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Abstract

We propose a quantum-statistical framework that provides an integrated perspec-
tive on the differences and similarities between the many current models for multi-step
direct reactions in the continuum. It is argued that to obtain a statistical theory two
physically different approaches are conceivable to postulate randomness, respectively
called leading-particle statistics and residual-system statistics. We present a new
leading-particle statistics theory for multi-step direct reactions. It is shown that the
model of Feshbach et al. can be derived as a simplification of this theory and thus can
be founded solely upon leading-particle statistics. The models developed by Tamura
et al. and Nishioka et al. are based upon residual-system statistics and hence fall into
a physically different class of multi-step direct theories, although the resulting cross-
section formulae for the important first step are shown to be the same. The widely
used semi-classical models such as the generalized exciton model can be interpreted
as further phenomenological simplifications of the leading-particle statistics theory. A
more comprehensive exposition will appear before long1).

1 Introduction

Multi-step direct (MSD) reactions in the continuum are experimentally characterized
by strongly forward-peaked, but smooth, angular distributions and by pronounced high
energy tails in the emission spectra. In applied experimental and phenomenological work
they are also commonly called precompound or pre-equilibrium reactions, and they are
viewed as intermediate between direct and (multi-step) compound reactions. A wide vari-
ety of MSD theories has been proposed in past years. The oldest are the so-called general-
ized exciton models that go back to the work of Mantzouranis et al. 2); for a survey see3).
These statistical models have a clear phenomenological and semi-classical background,
and they have been shown to be quite successful in practice4) and are still being used in
the analysis of experiments5). In more recent years several quantum-statistical theories of
MSD reactions have been developed. The most important ones are those of Feshbach et
al.6) (henceforth denoted the FKK model), of Tamura et al.7) (the TUL model), and of
Nishioka et al.8) (called here the NWY model).

At a global level, these MSD models have several ideas and concepts in common. They
share the physical picture of a fast, 'leading', incident particle in the continuum (> 10
MeV per nucleon) that creates new particle-hole pairs on its way through the nucleus. The
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fact that it usually leaves the nucleus after only a few interactions ('steps') implies that
upon emission it retains some memory of the incident energy and direction. This explains
the high energy tails in the spectra and the forward-peaked angular distributions. Another
idea all MSD models have in common is that some statistical approach is warranted, since
one is dealing with regions with a high level density.

If we look more closely, however, it appears that the various MSD models are quite
diverse. First, there is the split between semi-classical and quantum models. They further
differ in the nature and the way of application of statistical hypotheses and of other
simplifying assumptions. Most importantly, the derived expressions for MSD cross-sections
are clearly different. In general, it can be said that the relationships between the various
MSD theories are only partially understood.

In this paper we will propose a quantum-mechanical framework that clarifies the simi-
larities and dissimilarities of the various MSD models. A salient feature of this framework is
that we consider two possible, and physically different, randomness postulates that provide
a foundation for a statistical MSD theory. The first postulate, that we call leading-particle
statistics, supposes that at each step the leading particle can create many configurations
from the given one, and that this process can be described in a probabilistic fashion. This
idea of branching or of a "garden of forking paths" matches very well with the classical
physical intuition and provides an explanation for the widespread occurrence of Markov
chain concepts in work on nuclear reactions far from equilibrium9). The second statistical
postulate, denoted residual-system statistics here, assigns the randomness properties not
to the leading particle but to the residual nucleus, by assuming a random configuration
mixing. This type of statistics was first proposed by 10).

On this quantum-statistical basis, we will construct a new leading-particle statistics
theory of MSD reactions, of which the FKK model is a special case. This implies that
the FKK model cannot be well interpreted as a simplification11) of the TUL model, since
the latter has a fundamentally different physical basis, viz., residual-system statistics.
Nevertheless, it will be shown that in certain cases different physical assumptions may
still lead to the same expressions for MSD cross-sections. Finally, we will indicate how the
semi-classical approaches can be understood in a quantum-mechanical context.

2 The MSD Born Series

In this section we give two expressions for the MSD cross-section distributions that
are representative of the MSD reaction process before any statistical hypothesis has been
introduced. The first expression corresponds to the general case whereby all residual
interactions have been included, whereas the second one is a limiting case of the first
and gives a description purely in terms of independent particle states. The latter form is
of interest, since it provides the link with the widely used semi-classical pre-equilibrium
models as well as with computer implementations of the FKK model. We will restrict
ourselves to nucleon-induced inelastic scattering and charge exchange. Furthermore, we
assume the leading particle to have no internal structure (i.e., its nuclear eigenstate can
simply be omitted). This is to avoid an overburdening of the notation that would divert
the attention from the more important statistical issues. A generalization to other reaction
types poses, in principle, no problems.
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2.1 Hamiltonian and Eigenstates

The total Hamiltonian that describes the direct reaction process is:

H = H0 + Hi + K(A) + Uopt(A) + V, (1)

where Ho is the shell-model Hamiltonian, Hi the residual interaction of the residual
nucleus, K the kinetic energy, Uopt the optical potential and V the residual interaction of
the leading particle with the residual nucleus. The explicit distinction between a residual
nucleus and a leading particle is typical both for the description of a direct reaction
process and for models of precompound processes2). It is also essential in the discussion
of statistical assumptions in this paper.

The shell-model Hamiltonian generates a complete set of particle-hole eigenstates
being anti-symmetrized direct products of A — 1 one-particle states,

= Emfl\mfj,), (2)

where m determines the exciton class (rapra/i-states), fx is a running index for the particular
particle-hole configuration within each class and Emfl is the energy of the particle-hole
state. Similarly, the real residual states \n) (with eigenenergies En) are eigenstates of
#0+1:

H0+i\n) = En\n). (3)

The presence of -ffi causes configuration mixing, which is represented by the expansion
of \n) as a linear combination of particle-hole states

m/j,

Thus, each particle-hole state |ra/i) is distributed over the real states \n) and the
strength of each contribution is determined by the distribution amplitude a^. If Hi
vanishes, a^ — 8mfXin, corresponding to no configuration mixing.

The dynamics of the leading particle is described by a distorted wave x ^

[K(A) + £WA)]|X
(+)(k)> = £*lx(+)(k)>, (5)

where Ek is the relative kinetic energy. Together with their bi-orthogonally conjugated
counterparts j ^ + \ they form a complete and orthonormal set.

2.2 The Cross-Section Distribution

As discussed in detail in ref.1), standard perturbation theory gives us the cross-section
distribution, a convenient tool in the description of multi-step direct reactions to the
continuum. For the real nuclear model (i.e., in the presence of Hi) the one-step cross-
section distribution is
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The corresponding expression for the independent particle model i.e., obtained by
taking the limit Hi -> 0 is,

^ ^ ^ 2 - ^ ) . (7)

The two-step cross-section distribution in the real nuclear model is

n'

1
E-En,- Eu - iel

X o.^-—- -——(x(+)^i)\MV\0)\x(+)(^o))S(Ef-Ex), (8)

whereas we have in the independent particle model

X f? - E ; - B , - fe

x <2i/|y|i/*>|x
(+>(k1)>jE_ j ; + .

x 6{E2v-Ex). (9)

The importance of the above equations lies in the fact that all statistical MSD reaction
models discussed in this paper have Eqs. (6)-(9) as their starting point.
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3 The Statistical Problem: Postulating Randomness

It is clear from the previous section that the non-statistical expressions for MSD re-
actions are highly complicated, due the presence of quantum interference effects in the
cross-section formulae. This makes it virtually impossible to perform (individual) cross-
section calculations in regions with a high level density. Naturally, it is at this point that
statistical assumptions are introduced in order to remove interference effects (upon en-
ergy averaging) to give relatively simple expressions for the energy-averaged cross-section.
An additional reason to do so is the observation that the experimental characteristics of
MSD reactions are rather simple, and can be reasonably well predicted by straightforward
semi-classical models or even by systematics12'13).

3.1 Different types of randomness

From the structure of the total Hamiltonian (1) it follows that there are two candidates
for generating the statistical properties desired for manageable pre-equilibrium reaction
theories: the residual interactions Hi and V, respectively. With these interactions we can
associate two physically different types of randomness:

1. leading-particle statistics. The interaction of the leading particle with the nucleus
is modeled by V. If it is assumed that in a certain energy interval many states
can be created by the leading particle, and that the corresponding matrix elements
vary widely both in magnitude and sign, we obtain what we will call leading-particle
statistics. Actually, this is the intuitive picture behind most of the semi-classical
pre-equilibrium models.

2. residual-system statistics. The interactions within the residual nucleus are given by
# 1 . If it is assumed that the resulting configuration mixing has a random character,

\m) \n)

Figure 1: Leading-particle statistics: many |n)-states can be created in a random manner
by the leading particle from a given state |ra).
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we have what we will call residual-system statistics. This type of randomness lies
at the basis of the MSD theories of Tamura et al.7) and of Nishioka et al. 8) and
relates to recent studies of quantum chaos in nuclei14'15).

Below we will discuss the formal expressions for the respective statistical hypotheses.
In subsequent sections we will explore their consequences for theories of MSD reactions.

3.2 Leading-Particle Statistics

Leading-particle statistics16) supposes that V connects a given nuclear state to many other
nuclear states (of the residual nucleus, as depicted ift Fig. 1), and that the associated set
of matrix elements is randomly distributed. The residual nucleus is viewed here as a
subsystem of the reacting composite system consisting of residual nucleus plus leading
particle.

Leading-particle statistics can formally be expressed as follows:

E E / /dk1dk'1(x(+)(k2)|(n'|F|m')|xW(k'1))(x(+)(ki)|{m|y|n)|x(+)(k2)> =
'n'J J

E
m,nm',n

x (x(+)(ki)|{m|y|n)|X(+)(k2)) - ^ E / ^ ^ M H ^ M I x ^ k x ) ) ! 2 . (10)
m,n

The bar denotes an average over the residual excitation energy Ex(= Ek0 — E^),
whereby the averaging interval AE is chosen such that it contains a sufficiently large
number of accessible states. The physical assumption here is that non-diagonal cross-
products of matrix elements cancel upon energy averaging, because these matrix elements
widely vary both in magnitude and sign and therefore can be considered to be random
variables. Eq. (10) refers to the intermediate steps in a multi-step process. A similar
postulate for the final steps will be used whereby x occurs instead of x- As a consequence
of the assumed two-body nature of V, there is at most a lplh difference in complexity
between the \m) and \n) states of the residual nucleus. Thus, a special instance, important
for the first step, of Eq. (10) is:

The above form of statistics resembles that of Ref. 1 7) , but here it is worked out for
MSD rather than for multi-step compound reactions. The difference lies in whether or not
it makes sense to retain the distinction between a leading continuum particle and other,
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slower, particles in the composite nuclear system. Leading-particle statistics is a necessary
condition for the —both conceptually and computationally attractive— convolution-type
structure of the FKK model and the generalized exciton models.

3.3 Residual-System Statistics

This type of randomness8'10) is based on the properties of the residual nucleus alone, in
other words, its existence is not related to the particular dynamics of the reaction. For
sufficiently high excitation energies Ex, the spectrum of the residual nucleus contains many
states within a relatively small interval AE around Ex. For each state, we expect the linear
combination (4) to be very complicated. Now, residual-system statistics is introduced
by assuming a random configuration mixing, i.e., the amplitudes a^M are supposed to
be elements of a random probability distribution. As a consequence, the non-diagonal
elements vanish upon energy averaging:

(12)

the bar denoting the average over the residual excitation energy. More detailed discussions
of the nuclear structure aspects concerning the distribution of the amplitudes can be found
in Refs. 18~22). i n this paper, we assume the above statistical hypothesis to be valid and
apply it to the previously derived MSD cross-section distributions.

As an illustration, let us consider the one-step cross-section distribution (6). Upon
energy averaging, the non-diagonal terms vanish and the distribution c-i^Ex) =
Z)n \amn\2K^n — Ex) can now be interpreted as the relative contribution of the model
state |1^) to the real level with energy Ex. The statistical mixing between the particle-
hole model states and the real nuclear states is depicted in Fig. 2. It is imagined that

Figure 2: Residual-system statistics: the dashed lines represent the particle-hole states,
each contributing differently to the real nuclear state (solid line) according to some random
distribution (here: a Lorentzian).
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around each particle-hole state a probability distribution Cî  is given, its width being a
measure for the magnitude of the residual interaction H\. Then, the contribution of each
particle-hole state to a real state is represented by the value of ciM at the considered ex-
citation energy. Existing examples of the application of residual-system statistics are the
TUL and the NWY models, which will be discussed later.

3.4 Generating simple MSD models

Even with the introduction of statistical hypotheses, the quantum MSD theories tend
to become quite complicated. On the other hand, as already pointed out, experimental
data concerning MSD reactions display a simple, smooth structure and are fairly well
explained by simple approaches. In addition to the mentioned statistical postulates, we
will therefore also investigate further approximations that are useful to obtain simple MSD
models. The most important of these are the on-shell approximation and the independent-
particle limit. With these ingredients, it will be sketched how one can generate a variety
of different theories that includes both existing and new MSD models. In particular, it is
possible to give a quantum-statistical interpretation of the phenomenological models that
are most widely used in practice.

4 The One-Step Cross-Sect ions

4.1 The Real Nuclear Model

The cross-section distribution for the first step given by Eq. (6) can now be averaged over
the final energy using either leading-particle statistics (11) or residual-system statistics
(12). Recalling the previously discussed physical difference between the two hypotheses,
we come to the interesting conclusion that in either case the same expression for the
averaged one-step cross-section is found:

(13)

where the true partial level density pmtl is defined by

Pmn = Cmn{Ex). (14)

This coincides with the expression obtained for the TUL model in 7) and for the NWY
model in8), although there it was specifically associated with residual-system statistics.

In the practical implementation of (13) by the computer code ORION-TRISTAR23),
the diagonal terms of Eq. (6) are averaged over an energy interval, whereby the distribution
citi(Ex) of Eq. (12) is taken to be a Gaussian or a Lorentzian. The DWBA cross-section
is calculated for each particle-hole state and the result is multiplied by the corresponding
statistical factor (cf. Fig. 2). Repeating this procedure for some neighbouring values of
Ex yields the averaged result (13).
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4.2 The Independent Particle Model

Also the independent particle model leads to an interesting finding, since Eq. (7) shows
that in this case there are no interference effects to be destroyed and, thus, no randomness
hypothesis whatsoever is necessary to obtain the desired result. In this case, the energy-
averaged one-step cross-section becomes

We see that in the independent particle model the individual DWBA cross-sections
have equal weights in the averaged cross-section. This is in contrast to the previous case
where each DWBA cross-section is weighted by a factor cin(Ex). Eq. (15) can be rewritten
in the equivalent form

(16)

where pipih(Ex) denotes the particle-hole model level density of the residual nucleus.
Usually it is estimated by the Williams formula24). In the computer code of Bonetti et
al25), Eq. (16) has been implemented as the one-step cross-section of the FKK model.
This is done by decomposing Eq. (16) into different transferred angular momenta and
estimating the average for each angular-momentum value by drawing a small sample.

In sum, for the real nuclear model we find that both leading-particle statistics and
residual-system statistics lead to the same expression for the one-step cross-section. For
the independent particle model we do not even need a statistical assumption to obtain
the desired energy-averaged result. The model level density p differs from the true level
density p and therefore Eq. (16) differs from the TUL, NWY and leading-particle statistics
models already in the first step. In the limit Hi —> 0 the probability distributions ci^Ex)
of Fig. 2 reduce to delta functions and, consequently, Eq. (13) will then coincide with Eq.
(16).

4.3 A computa t iona l i l lustrat ion

As already pointed out, Eqs. (13) and (16) have both been implemented as part of a
multi-step direct computer program, in the TUL code of Tamura et al.23) and in the
FKK model code of Bonetti et al25), respectively. As an illustration, we have carried
out some calculations with these computer codes and the results are presented in Fig. 3.
Here, a comparison is given between the calculated one-step cross-sections, for inelastic
proton scattering on 58Ni at 65 MeV of incident energy and 51 MeV of outgoing energy.
For the sake of comparison, the input parameters were made equal as much as possible
(same optical model, same maximum lvalue for distorted waves, etc.). In the FKK code
the energy average is taken over an interval of 20 MeV. The distribution ciM has been
taken in the TUL code to be a Lorentzian with a width of 4 MeV which is also the used
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Figure 3: Double-differential one-step cross-sections for 58Ki(p,p') at 65 MeV incident
energy and 51 MeV outgoing energy. The solid line is the FKK result, the short-dashed
line is the TUL result with a width of 4 MeV, and the long-dashed line is the TUL result
in the limit of zero width.

averaging interval. In the figure we have also displayed the result for a distribution width
that is virtually zero, thus computationally simulating the independent particle limit. The
experimental data are from Ref.26).

It is perhaps helpful to add a remark on the calculation of the true and model level
densities p and p. The difference between them is that p includes the configuration mixing
of the residual states, whereas p neglects this effect. The FKK code uses the model level
density p, for which the Williams formula is generally used. The TUL code uses the
true level density p. Here, a problem is that this is the concept that naturally occurs
in the theory, but it is very difficult to give an adequate computational prescription for
it. Only a few recent papers deal with this problem27'28). In our calculations, we follow
the suggestion of Tamura et al. who estimate p by an energy average over Lorentzian
distributions.

A first conclusion from the figure is that all models —and we recall that the TUL result
also represents that of the NWY model and of our leading-particle statistics theory—
indeed predict that the first step provides the major contribution (say, 80 per cent of
the total cross-section) to the MSD cross-section. This reconfirms' the results from the
many studies done on the basis of the generalized exciton models. The various models
also roughly predict the same shapes and absolute values, although at a more detailed
level there are clear differences. The independent-particle limit of the TUL code should,
theoretically speaking, yield the same result as that of the FKK code. That this is actually
not the case can therefore not be attributed to differences in the underlying physics of
the models, but it is rather located in more practical aspects like different choices for
various model parameters that are embedded in the computer codes. Accordingly, the
results presented should not be taken as a detailed comparison of MSD-theories with
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experimental data. The figure as a whole shows that practical parameter choices are at
least as important as physical differences in the implemented MSD theories and, thus,
that a proper computational comparison of theories is not simple and needs to be carried
out with care. Accordingly, a more thorough model and code comparison for the quantum
MSD theories would be very useful.

5 The Two-Step Cross-Section: Leading-Particle
Statistics

In the previous section it has been demonstrated that different physical routes lead to
more or less the same first-order expressions. We will see, however, that the descriptions
for the two-step process show more diversity. In this section, we will give the various
two-step results that have their physical basis in leading-particle statistics, whereas the
corresponding results for residual-system statistics are discussed in the next section. For
detailed derivations we refer to ref. ).

5.1 The General Leading-Particle Statistics Theory

Our starting point is Eq. (8) and we employ the usual never-come-back assumption by
supposing that the dominant process is that the leading particle creates a new particle-
hole pair, leaving the rest of the nucleons as spectators. Then, applying leading-particle
statistics on the intermediate and the final states yields the result:

dndEk

•*-* n s n • \/V v 1 ) \ \ AM I / l/v V Oy/ I * \ J

We stress that although the distribution amplitudes a ^ and fl/j^ have been aver-
aged over energy, no random configuration mixing was used to eliminate the associated
interference effects.

5.2 The FKK model as a Simplified Leading-Particle Statistics Theory

The FKK model6) can be viewed as a simplification of the above leading-particle statistics
theory 16). An attractive feature of the FKK model is its simple convolution structure,
which is not present in the above equation as a result of the occurrence of the Green
function. The basic ingredient to obtain this convolution structure is the use of the on-shell
approximation, which physically corresponds to the classical idea of energy conservation
at each step. Except for the additional use of this approximation, the derivation of the
FKK result employs the same assumptions as in the previous subsection. It reads:

* * & 9. f It / T \ / T-i//\ / nl \l I I \ / l \ l / - . . I K r l n l l / I W» \ l |2 ^

(18)
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This is basically the two-step result for the FKK theory (see Eq. (2.5) of Ref.6)) and
the expression that has been implemented in the computer codes of Bonetti et a/.25) and
of Marcinkowski et al.29). There are two differences with the result given in the original
FKK paper6). First, these authors introduced a further simplification by replacing x by
X, a choice argued in more detail in30), but criticized in11). Although computationally
very convenient (and present in the mentioned computer programs), in our opinion this
assumption is likely to constitute an oversimplification, since it would imply that the
probability of emission equals that of particle-hole creation. The second difference lies
in an additional summation over neighboring particle-hole states in the original FKK
expression. This summation is not present here as a result of our use of the never-come-
back assumption. We mention in passing that it does also not occur in the implementations
of25) and29).

Further, we point out that the independent-particle limit is not a crucial element in
the above derivation, although it is employed in the computer codes of25) and29). In other
words, the FKK result for the real nuclear model can be obtained by replacing p by p.

The derivation given in1) demonstrates that the FKK result can be seen as only based
upon leading-particle statistics. There is no need at all to invoke residual-system statistics,
although this was explicitly mentioned in6). In addition, we have shown that the FKK
model is a simplification of a more general leading-particle statistics theory, resulting from
the additional introduction of the on-shell approximation. Both leading-particle statis-
tics and the on-shell approximation are necessary to obtain its characteristic convolution
structure.

5.3 The generalized exciton model

In this subsection we will sketch how the generalized exciton model 2) , which is still
widely used in practice but has a semi-classical and phenomenological character3), can be
interpreted in terms of our theory. Basically, it can be viewed as a classical interpretation
and a further phenomenological simplification of the FKK model. We point out that a
rigorous derivation will not be possible, because the exciton model treats the precompound
process as a whole and therefore embodies a mixture of multi-step compound and MSD
concepts. Nevertheless, its physical ideas can be qualitatively explained and its main
characteristics, in particular the shape of the angular distributions and of the energy
spectra, can be semi-quantitatively understood in terms of the present quantum-statistical
framework16).

Several of the physical ideas behind the generalized exciton model can be interpreted
in a straightforward manner. It consistently employs particle-hole model states and thus
neglects the residual interaction Hi within the final nucleus. Accordingly, residual-system
statistics does not play an essential role in the exciton model. Indeed, the picture behind
the generalized exciton model is that the fast incident particle can at each step create many
different configurations in a probabilistic manner. This idea is formally expressed in our
leading-particle statistics postulate. That Eq. (10) is indeed a proper quantum-statistical
formalization of the MSD part of the exciton model is corroborated by comparing it to the
statistical hypothesis proposed by 17) for (what now would be called) multi-step compound
reactions and its attempted extension to the leading-particle concept in2). Furthermore,
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the exciton model assumes that classical conservation of energy applies to all transitions,
these being expressed in terms of particle-hole model states.

Thus, the MSD part of the exciton model can be reformulated in a quantum-mechanical
framework in a manner that is truthful to its conceptual ideas by employing: (i) leading-
particle statistics; (ii) the on-shell approximation; (iii) the independent-particle limit.
Hence, this reformulation is given by Eq. (16) for the first step and by Eq. (18) for the
second step. This conclusion has some interesting corollaries16). First, in contrast to what
is often stated in exciton-model studies, no equiprobability assumption for the creation of
different configurations is being invoked. Second, no statistical assumption is needed in
obtaining the one-step expression, since it is simply proportional to the sum of the squared
residual DWBA matrix elements within the considered energy interval. Finally, and most
importantly, the above discussion shows that the FKK model (as we have interpreted
it here) represents the proper quantum-mechanical reformulation of the MSD part of the
exciton model, in the sense that it embodies the same conceptual physical ideas, but avoids
the classical and ad hoc aspects of the exciton model.

We will now shortly discuss the phenomenological simplifications used by the general-
ized exciton model and to be introduced into Eqs. (16) and (18). A peculiar feature of the
exciton model is that it displays a convolution-type structure for the double-differential
cross-sections, but unlike the FKK model only for the angle dependency and not for the
energy-dependent part 2 '3) . The reason for this is mainly historical: the original exciton
model was an extension of statistical compound ideas31) and the leading-particle concept
was only introduced later on and is therefore something of a patch-up. We can obtain this
structure from Eqs. (16) and (18) by assuming (as is indeed done in the generalized exci-
ton model) that the occurring averaged matrix elements factorize into an angular and an
energy-dependent part. An additional simplification is then introduced by not estimating
the angle-dependent factor (called the "scattering kernel" in phenomenological work) from
DWBA theory, but from classical isotropic (in the nucleon-nucleon center-of mass system)
scattering or, in later work, from the Kikuchi-Kawai expressions32). These assumptions
generate from Eqs. (16) and (18) the angular distributions as given by the generalized
exciton model. Although very simple, they nevertheless produce reasonable predictions
4 '5).

In order to explain how the exciton model obtains expressions for the emitted energy
spectra from Eqs. (16) and (18), even more simplifications are needed. The intermediate
matrix elements are replaced by global quantities independent of the intermediate energy
(albeit that we do not need this assumption for the first step). As a result, the n-step
cross-sections become proportional to pnpnh(Ex). Next, an additional average over Ek is
carried out and the final step matrix elements are then estimated from the inverse process
using detailed balance considerations. This yields the energy dependence of the exciton-
model emission rates as discussed in the Appendix of31). Although these procedures are
not very convincing in the MSD context (as they clearly have their roots in compound
concepts), they again yield reasonable results for the emission spectra. It is to be noted,
however, that the main precompound contribution stems from the first step.

From this discussion it is evident, first, that the generalized exciton model is physically
speaking a simplified version of the leading-particle statistics theory and especially of the
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FKK model and, second, that the estimates and simplifications used in the final expressions
of the exciton model are very crude. Accordingly, if one adheres to the physics as embodied
in the exciton model, we would recommend to employ FKK model implementations for
practical applications.

6 The Two-Step Cross-Section: Residual-System
Statistics

In this section we will outline the consequences of the residual-system statistics hy-
pothesis (12). Using the previously developed framework both the TUL7) and the NWY8)
models can be derived1). We will also mention the implications of the on-shell approx-
imation in conjunction with residual-system statistics, and give a comparison with the
leading-particle statistics results.

6.1 The TUL Model

Here, the formal development is completely analogous to that of Sec. 5, with the excep-
tion that we use residual-system statistics instead of leading-particle statistics. Assuming
residual-system statistics for the final states and the intermediate states (this is called the
adiabatic approximation), we find for the two-step energy averaged cross-section:

JdSldEk

I) |2 . (19)

Together with Eq. (13) for the one-step cross-section, this constitutes the TTJL model.
Taking the independent-particle limit here does not make much sense, since the presence
of Hi is necessary to generate the statistics, in contrast to the leading-particle statistics
case.

Comparing Eq. (19) with the analogous leading-particle statistics cross-section (17)
demonstrates that leading-particle statistics is a stronger assumption than residual-system
statistics. Equation (17) resembles, but is simpler than the TUL equation (19), since in
the former the interference effects related to the leading particle are also eliminated (i.e.,
the integral over ki is outside the square), while the residual-system statistics employed
in this section merely destroys those of the A - 1 particle states. This is physically
understandable, because leading-particle statistics makes assumptions about the behavior
of the leading particle, whereas residual-system statistics does not.

6.2 The NWY Model

The NWY model8) is identical to the TUL model for the first step. For the intermediate
stage of the second step the NWY model assumes that additional particle-hole creation is a
much faster process than residual configuration mixing (while the TUL model takes it the
other way around). This so-called sudden approximation gives the two-step cross-section:
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- Mkj ~

lx (+ )(ko)) I2- (20)

where we have used a more explicit particle-hole notation. In contrast to the other two-
step models we have discussed so far, the two-step cross-section of the NWY model employs
a statistical energy average only once. As a consequence, the final state 'remembers' which
particle-hole pair was created in the intermediate step. Thus, the NWY model uses a
weaker statistical hypothesis than the other models and gives therefore rise to a more
complicated expression.

6.3 Residual-System Statistics and the On-Shell Approximation

Previously we have argued that in conjunction with leading-particle statistics the on-shell
approximation yields a simple and transparent model, i.e. the FKK model. Combining
residual-system statistics and the on-shell approximation gives the two-step cross-section:

d2a(2)

X

x {x (- )(k)|(l I/ |y|0)|x (+ )(k1))(x (+ )(k1) |(l/ . |F|0)|x (+ )(ko)). (21)

Accordingly, residual-system statistics together with the on-shell approximation leads
to a model that is simpler than the full TUL model. It is interesting to compare the
above result with the FKK result which was obtained by using leading-particle statistics
combined with the on-shell approximation. We see that in the case discussed here there
is energy conservation in the intermediate step (due to the on-shell approximation), but
there are still interference terms left regarding the intermediate angle related to the leading
particle. This is to be expected because residual-system statistics does not say anything
about the leading particle. Hence, it does not lead to a convolution structure as is the
case in the leading-particle statistics theory. This confirms that the structure of the FKK
model cannot be obtained by means of residual-system statistics, and thus that the FKK
theory is essentially a leading-particle statistics theory.
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7 Summary

The analysis given in this paper intends to provide an integrated perspective on the
similarities and differences between the many current theories of MSD reactions in the con-
tinuum. We have argued that, starting from the framework of distorted wave theory, there
are essentially two different possibilities to generate a statistical MSD theory. The first
is to introduce a randomness postulate that we have denoted leading-particle statistics.
Here, it is assumed that at each step many states are accessible to the leading continuum
particle and that the associated residual matrix elements are randomly distributed. The
second possible randomness postulate, called residual-system statistics, is to assume that
there is a random configuration mixing due to the residual interactions within the residual
nucleus. The latter hypothesis does not make any statistical assumption about the inter-
actions of the leading particle. These physically different randomness postulates generate
two distinct classes of statistical MSD theories.

As discussed in Sec. 3, residual-system statistics is related to Hi and leading-particle
statistics is related to V. Employing these statistical hypotheses produces a variety of
different MSD models. Using residual-system statistics yields the TUL model ) as well as
the NWY model8). The difference is that the former applies residual-system statistics at
all steps (the 'adiabatic' approximation), while the latter applies it only in the final step,
because it was argued in8) that in the intermediate steps particle-hole creation is a faster
process than configuration mixing (the 'sudden' approximation). This is shortly discussed
in Sec. 4 for the first step and in Sec. 6 for the second step.

We have presented a new leading-particle statistics theory for MSD reactions. Its
one-step cross-section is given by Eq. (13) and its two-step cross-section by Eq. (17).

Interestingly, the one-step expression (??) of our leading-particle statistics model is
identical to that of the TUL and NWY models, although the physical basis of the deriva-
tion is entirely different. In addition, it has been shown that no statistical hypothesis is
needed in obtaining the first-step result (16) of the independent particle model. These con-
clusions are of practical importance, because the first step provides the major contribution
(typically 80 per cent, as also illustrated in Sec. 4.3) to the MSD cross-sections.

Another interesting conclusion is that the above leading-particle statistics theory re-
duces to the FKK model if we in addition employ the on-shell approximation and take
the independent-particle limit (i.e., neglect Hi), see Sec. 5.2. This shows that the FKK
model6) is to be understood as being based upon leading-particle statistics. Hence, it is
physically not justified to view the FKK model as a simplification of the TUL model,
as argued in11), since the latter employs residual-system statistics. In other words, the
TUL model needs to employ the presence of H\ to generate its statistical foundation,
whereas the FKK model can completely neglect this term of the Hamiltonian. We have
furthermore indicated (Sec. 5.3) how the semi-classical approaches such as the generalized
exciton models2'3) can be interpreted as further phenomenological simplifications of the
leading-particle statistics and FKK models. Accordingly, the relationships between the
various MSD models can be represented as in Fig. 4. Here, LPS stands for leading-particle
statistics, RSS for residual-system statistics and IPM for independent particle model.
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Figure 4: Family tree of statistical MSD-theories
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