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SUMMARY 

In this work the energy transfer process in a packed-bed heat exchanger, in counter-

flow arrangement is considered. The phenomenon is described through a Continuum 

Theory of Mixtures approach, in which fluid and solid (porous matrix) are regarded as 

continuous constituents possessing, each one, its own temperature and velocity fields. 

The heat exchanger consists of two channels, separated by an impermeable wall without 

thermal resistence, in which there exists a saturated flow. Some particular cases are 

simulated. 

U RESUMO 

DESCWÇÃO LOCAL DO PROCESSO DE TRANSFERÊNCIA DE ENERGIA EM 

UM TROCADOR DE CALOR DE LEITO POROSO 

Neste trabalho considera-se o processo de transferência de energia num trocador de 

calor de leito poroso, que opera em contra-correntc. 0 fenômeno é descrito através do 

ponto de vista da teoria contínua de misturas, onde fluido e sólido (matriz porosa) são 

tratados como constituintes contínuos de uma mistura binaria, possuindo cada um seus 

próprios campos de temperaturas e de velocidades. 0 trocador de calor e composto por 

dois canais, separados por uma parede impermeável sem resistência térmica, nos quais 

existe um escoamento saturado. Alguns casos particulares são simulados. 



INTRODUCTION 

Interactions between fluids and solids are present in many industrial 

processes. In order to obtain a large ratio of surface area to volume, 

the fluids may be passed over packed beds of solid material. This gives 

rise to phenomena such as heat and mass transfer or chemical reactions. 

Examples of industrial application involving packed bed heat exchangers 

are pebble bed heaters, evaporators, glass furnaces and therm i! energy 

storage units. The main subject of this work is the study of the heat 

transfer process in a counter flow packed bed heat exchanger. 

Packed bed heat exchangers are usually simulated with the help of 

one-dimensioal models, empirical correlations being used to compute heat 

transfer coeficient and pressure drop. These models, besides the inher

ent limitations of the empirical correlations employed, are only abble to 

describe the involved phenomena from a global viewpoint. 

While the well known classical (single continuum) energy transfer 

model [1] describes adequately the energy transfer process in materials 

such as steel, water or air, it is not so appropriate for a local description 

of phenomena with practical importance like heat transfer in a flow of a 

newtonian fluid through a porous medium. 

The main objective of the present work was a local simulation of a 

counter-flow packed-bed heat exchanger. A mathematical model, suitable 

for a local description of the energy transfer in a saturated flow of an 

incompressible newtonian fluid through a rigid porous medium, was used. 

The model was constructed under the Continuum Mixture Theory 

viewpoint in which the mixture is considered as a superposition of con

tinuous constituents and each of these constituents occupies the whole 

volume of the mixture. The mixture theory viewpoint gives rise to new 
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parameters, that do not appear in the classical approach, in order to take 

into account the thermomechanical interaction among the constituents. 

In the specific case of this work, a binary mixture, whose constituents 

stood for, respectively, the fluid and the porous medium, was considered. 

The fluid, represented by the "fluid constituent", was assumed newtonian 

and incompressible, while the porous medium, represented by the "solid 

constituent",was assumed rigid, homogeneous, isotropic and at rest. 

Since both constituents are continuous, there exists, simultaneously, 

at each spacial point, two temperatures and two velocities. The exis

tence of two temperatures at a single point gives rise to an "Energy 

Generation Function" (which provides the thermal interaction) and the 

existence of two velocities gives rise to a "Momentum Generation Func

tion* (providing the dynamical interaction). These generaction functions 

were proposed according to the Second Law of Thermodynamics [2,5]. 

In the present work a model (valid for low velocities) was constructed 

in order to simulate the forced convection heat transfer in a fluid flowing 

in a counter flow arrangement, past two porous channels, separated by 

an impermeable surface, with zero specific heat and infinite thermal con

ductivity, which offers no thermal resistence. The pair of channels was 

bounded by two impermeable adiabatic flat plates, as shown in figure 1. 

A local description of phenomena such as the above mentioned, em

ploying the classical continuum mechanics viewpont, would require the 

solution (for the fluid constituent)of both Navier-Stokes and Energy equa

tion, in a domain defined by all active pores. Boundary conditions, such 

as no-slip condition and prescribed temperature, should be considered on 

all pore walls. Such a simulation could not be achieved with the help of 

the currently avaiable tools. 

The model presented in this work, on the other hand, allows a lo-
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cal description of the heat transfer process in a porous medium and is 

supported by a local theory, with thermodynamical consistence, which 

generalizes the classical continuum mechanics. So a local simulation of a 

packed bed heat exchanger, whose applications are evident, is avaiable, 

with the help of the Continuum Theory of Mixtures. 

MATHEMATICAL MODEL 

Since the porous medium was assumed rigid and at rest, the mass and 

linear momentum balance equations need only to be considered for the 

fluid constituent, while the energy balance must be satisfied by both con

stituents. The balance equation, without loss of generality, were stated 

for one channel. (The model allowed solid and fluid constituents' prop

erties to have distinct values in each channel.) 

The continuity equation for the fluid constituent, assumed chemically 

inert, is given as follows[3]: 

^ + div(pFvF) = 0 (1) 

in which pF is the fluid constituent mass density (representing, locally, 

the ratio of mass of the fluid to the corresponding volume of mixture) 

and vp is the fluid constituent velocity. 

Since the flow is saturated, the field PF is given as follows: 

PF = <PP (2) 

in which p is the actual fluid density and y? the porosity. 

Taking into account that the fluid is incompressible and the porous 

medium is homogeneous, equation (1) can be rewritten as: 



<t 

div vF = 0 (3) 

The balance of linear momentum is given by [3,4]: 

+2\<p*ridivDF JF~2F ~ f"P9 («) 

in which i} represents the fluid viscosity, K the specific permeability 

(scalar, since the porous matrix is isotropic), DF the symmetrical part 

of the velocity gradient, p the pressure, g the specific body force and A a 

scalar parameter, always positive, which depends on the porous matrix 

microstructure [3,4]. 
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Figure 1 - Problem's Scheme 

Considering the scheme presented in Figure 1 and assuming one di

mensional steady-state flow, equations (3) and (4) can be reduced to : 
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dvp 
~ãx~ = 0 (5) 

dx r9'1 K " ' "r' V dy* (6) 

in which VF and ffx are, respectively, the x-component of vF and g. 

Considering the classical no-slip condition on the impermeable flat 

plates: 

vF = 0 at y'u = ±Hv/2 and y'L = ±HL/2 (7) 

where: y'u=y- Hu/2 and y'L = y + HL/2 

The solution of equations (5) to (7) gives the following velocity profile 

for the fluid constituent [5]: 

vrV) = -{99, - g ] 1 -
co*hJTx 
Cosh4£-

y/KXm 

(8) 

being y* = y\j and II = Hu if y > 0 and y' = y'L and H = HL if y < 0. 

For the limiting case iii which H -+ oo, the velocity given by equation 

(8) approaches the one obtained from the classical Darcy law [6],given by: 

K. dp. 
(9) 

Since the specific permeability (K) is very small for real problems, 

the velocity profile for each channel, shown in equation (8), can be ap

proximated by a constant velocity, given by Darcy's law (equation (9)). 

The validity of this hypothesis was verifyed in [7], for a single channel. 
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The energy balance (3] must be satisfied by each constituent of the 

mixture. It can be stated as: 

ÕT-
Pidi-QT + iarad Ti) • vf] = *£' - div q. + & (10) 

where t = S and i = F stand for the solid and the fluid constituents, 

respectively, p,- stands for the i-constituent density, Ti for its temperature, 

ç.,g"' and $,• represent, respectively its partial heat flux, heat generation 

and energy generation function and, finally, ct- represents the specific heat 

of the «-constituent, regarded as a continuum. 

Both energy equations are to be solved, in order to determine the two 

temperature fields (Tp and T$),as the mixture theory viewpoint allows 

the existence of a different temperature for each constituent, in every 

spacial point. The temperature of the mixture can be locally defined as: 

ppCp + PSCS 

Equation (10) requires some constitutive hypotheses. The partial 

heat flux for the solid constituent ( ? ) was stated, according to the model 

proposed by Saldanha da Gama [2]: 

£ s = -Afc5(l - <p)grad Ts (12) 

where A represents an always positive parameter which takes into ac

count the internal structure of the mixture. It depends on the thermal 

resistence, on both constituents thermal condutivity (k$ and kp) and on 

the fluid fraction <p (coincident to the porosity, for saturated flows). 

Under the hypothesis of low velocities, a constitutive equation anal

ogous to (12) may be proposed for the fluid constituent: 
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qF = -AkFV>grad TF (13) 

The total heat flux (per unit of time and area) for the mixture is 

given by: 

1 = 1F+1S (14) 

The energy generation function, rl>, which is an internal contribu

tion, represents the energy supply to a given constituent, arising from its 

(thermal) interaction with the other constituents of the mixture. The p 

function is zero at a given point only if all the constituents are at the 

same temperature at this point. According to Saldanha da Gama [2], the 

energy generation function for a solid constituent is given by: 

V* = R(TF - Ts) (15) 

where R is an always positive factor which depends on spacial position 

only. To satisfy the energy balance for the mixture, i[>s + $F == 0, so the 

energy generation function for the fluid constituent must be stated as: 

+p = R(TS - TF) (16) 

The specific heat, for each constituent, can be defined as: 

dcF dcs , x cp = —— = constant cs = -==- = constant (17) 
diF dis 

where eF and e$ represent the internal energy of the fluid and the solid 

constituents, respectively. The following equation is valid for the fluid 

constituent: 
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grad eF = cp grad Tp (18) 

Considering these constitutive hypotheses, the balance of energy for 

the fluid and the solid constituents can be written as: 

pFcF(grad Tp) • vF = kkF<pA[TF) + qF' + R(TS - TF) (19) 

0 = Us(1 - <p)&(Ts) + «J? + R(TF - Ts) (20) 

in which q'§ and q'p , the heat generation for the solid and the fluid 

constituents, are supposed zero in this work. 

The balance of energy for both constituents can be written as: 

(grad TF) - vF = CX&(TF) + C2(TS - TF) (21) 

0 = A(T5) + C 3 ( 2 > - r s ) (22) 

with: 

KkF 

pFcp 

C, = - 5 - (23) 

c3 = 

pFCf(p 

R 

AMl-¥>) . 
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Considering the fluid velocity non zero only in the x-direction and 

the two-dimensional geometry of the problem, as shown in Figure 1, the 

balance of energy can be reduced to: 

— vF = Ci 
d2TF d2TF + 
dx2 dy2 + C2(TS-TF) (24) 

satisfying the following boundary conditions: 

(25) 

dTj 
dy 

(x,Hu) = 0 

m 
dy (*,-J5fc) = 0 

dTj 
dx 

(0,y) = 0 for Hu>y>0 

-7^{L,y) = Q for 0>y>-HL 

Ti{L,y) = 0 for Hv > y > 0 

T»(0,y) = l for 0>y>-HL 

(26) 

dx 

dTj 
dx 

(0,0) = 0 

(L,0)=0 
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in which i ~ F and i = S are relative to the fluid and the solid con

stituents, respectively. 

NUMERICAL METHOD 

The presence of an idealized interface at y = 0, opposing no thermal 

resistence, but allowing the kinematical fields in each channel to be inde

pendent, permited the energy problem to be. solved in a single domain. 

For y > 0 the superior channel (whose flow is opposite to positive x-

direction) is described, while the inferior channel, with a flow in positive 

x-direction is described for y < 0. 

Sirce no analitical solution to the system of equations describing the 

heat transfer problem is known, numerical approximations to its solution 

are searched with the help of a finite difference approach. For the diffusive 

terms a central finite difference scheme discretization was used, while a 

two-level scheme was employed in the convective term discretization. This 

scheme was adequated to the velocity sign, in order that the temperature 

coeficient's matrix be almost diagonal dominant, that is 

arF^rF(y+i,»)-rF(y,i) 
dx ~ Ax 

for negative velocities 

BTP _TF(j,i)-TF(j-l,i) 
dx ~ Ax 

(27) 

(28) 

for positive velocities 

As the temperature coeficient's matrix was a sparse one, instead of 

the usual description of the problem (as linear systems: A{T\ = bi, in 

which / = S and 1 = F designate fluid or solid constituent, respectivelly) 
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the simplicity led to a grid description, in which each constituent's tem

perature (Ti) possesses two indexes, according to its position on the grid. 

The system of equations describing the heat tranfer problem, which was 

solved with the help of the Gauss-Seidel method, was approximated by 

the following discretized system: 

T*+1 (ij) = A2[T$" (j, i - 1) + 7*(y, i + 1)] + A4T
k
F

+1 (j - 1, *')+ 

+A3T£(j+ l,i) + 2? 1 T!(JM) (29) 

T | + 1 M = A7[Tl^U,i - 1) + Tl(j,i + 1)] + ,46[Ts
fc+1(j - 1,0+ 

+ r ! ( / + i ,0] + *2T£+ 1(; ,0 (30) 

This simple representation allowed an effective storage 

scheme, with memory reutilization. 

RESULTS 

Some representative results, for dimensionless temperature and ve

locity fields, are presented. The counter flow heat exchanger was com

posed by two channels, the flow direction in the superior channel being 

contrary to x-direction, while in the inferior one it had the same direction 

of x. Zero temperature at x=L and zero heat flux at x=0 were prescribed 

for the superior channel, while for the inferior one, the temperature was 

prescribed equal to 1, at x=0, and zero heat flux was prescribed at x=L, 

for both fluid and solid constituents. For the impermeable interface, 
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OO 50 x lOO 

Figure 2 - Fluid Constituent's Average Temperature vs x 

(for R = JO, R = 102 and R = 103 — \vF\ = 10"1) 

Figure 3 - Sô id Constituent's Average Temperature vs x 

(for R = 10, R = 102 and R = 103 — |vF | = 10"1) 
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which opposes no thermal resistence, zero heat flux was prescribed both 

at the channel's entrance and exit. Average temperatures for each chan

nel were obtained by integration of the temperature profile along the 

nodes on y-direction. 

Figures 2 to 6 showed the average temperature variation, in each 

channel,with position (on x-direction), while figures 7 and 8 showed the 

temperature variation with position (on x-direction) for different nodal 

points on y-direction. In all these cases the typical counter flow heat 

exchanger behaviour, when temperature is plotted against position (x-

direction) was observed, for both fluid and solid constituents. 

The fluid constituent's average temperature behaviour along posi

tion (on x-direction) when the R factor was varied was plotted on figure 2. 

Three different values of R were used: R — 10, R = 102 and R — 10s, the 

fluid constituent's velocity being considered 10" x for the inferior channel 

and —10_1 for the superior one. The growth of the factor R caused the 

superior and inferior channels average temperature, for a given value of 

R, to approach one another. Figure 3 showed the same variation for the 

solid constituent. In this case an inverse trend was noticed, that is, as 

the factor R grew, the average temperatures of both channels, for a given 

R, moved away. 

When solid and fluid constituent's behaviour were compared, for 

a given channel, it was verified that as the factor R grew, solid and 

fluid constituent's average temperature, for a given R, got closer, in both 

channels. (For R = 103 the two curves were almost superposed.) 

Figures 4 and 5 represent the effect of the fluid constituent's veloc

ity variation on, respectively, fluid and solid average temperature (pro 

section) plotted versus position (on x-direction). Three different values 
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Figure 4 - Fluid Constituent's Average Temperature vs x 

(for|vF| = IO""1, \vF\ = 10"2 and \vF\ = 10~3 — R = 102) 

Figure 5 - Solid Constituent's Average Temperature vs x 

(for \vF\ = 10"1, \vF\ = IO"2 and |vF | = 10~3 — R = 102) 
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of fluid constituent's velocity were considered: \vp\ = 10*1, \vp\ = 10~2 

and \vp\ = 10~3 and the factor R was equal to 102 in all cases. The 

same trend was noticed for the two constituents: as the absolute value of 

the velocity was increased, the average temperature of both superior and 

inferior channels (for the same absolute value of the velocity) got closer. 

A comparison of figures 4 and 5 showed the solid constituent's average 

temperature greater than the fluid constituent's, in the superior channel, 

and smaller in the inferior one, for a given value of the velocity. This 

behaviour could also be verifyed if figures 2 and 3 were observed. 

QO &0 x 10-0 

Figure 6 - Average Temperature vs x 

Solid and Fluid Constituents 

Counter Flow and Parallel Flow Heat Exchangers 

(for |t/F| = 10"1 — R = 102) 

Figure 6 showed a comparison between the counter flow heat ex

changer simulated in the present paper (for R = 102 and VF = -10""1 in 



16 

the superior channel and vp = 10"1 in the inferior one) and a parallel 

flow heat exchanger (for R = 102 and vp = +10" *, for both channels). 

The classical behaviour of counter flow and parallel flow heat exchangers, 

when average temperature is plotted against position, was observed: the 

heat transfer was more effective for counter flow heat exchangers than for 

parallel flow ones. It was also noticed that the fluid constituent's aver

age :emperature was greater than the solid constituent's in the superior 

channel and smaller in the inferior one, for both parallel flow and counter 

flow arrangements. 

10 

TF 

Q5 

oo ao x «ao 

Figure 7 - Fluid Constituent's Temperature vs x 

(for |Vf.| = NT1 — i* = 102) 

Figures 7 and 8 showed the temperature behaviour along position 

(x), respectively for fluid and solid constituents, for different values of 

nodal points on y-direction. In both cases the factor R was 102 and the 

velocity was -10" 1 in the superior channel and 10" * in the inferior one. 

INTERFACE 
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WTERBCE 

CO 

Figure 8 - Solid Constituent's Temperature vs x 

(for |vF| = MT1 — J2 = 102) 

The temperature in the superior channel (curves 1 to 4, corresponding 

to y = 1.0, y = 0.75, y = 0.5 and y = 0.25, respectivelly), which was 

prescribed zero at its end, while zero heat flux was prescribed at the 

entrance, increased as the impermeable interface (curve 5, corerrespond-

ing to y = 0) was reached, for both fluid and solid constituents. It was 

also noticed that the superior channel's temperature, for all nodes on y-

direction, increased as the channel's entrance was reached, for fluid and 

solid constituents. 

For the impermeable interface which has infinite thermal condutivity 

and zero specific heat, opposing no thermal resistence, zero heat flux was 

prescribed both at channel's entrance and exit. It showed an intermedi

ate behaviour for both constituents, playing its role of separating both 

channel's which flow in a counter flow arrangement. 

The temperature in the inferior channel (curves 6 to 9, corresponding 
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to y — -0.25, y = -0 .5 , y = -0.75 and y = —1.0, respectively), which 

was prescribed at the channel's entrance (equal to 1), while zero heat flux 

was prescribed at the channel's exit, for both fluid and solid constituents, 

decreased as the impermeable interface was reached, and for al! nodes on 

y-direction, it decreased as the channel's exit was reached. 

Comparing figures 7 and 8 it was observed that the fluid constituent's 

temperatures, for all nodes on y-direction, was greater than the solid 

constituent's temperatures, in the superior channel. On the other hand, 

in the inferior channel, an inverse trend was observed. 

FINAL REMARKS 

The presence of packed beds in a heat exchanger makes energy trans

fer more efficient if compared to an equivalent geometry heat exchanger, 

without packed beds, for the same operating conditions. Pressure drop, 

on the other hand, increases when packed beds are present, and may 

become too high if velocity is increased in order to improve heat trans

fer efficiency. These factors, among many others, shall be kept in mind 

when a heat exchanger is choosed. When packed bed heat exchangers are 

chosen, a local simulation would be certainly of great interest. 

The model presented in this work allowed a local simulation of the 

energy transfer process in a packed bed heat exchanger, in a counter flow 

arrangement, so that in both channels, the fluid constituent saturated a 

rigid porous medium. This model, which considered fluid and solid (poros 

matrix) as continuous constituents of a binary mixture, was stated in such 

away that the classical balance of energy was recovered when the number 

of constituents was reduced to one. It consists on a new powerful tool to 

be employed in the study of highly sophisticated phenomena, which can 
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also be applied to practical situations like the simulation of a packed bed 

heat exchanger. 
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