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ABSTRACT

The (2-t-D-dimensionaJ Burgers equation is obtained as lhe equation of

motion governing the surface perturbations of a shallow viscous fluid heated from below,

provided the Rayleigh number of the system satisfy the condition R * 30. A solution to

this equation is explicitly exhibited and it is argued that it describes the nonlinear

evolution of a nearly one-dimensional kink.

PACSnumbers. 47.208p ; 4736+i



The system formed by a fluid heated from below, the so catted Bénard problem,

has been along the years a standard model for many studies in fluid dynamics In most

cases, however, the main interest has been concentrated in convection phenomena.

While considering the same system, our concern here will be quite different since we

shall be interested in the study of surface waves and in situations for which the Rayleigh

number R is well below that determined by the onset of convection. Furthermore, we

shall only consider systems for which the upper boundary is a two-dimensional surface.

Yet we shall restrict ourselves to the study of long surface waves, on whose description

the slow variables2 play a very important role We should still add that the heat flux from

below is essential to our problem only because we are interested in studying the

constraints the thermal boundary conditons impose on the system.

By using the concept of weak coordinate,3 it has recently been shown4 that nearly

one-dimensional undamped waves described by the Kadomtsev-Petviashvili equation

may propagate in a shallow viscous fluid, provided the Rayleigh number of the system

satisfy the condition R = 30 These solitary waves are sustained by the adverse

temperature gradient In other words, they are possible because, at the point R-30. the

amount of energy released by buoyancy exactly compensates the amount dissipated by

viscosity.6

Following those developments, we shall show here that, considering a system for

which the upper boundary is a two-dimensionai surface with the x-transverse coordinate

y assumed to be weak, and using an appropriate scaling in the definition of the slow

variables, the (2+1)-dimensional Burgers equation0 is obtained as the equation of motion

of surface perturbations, provided R * 30. This equation admits a progressive wave

solution, which will be explicitly exhibited, that describes a nearly one-dimensional kink

propagating in a viscous fluid. The approach we give here is valid for any Rayleigh

number, and so it includes also the result discussed above valid strictly when R * 30.

Let us then consider a Benard system consisting of a fluid bounded below by a

Dtane stress-free perfect thermally conducting medium at z=0 and temperature T=TB. and

above by a free surface which, at rest, lies at z=d. The depth d is such that the buoyancy



effect is predominant when compared to the influence of the surface tension. This is the

reason we assume a vanishing surface tension. The equations governing the

hydrodynamical flow of a viscous fluid can be simplified considerably by using the

Boussinesq approximation. The origin of this simplification is the smallness of the

coefficient of theimal expansion y. As for mostly situations of practical ocurrence y is

indeed small, ranging usually from 10'3 to 10*4. this approximation does not impose

severe restrictions from the physical point of view. In this approximation, the equations

describing the motion of a fluid are given by

V v = 0 . { 1 )

< * - - - • "2v+gp
(2)

(3)

(4)

where d/dt=à/at+v. V is the connective derivative, v * (u.v.w) is the fluid velocity, and

p is the pressure. The viscosity », thermal diffusivity K. and coefficient of thermal

expansion y. are constant To and p0 are a reference temperature and density,

respectively.

On the upper free surf ace z * d + fj(x. y.t) the boundary conditions are7

n . + u n , +vn y =w (5)



and

where n is the unit vector normal to the free surface, given by

2 2\ 2
n=( -n x . -n y . i ) /N ;

F is the normal heat flux, k is the thermal conductivity, and p t is a constant pressure

exerted on the upper free surface.

An important point is the dynamical boundary condition to be satisfied at the lower

plane. We suppose that the sliding resistance between two portions of the fluti is much

greater than between the fluid and the plane.8 Under this condition, it is reasonable to

assume a stress-free lower surface, which implies1

(10)

The static solution to these equations depends only on the coordinate z and is

given by



In order to get the dimensioniess form of the equations, boundary conditions and static

solutions, we adopt d as unit of lengjth. d2/* asunitoftime. p^d3 as unit of mass, and

Fd/k as unit of temperature. Furthermore, we introduce three drnensionless parameters:

the PrandU number o » » /pox. the Rayletgh number R=pogyFd4/kic^ and the Galileo

number G = gd3p0
2/»i2

Now comes an important point: the definition of stow variables. We write9

t ( ID

withe a small positive parameter and a a parameter that assumes either the values 1/2

or 1. The appropriate value for it will be discussed latter. Considering new the

expansions

2
u = e (uo+ cu, + E u2+...)

1 2

o * 1



where aB quantities are dimenstonless. we can obtain an order by order solution to the

system of equations Along this process, we will take only integer powers of e. That this

is really possible can be seen in the following way When considering any integer order.

we take every term containing powers of e that may possibly contribute tq that order. For

exemple, to the first order will contribute, besides terms containing e1 itself, terms

containing e ° and £ 2 a . To the second order will contribute terms containing e 2. t "*' .

c2* and £ 2u*', and sooa Consequently, depending on the value of a. the first order wifi

also include the order t1/2. the second order will also include the order e aB. and so

on. Thus, it is not necessary to consider separately the half-integer orders since they

have already been taken into account.

In the lowest order, the solution is given by

uo=f«.C.T)

c

with f U.Ç.T) an arbitrary function. In the next order it is

vo=h(t.C.T)

3a-1 |
c



3a

with g(t.C.T) and h(( . ( j ) arbitrary functions. The boundary condrton on the upper free

surface yield the equation

3 1

1008 (12)

At this order, there appears a solubility condition giving

2 2
c =Go . (13)

In the next order, we get

720



These solutions and the remaining boundary conditions yield the equabon

(14)

as well as a relation between the arbitrary functions f (£.C.T) and h (Ç.C.T )

(15)

The requirement of compatibility of Eqs. (12). (14) and (15) provides an evolution

equation for f :

1 \ 2Go

2a-1 17

• 2
e ' « (16)

where

Ro
15

Suppose then we consider a system such that the Rayleigh number is in the

region R < 30, which means that the coefficient v is positive. Taking a * 1 and

neglecting me term proportional to e , Eq (16) becomes

>M 3Go + R

\ 2Go
ffrvftt (17)



By translomkng f aooonfcngto

2 G o

we obtain the equation

(18)

This is the (0+1H*mensional Burgers equation.6 In the limiting case of a one-

dknensional upper surface, no ( dependence is alowed for f and it coincides with the

usual (HiKfcmensKjnal Burgers equation. If no heat flux were present, the same

equation would be obtained, but with

2o.

Eq. (17) has a progressive wave solution of the form

whose explicit form is

t(A) =
4 G o

I2Ç-CBJ
4v « •* (19)

where A. B, C are constants depending on the initial conditions. It represents a nearly

one-oVnensional kink, wich can be considered as a kind of bore.10 The condton v > 0



reflects the fact that the system is predominantly dissipative. i e the amount of enetgy

released by buoyancy is smaller than the amount dissipated by viscosity

Suppose now we slowly increase the heat flux As the Rayletgh number

approaches the point R-30. the coefficient v approaches to 2ero and the system

becomes less and less dissipative. At the point R = 30. v vanishes indicating that the

amount of energy dissipated by viscosity ic exactly compensated by the amount released

by buoyancy. At this point, therefore, dissipation does not play its role and the system

becomes predominantly dispersive. In fact, putting v = 0, taking a = 1/2. and reescaling

conveniently Ç. Ç and f, Eq. (16) becomes 4

( 2 0 )

which is the widely studied integrable Kadomtsev-Petviashvili equation.

M we continue to increase the heat flux more and more, the Rayleigh number of the

system will reach the region R > 30 and consequently v will become negative The

system will then be anti-dissipative, which means that the amount of energy released by

buoyancy will be greater than the amount dissipated by viscosity. In this case, the surface

perturbations will «gain be governed by the (2+1)-dimensional Burgers equation, and

the solution given by Eq.(i9) will represent a nearly one-dimensional anti-Kink

propagating in the opposite direction. It should be noticed, however, that this solution is

not valid for an arbitrarily large R, since in this region othe; phenomena, whtch are not

considered by our approach, may take place.

n has now become dear why we have considered both cases, a = 1 and a = 1/2.

When v * 0, the term containing the second derivative in Eq. (16) is of lower order than

the term containing the third derivative, and by setting a - 1 it gives a true contribution to

the equation. When v * 0, however, we are left with only the third derivative term, which

will contribute when a = 1/2

Finally, it is interesting to remark that the Hopf-Cole transformation '

10



f = - 2 v — In 4»

which transforms ordinary Burgers into the heat equation, in this case leads Eq. (18) to

the norinear equation

(21)

That the Hopf-Cole transformation does not lead to the (2+Dimensional heat equation

is not surprising since, while the heat equation would put { and C in the same footing,

Eq.(18) considers C as a weak coordinate.

In conclusion, we have obtained in this paper the (2+1Himensional Burgers

equation as the equation governing the upper surface perturbations of a shallow viscous

• u d heated from below, provided R * 30. A progressive wave solution to this equation

has been explicitly exhibited, which represents a nearly one-dmensional kink. The

critical Rayleigh number R - 30 is the point where dissipation is completely compensated

by the buoyancy effect generated by the heat flux. At this point the system becomes

dspersive and the equation governing the surface perturbations turns out to be the

Kadomtsev-Petviashvili equation.
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