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Introduction

Recently there has been growing interest in non-perturbative effects in the

Standard Model. For example, it has been suggested that electroweak in-

teractions become strong at high energies, showing completely new physical

phenomena like high-multiplicity events involving 'weakly'' interacting par-

ticles and baryon number violation [1!.

Baryon number violation is a problem which has been of much interest in

cosmology. With a proper understanding of the dynamics of baryon number

violation, it is belived that it should be possible to compute from first princi-

ples the observed baryon asymmetry of the Universe. In order to understand

the dynamics, one must, of course, have experimental tests.

I'ntil recently, it was believed that the only baryon number changing pro-

cesses relevant for cosmology were those whose natural physical scale is of

order "f E -• 1015 CJeV. Such processes are widelv discussed beyond the Stan-

dard Model. Unfortunately, with t lie failure to observe the proton decay, it

appears unlikely that it will be possible to test experimentally conjectures

concerning the physics at such energy scales.

However, it has been well known that there is another class of baryon number

changing processes associated witti electroweak theory within the frameworks

"f the Standard Model. The method for computing amplitudes which involve

baryon decay uses Fuelidenn classical solutions of the electroweak theory, iu-

stnntons '2 . The first computations of such amplitudes were done in the

classic paper of t llooft '2 , v.-her- the electr.>weak theory was considered

and nihtaiitoiis were used in order to determine the rate of baryon (B) plus

leptnii number (I,) violation. I he amplitudes f"i" such processes were esti

mated to be of the order t. 2lK 'Mv . where i\\\ is the Sl'(2) coupling constant.

I lus factor is of order 10 fin. and is so small that if there is no large factor to

compensate tins exponential suppression, thru such processes are of no prac-

tical phenomeii'logical significance. Fur example, the deuteron is unstable
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in non-perturbative electroweak theory (it could decay into an antinucleon

plus 3 antileptons), but it's lifetime can be estimated theoretically by -~ 10200

years.

The new input to this problem was done in ref. [1], where it was suggested

and advocated in the framework of the so-called naive instanton approach

that the 't Hooft suppression p 2*/a"p of an amplitude for the fermion number

violating processes can be compensated by some energy-dependent factor for

sufficiently high energy of colliding particles E ~ mw/aw ~ 10 TeV, where

mw is the mass of the W-boson. The compensating factor appears due

to multi-boson production in the instanton-induced high-energy collision.

Howe%'er, even the first corrections to the naive instanton calculation must

be significant at high energies and may drastically change the final result.

The problem of classification and taking into account in some self-consistent

way the corrections to the naive instanton calculation became one of the most

interesting and important problems of the Standard Model. One possible way

to solve this problem is to use the optical theorem approach which allows

us to relate the total cross-section for fermion number violating processes

with the imaginary part of the forward elastic scattering amplitude. The

corresponding 4-point Green function should be evaluated in the background

of instanton-anti-instanton configurations.

The purpose of this paper is to study non-perturbative (due to instanton-
anti-instanton interactions) aspects of non-Abelian gauge theories.

The reader is reminded that for dealing with instanton-like objects one has to

use the formalism of functional integration in Euclidean field theory. In order

to get the complete physical answer in such a formalism one should perform

the integrations in the functional space over all the fields with the statistical

factor exp( S{4>)), where 5 is the Eucledian action of the field <f>. This is

the reminiscence of the classical principle of the minimal action. Indeed, the

action is huge or even infinite for almost all the fields in the functional space



and one can hope that only such fields which have the minimal action

are significant. Thus, from the first sight it seems to be a good approximation

if one integrates only over the small fluctuations of the fields in the viciuity

of classical solutions. The perturbation theory which if, probably, the most

elaborated field theoretical approach deals with the fluctuations around triv-

ial classical solution 4>c\ = I). This means that integrations over fluctuations

about such a solution reproduce the perturbative contribution {p.t.). A more

complete answer is, of course, the sum of p.t. contribution and integrations

about non-trivial classical solutions {instantons and anti-mstantons).

The calculation of the functional integral near the non-trivial solution of clas-

sical equations of motion is one of the central methods in modern theoretical

physics. The integrations near this solution is performed in the Gaussian

approximation with the exception of zero modes (the eigenfunctions of an

operator |rf |$rI with zero eigenvalues) which reflect the symmetries of the

system The integration over zero modes is non-Gaussian, but trivial, and

yields infinite factors such as the total volume of the space-time. Techni-

cally this integration is performed by the collective coordinate method [3] :

first one carries out the Gaussian integrations in the directions orthogonal

to zero modes and then performs the trivial integration over the collective

coordinates corresponding to zero modes.

However, in many interesting cases there exist quasi-zero modes. The integra-
tion over these modes is neither trivial nor Gaussian and should be performed
explicitly. This is the case for a widely separated pair of an instanton and an
anti-instanton. The instanton anti-instnnton configuration is the exact solu-
tion of the equations of motion if the separation R between the instanton and
anti-instanton space-time positions tends to infinity. The mode correspond-
ing to a change of the instanton anti-instanton separation is parametrically
small for large R and even negative. Due to the existence of this negative



mode, which makes Gaussian integration meaningless, one should integrate

over the corresponding collective coordinate (which is R) explicitly. This

means that instanton-anti-instanton configurations with arbitrary separa-

tion R between space-time positions contributes to the functional integral.

Such a field configuration with finite separation R is however not the exact

classical solution.

Thus, there is a clear evidence that the functional integral may not be ad-

equately approximated by expanding only around exact solutions. Some

useful procedure must define the contribution to the functional integral from

fluctuations around the field configurations of non-minimal action.

Our approach is

i) to introduce in the functional integral additional constraints,

ii) to find the minimal action configuration subject to these constraints,

iii) to expand about this constrained solution within the sector of fields

satisfying the constraints.

The general and self-consistent solution of these problems is given by the

valley mfthod [4j-jlOi. As we have already mentioned, the functional integral

may not be adequately approximated by expanding only around exact solu-

tions. The valley method supplies us with the procedure of approximating

the functional integral by expanding also about the field configurations which

are not exact classical solutions (like nmlti-instanton / multi-anti-instanton

configurations), but can be considered as solutions of constrained classical

equations.

The valley method was originally formulated in ref. ;4j in orde" to describe

the widely separated kink and anti-kink in the double-well poiential quantum

mechanics. The paper [5| generalizes the valley approach of ref. [4] for the

case of widely separated instanton anti-instanton pairs in the gauge theory.
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This approach was used in ref. [6] (Paper I) in order to calculate the total

cross-section for the fermion number violating processes in electroweak the-

ory. This calculation was done in the region of energies below the sphaleron

mass (E < 0(10 TeV)) where it is granted that the separation R between the

space-time positions of the instanton and the anti instanton is parametrically

large and one may use the approach of ref. [5].

In refs [7] and [8] (Papers II and III) the valley method was elaborated

in order to evaluate the contribution to the functional integral coming from

arbitrarily separated instanton-anti-instanton configurations. The exact so-

lution of the constrained classical equations which define the instanton-anti-

instanton configuration at any separation R was found in ref. [8] (Paper

III). This fact allows us to make the first steps towards an evaluation of the

instanton-induced contribution to the total cross-section in gauge theory in

the two (Higgs and confinement) phases at asymptotically high energies.

In refs. [9] and [10] (Paper IV) the valley method was formulated in high-

temperature QCD. The instanton-anti-instanton interaction potential was

calculated in the approximation of large separations. This result may be

important for future woik in this field.

The Papers

In Paper I we investigate the behaviour of the total cross section for elec-

troweak baryon and lepton number violation (in association with multi-W

and multi-Higgs production) using the optical theorem. The imaginary part

of the relevant forward elastic scattering amplitude is calculated in a sad-

dle point approximation, systematically introduced by the valley method.

Taking into account the first correction to the basic instanton result (and

neglecting the higher order corrections) we get the expression for the total

cross-section for the energies below the sphaleron mass (y/i < O(10 TeV)).

Recently this result was confirmed in refs. fllj using the different method.

We find that, the total cross section does not become exponentially large. The



question if the cross section becomes of observable size remains still open,

however.

In Papers II and III we consider the instanton-induced contribution to the

total cross-section of vector boson scattering in the SU(2) gauge theory with

and without Higgs mechanism. The exponential suppression of instanton-

induced processes disappears asymptotically at energies far above the in-

frared cutoff for the instanton scale-size, which is provided, in the Higgs

phase, by the vacuum expectation value of the Higgs field and by the vir-

tuality of the gluons in the confinement phase. Instanton-induced processes

may therefore be important in close-to-mass-shell gluon collisions. Our find-

ing also suggests that electroweak baryon- and lepton-number violation with

the associated production of many W-bosons may become important at very

high energies.

The effects of instanton-anti-instanton interactions in high-temperature

QCD with and without quarks are studied in Paper IV. The instanton inter-

action potential proves to have no repulsive core, thus creating troubles with

the definition of non-perturbative contributions to physical quantities. Also

the chiral condensate is calculated, and is shown to vanish if the number of

quark flavours N[ > 2, whereas for N{ - 1 it is nonzero for arbitrarily high

temperature.
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