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ABSTRACT

The conservation of total angular momentum of spinor particle leads to a simple relation

between the famous Schwinger and Adler coefficients determining axial anomaly and anomalous

magnetic moment, respectively.
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The coefficients CA and cv, determining the axial anomaly and anomalous magnetic mo-

ment have been known for many years:

Z7T
7 F< (1)
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The first one was calculated by Adler in 1969 [1]; the second one by Schwinger in 1948 [2]. Both

are equal to 1 in the adopted renormalization. It is the exact value for CA and the leading QED

approximation to cy.

In order to show that this equality is not a coincidence consider the conservation of total

angular momentum density

( ) = 0 . (3)

Here the curly brackets denote the antisymmetrization in v, \ and the photon angular momentum

is expressed in the "orbital" form (see, e.g. [3]). Because the photon energy-momentum tensor is

totally symmetric in this case, it can be excluded from (3)

o» s ^ x + re
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The energy-momentum tensor is proportional to the antisymmetric covariant derivative of the vec-

tor current ^

T^^jiiff D» ^ . (5)

On the other hand, the spin angular momentum is proportional to the axial current:

Therefore, Eq.(3) leads to a relation between the vector current and the axial one. Consider the
matrix elements of this equation between free electron states (by keeping only linear in q = p — p'

terms)

^ ^ {x> | qa = 0 (7)

Let us differentiate this identity by the log of the ultraviolet regularization parameter. By
substituting the expressions (5) and (6) into (7) we obtain

\H{" Dx}
 VIP' > da • (8)

The left-hand side is proportional to the anomalous dimension of axial current [1], arising from the
axial anomaly (Fig.la). The right-hand side seems equal to zero, because the antisymmetric part
of energy-momentum tensor is conserved (and, therefore, is non-renormalizable). The situation,

w-.,;.n«»-i"" >* «f',^JEr«»i » iis- :



however, is more complicated due to the fact, that a non-forward matrix element is taken. It is
especially clear for the vector current, which is also conserved. The forward matrix element (2) is
proportional to the conserved charge produced by J^ and does not depend upon the regularization
parameter. A similar conclusion is not true for the anomalous magnetic moment. The leading
contribution to it (Fig. lb) is the already mentioned Schwinger's result. Taking into account the
diagram of Fig.lc makes the coupling constant running. Therefore, the regularization parameter
dependence is governed to the leading order by the one-loop /3-function.

The behaviour of the orbital angular momentum [4] seems to be quite similar. Neverthe-

less, the (8) right-hand side calculation requires some comments.

Firstly, there are some additional diagrams in Fig. Id. Their divergencies are studied
in QCD (the only change is the colour factor) for the symmetric part of TvX and are shown to
be cancelled with the divergencies of the gluon energy-momentum tensor. Because the latter is
symmetric, the appropriate divergencies in the antisymmetric part of T"^ do not exist.

Secondly, the Feynman integral for the energy-momentum tensor (Fig.lb), differs from
the one appearing in the anomalous magnetic moment calculation by the factor (k\ + kz)a, a - u, X
(see Fig.lb). However, the imaginary part of the anomalous magnetic form factor appears to be
proportional to 6(q2) for massless electrons, in close resemblance to the axial anomaly [5]. If one
calculates it in the t-channel cm. frame, the total energy is equal to zero. Consequently, the relative
momentum of the electron-positron pair is also equal to zero- and to initial relative momentum.
Therefore, these 4—vectors coincide: (k\ + k,2)a may be replaced by (pi + P2)a and extracted from
the integrand.

The following calculation is straightforward. One has to use the kinematical identity

€T» q, afi = ~ p<" € W gp V, *i, (9)
TO

which arises from the equality to zero of the rank 5 completely antisymmetric tensor in four-

dimensional space. It allows us to express both sides in (8) through a single kinematical structure.

As a result one could transform (8) to

7>5 = - /3 (o)cv . (10)

Now let us express the 7/5 and /?(a) by the evolution kernels for polarized electrons and photons

[6,7]

7;5 = CA • — A p l 7 e (11)

P(a) = •£-A plT1 . (12)

The relation (12) reflects some deep symmetry between electrons and photons. Note that photon

"self-interactions" must appear due to Ap [ 7 7 already in the leading QED approximation. This has

been known for at least 10 years [8].

Pee + Pe7 = P7e + P 7 7 • (13)



If we write (13) for spin-dependent kernels and take into account that up to leading order Apiee =

Ai e7 = 0 (the electron helicity is conserved), then

n m = 0 . (14)

By substituting (11), (12) and (14) to (9) we obtain, finally

CA = CV - (15)

Let us mention, in conclusion, that the relation between axial current and spin orbital momentum
means the existence of the quantum anomaly in the spin part of Paincaret group generator MvX

which is cancelled by the anomaly in the orbital part induced by the anomalous magnetic moment.

More physically, the obtained relation means, that the anomalous magnetic moment arises
due to the photonic contribution to the electron spin via the axial anomaly (analogous to the anoma-
lous gluon contribution to the proton spin). Here a deep electron-photon symmetry is also mani-
fested. May be it is due to the axial anomaly, unaffected by both perturbative and non-perturbative
corrections (being equal for the composite and fundamental particles), "remembers" something
about a SUSY fundamental theory.
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FIGURE CAPTION

Fig.l The leading contribution to spin (a) and orbital (b-d) momenta renormalization.
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