud, u,.) and uj = (u j , . . . , u m ) , ur =
(«m+i,.. •, "j) . The dynamics of each subsystem is governed by

it,i = fAud,ur,i*) , (23)

,ir = fAu.t.u^it) , (24)

where/j = (/i(i<), /m(i')) f l l«' /,• = (/m+il'Oi • • • * /d(u))- We now create
a new subsystem tî . evolving according to the equation

»' = /r("-i,«',/i) , (25)

where uj evolves according to Kq. 2:5. Thus ut acts as the common signal
between the two systems \uj,ur) and (uj,u'r). It has been shown by Pec-
ora and (iarroll [IS] that the subsystems ur and u'T synchronize provided the
subsystem Lyapunov exponents are negative where synchronization was said
to be achieved if the difference |ur - ii'r| tends to zero. They also found that
when the two systems were controlled by different parameters the synchro-
nization was degraded even when the subsystem Lyapunov exponents were
all negative.

The synchronization defined above is a special case of perfect correlation,
but not the only case. If we have perfect correlations with an associated
phase difference then we call this case as out of phase synchronization. On
the other hand uncoirelatcd systems will correspond to total asynchroniza-
tion. In addition one ran also encounter situations in which there is some
degree of correlation between two systems, even though the correlation may
be imperfect. This is the case of partiaJ synchronization. We now show that
[3] the mutuai correlation dimensions (Kqs. 3 and 4) for the two response sys-
tems Kr and u'r provide a measure ol synchronization and hence quantify the
notion of synchronization as well as out of phase synchronization, and of the
corresponding notions of partial synchronization and total asynchronization.

We note that the three cases discussed in Subsection 2.1 have the following
correspondence in terms of synchronization.
(a) Perfect correlation means t he response systems show either synchroniza-
tion or out of phase synchronization, hi this case C(<y) = Dr(q) where Dr(q)
are the generalized dimensions for the- subsystem ur and are given by Eq. 7.
(b) The uncorrelated case means total asynchronization between the two
response systems. In this ca.se the variables ur and u'r are completely uncor-
related and we have C{(j) — D,((j) + O'r(q). Since the two response variables
are governed by similar equations (E(|s. 2t and 25) by our construction, we
expect that Dr(q) = D'r{q) in many situations of total asynchronization and
C(q) — iDr{q). However this may not be. true for all constructions.
(c) Partial correlation is the same as partial synchronization. In this case we

4.2 Higher dimensional response systems

Consider systems where nT and u'r are multidimensional subsystems given by
"r = («mti, •-•,«<() and H' = [u'm + l «',)• For such systems the mutual
correlation dimensions ('(</) are given by lT,q. 8. However, as noted before,
the implementation of such a procedure is very cumbersome due to the high
dimensionality of the boxes required for the cover (2(d — m) for the above
system). A practical alternative Ibi rtiariirteriztng the response systems is to
consider the pair-wise behaviour of l.lic components of ur and u'r, i.e. the pairs
(u^ujj), t = m + l, ...,n. We ran thus define mutual correlation dimensions
Ct{q) for each pair using F.qs. -! ami •). The three cases (perfect correlation i.e.
synchronization and out of phase synchronization, total asynchronization and
partial synchronization) considered above are also applicable for each pair of
variables. However, due to (lie one dimensional projections the degree of
asynchronization is overestimated. The (\{i/) s provide bounds on the total
mutual correlation dimensions C'(r/}. II can lie easily seen that C{</) > ('h(q)
for any k and C{q) < £ t C'V(v).

10



4.3 Example: Lorenz map

We now apply the above analysis to I lie Lorenz map [19]. Lorenz map is
given by

y = —xz + rx — y (26)

This map shows perfect synchronization for the, parameter values a — 10,6 =
8/3 and r = 60 if either s or ;/ arc taken as the drive variable and the
remaining variables arc treated as response variables. This map has several
interesting aspects from the point of view of synchronization. We summarize
the interesting features below.
(a) Perfect correlation: Synchronization and out of phase synchronization:
As noted above perfect synchronization is obtained when either x or y is the
drive variable. As expected I lie mutual correlation dimensions are the same
as the generalized dimensions, i.e. (\\q) = Dt,{q) where k = y,z for x as the
drive variable and k = x, z for tj as 1 he drive variable. In this case the response
variables ur and u'T tend to take sip Use same values even after starting from
different initial conditions and remain in step with each other. When z is
the common variable a fairly long transient (~ 106 iterations) is observed
and the variables finally synchronize to our numerical accuracy. Both types
of perfect correlations, i.e. synchronization and out of phase synchronization
are found here depending on (.lie init ial conditions. The perfect correlation in
both the cases is reflected in the fact that the mutual correlation dimensions
Ck((j) are the same as the generalized dimensions Dit{q).
(b) Asynchronization: The response subsystems of the Lorenz map do not
synchronize when z is the drive variable and the parameter values are a =
10, 6 = 8/3 and r = 100 lor a time .scries of 2.5 x 106 iterations. The mutual
correlation fractal dimensions are <"j.(0) = 1.247 and 1.251 for k = x and y
respectively. As r increases there is a rapid decrease in correlations (increase
in asynchronization). This ran be seen from the fact that r = 110 gives
Cx(0) = 1.935 and Cy(0) = I .!«<).
(c) Degradation of correlations duo to parameter variation: An interesting
case of degradation of synchronization arises when the set of parameters fl
is different for the two subsystems ur and u'r so that ur = f,(uj,ur,fi) and

li

u'T = fr(u<i, u'T,ti'). Clearly, this is the generic situation in the case of natural
systems. If the response variables show perfect correlation for \i = ft' then,
when fi 4- ft' the correlation is found to siiow degradation [18]. Our formalism
is very useful for the study of this situation.

In the context of the Lorenz map we choose x as the drive variable and the
parameter values to be fi = {ff = 1 (1, l> - 8/3, r - 60} and }i' = {a = 10, h =
8/3, r'} where r' is ailowed to vary on cither side off = 60. Fig. 6 shows the
resulting values of Cj,(0) and C\(\) as functions of the percentage variation
of (r - r'). We see several interesting features. The map is synchronized for
r = r' = 60.0. There is a progressive smooth degradation of synchronization
as \r-r'\ increases. We find that the degradation is almost symmetric about
T' - r. The quantities C.\(0) and C'j.(l) show a power law behavior of the
type

CkM~y-rf, (27)

where B is a q dependent, constant with values 0.09 and 0.0S for <j = 0 and
1 respectively. However, no comment can be made on the universality of
B for a given q as the region near jr - r'| ss 0 could not be investigated
due to computational limitations. For an n X n grid the minimum variation
in the response variable AJ. = r' - .r should be of the order 1/n. Since
Ax oc Ar (Ref. [18]) the grid size places a lower bound on the |Ar| that can
be meaningfully investigated. This was approximately 5% for our finest grid
(n = 320).

It is possible that tin: sinooih variation in Ck(<[) as a function of the
parameter difference r — r' as seen in the case of the Lorenz map is a generic
feature. It is easy to show that in the linear approximation Ax(() oc A;(.
Hence we can expect that C1:{f/} will lie monotonic with respect to A/i at
least for Afi << 1.

The degradation in a synchronized signal due to factors such as parame-
ter variations and fluctuations, is of particular importance from the practical
point of view. The synchronization of experimental systems coupled by a
common drive can get degraded due to I he fluctuations and differences in
parameters which will arise in most experimental situations. In such cir-
cumstances one may wish to estimate the degree of degradation. Such an
estimation can also be useful for correcting the degradation. The utility of
the mutual correlation dimensions in this context is obvious.



5 Discussion

We have proposed a set of mutual correlation exponents and dimensions
which provides a precise and quantitative measure of the correlations be-
tween two variables. This enables us to distinguish between situations which
are perfectly correlated, partially correlated and completely uncorrelated sys-
tems. We have demonstrated the utility by using some examples. We now
discuss several issues relating to the correlation dimensions.
(1) We have compared the mutual correlation dimensions and correlation
coefficient and shown that C{q) give a better characterization of correlations
than R {Sections 1, 2 and 3). However, we note that C(0) or C{q) are not
able to distinguish between correlated systems with different phase lags. This
can be achieved by studying both C(0) and R. We first calculate C(0) to get
an idea of the degree of correlations in the two variables. We can then study
R to get an idea about the phase lag between the correlated variables.
(2) It is possible that the limit I —• 0 in Eq. 4 either does not exist or is not
useful. In this case we must study the mutual correlation exponents C(q, I).
We have already seen that for characterizing loss of memory {Section 3)
it is more useful to consider C(q,t) rather that C(q). Here I represents
the uncertainty in the initial conditions and hence is an important physical
parameter. It is also possible that the dependence of C(q, i) on I can identify
the characteristic correlation lengths that the system may have.
(3) It is important to see how large the number of data points, JV, should be.
To obtain C(q) accurately, we need to know accurately the probabilities pij
corresponding to each box bij. If p, is the smallest nonzero probability then
JV should be large enough so that p, >• 1/JV. We note that this condition
depends on the grid size. For q > 0 the larger probabilities dominate [8] and
hence C(q) are easy to obtain. However, for q < 0 the smaller probabilities
dominate and hence C(q) are more difficult to obtain. If we want to calculate
C(0) then we require only the number of occupied boxes M i.e. number of
boxes which have a nonzero probability. Hence, JV must be large enough so
that by increasing JV further M does not change significantly. In many cases
this is satisfied if A/ <£ JV.

We note that for perfectly correlated systems we require much less number
of points since M ~ n while for totally uncorrelated systems we require larger
number of points since M ~ n*. Thus even for small JV it is possible to
determine whether the variables are perfectly correlated but it is not possible

to say much about whether the variables are uncorrelated or about the degree
of partial correlation.

To conclude we have discussed a method of characterising correlations
between variables and shown that it describes correlations better than the
correlation coefficient. We expect that the method will be useful to under-
stand correlations in many theoretical and experimental situations in diffrent
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Figure Captions
Fig. 1 The figure shows different cases of correlations between two variables

for a 10 x 10 grid. The occupied boxes are shaded, (a) Perfectly
correlated, in phase situation. Here G'(0) = 1, R = 1. (b) perfectly
correlated, 180° out of pha.se situation, C(0) = l,R= - 1 . (c) Perfectly
correlated, 90° out of phase situation, C(0) = 1, R = 0. Note that in
this case C(0) becomes onp only in the limit n —» oo. (d) Perfectly
correlated situation, C'(0) = 1, ft unspecified, (e) Uncorrelated Case.
In this case C(0) = 2, R = 0. {f) Partially correlated case. In this case
1 < C ( 0 ) < 2 , - 1 < II < 1.

Fig. 2 (a) The figure shows the fractal exponent C(0, J,T) as a function of
T for four different values of / lor the logistic map with fi = 4.0.
Figures (b), (c) and (d) snow similar plots for the logistic map at
/( = 3.5699... ,3..W87 ami 3.826... respectively. The lengths of the
time series used in the calculations wore such that each box in the cover
contained at least 10 points on the average.

Fig. 3 The \ values are plotted as a function of q for the logistic map with
/ = 0.0033 and ;i = 4. The values of A, are calculated using the linear
portion of C(q,l,r) verses r curve and Eq. 17.

Fig. 4 The part (a) shows the plot of auto-correlation coefficient R(T) as a
function of r for the logistic map at p. = 4. Parts {b), (c) and (d)
show similar plots for the logistic map at ft = 3.5699... ,3.59687 and
3.S26... respectively.

Fig. 5 The figure shows the plot of C(0, l,r} as a function of T for the Henon
map.

Fig. 6 A plot of Cv(0) and (\( I), the mutual correlation fractal and informa-
tion dimensions respectively, against the percentage parameter varia-
tion of the parameter r' for the Lorenz attractor {a = 10, r = 60 and
6=8/3) .
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