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ABSTRACT

The paper considers the biomechanics of green plants for low Reynolds number flow in
the stem. In particular, it is assumed that the stem is cylindrical and the flow fully-developed. So
that if the aspect ratio is defined as the ratio of the stem radius to its length, then when the aspect
ratio is small analytical solutions have been developed for the concentration, temperature and the
axial velocity. The process of translocation and transpiration are discussed quantitatively.
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INTRODUCTION

Despite the apparent negligence, biomechanics of green plants is important for the fol-
lowing reasons. First, it is estimated that plant life comprises 99% of the earth's biomass. Second,
green plants are virtually the ultimate source of food for animals. Hence green plants are not only
a vital alternative source of energy in the Renewable Energy World, but also serve as a source of
body energy for man.

Unlike animals, the mechanics of green plants is open, comprising the roots, the stem and
the leaves. The roots draw water and minerals from the ground. COi enters the leaves from the
atmosphere by diffusion and here in the leaves the COi and sunlight form glucose (food) by process
of photosynthesis (conversion of solar energy to stored chemical energy). In the stem occurs the
phloem flow (translocation) and the xylem flow (transpiration). By these two processes, the glucose
is stored in the stem while water and minerals from the ground are transported through the stem to
the leaves to aid photosynthesis. The water is subsequently evaporated through the leaves.

The roots and the leaves form a complex bifurcation system and are therefore quite dif-
ficult to handle mathematically. The stem on the other hand is approximately a cylindrical tube
with perforation which could set as valves. Intrinsically Rand and Cook [1] and Rand et al. [2]
have considered the aximmetrical case of a single pore. Chapman et al.[3] have also studied sim-
ilar problems by considering ideal fluid and using conformal mapping. An excellent review of
biomechanics of green plants is given by Rand [4].

In this paper we have considered a global model for fluid mechanics in the stem of green
plants as low Reynolds number flow with heat and mass transfer through a vertical porous cylin-
der. In the subsequent sections the problem is formulated and solved analytically. Quantitative
discussions of the solutions are presented.

FORMULATION

We consider the biomechanics in V. .2 stem of green plants, where the phloem flow and the
xylem flow take place. The stem is approximately a cylinder of radius ro (say). Two physical facts
govern the model we shall develop. First, the fluid flow in the stem has a Reynolds number of about
0.02. This is typically a creeping flow so that the inertia terms in the Navier Stokes equations may
be neglected. Second, as a result of the perforation the stem may be modelled as a porous cylinder.
The valve effect can then be simulated by varying the permeability of the porous medium.

Thug the model considers the two-dimensional axisymmetric flow through a porous ver-
tical cylinder of length t In the cylindrical polar coordinates (r',ip, z') let the velocity components
of the fluid be (u', 0, iu'). If the other dependent variables are the pressure pf, the temperature T
and the concentration d, then the equations for axisymmetrical two-dimensional creeping flow are
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The independent variables in Eqs.(l) are the viscosity p, the permeability K, the density p, the grav-
itation g which acts in reverse direction to the z-axis, the heat capacity Cp, the thermal conductivity
k and the mass diffusivity D.

We now find it convenient to introduce the following non-dimensional quantities:

i,V! - U,U1 ^ , - ^ - r « , ' C ~ C*-C«,'?

Then in virtue of Eqs.{2), Eqs.(l) under the usual Boussinesq approximation can be written in the
more convenient form

1 3 v „ dw „
- — ( r u + R — = 0
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The second and third equations in Bq.(3) can be combined as

dc

Hence the problem depends on the aspect ration R , the porosity parameter x, the free convection
parameters G, and Gc, and the Prandtl number Pr and Schmidt number 5c- In Eqs.(2) subscript
oo denote conditions in ambient soil far away from the roots while superscript * denote conditions
at standard temperature and pressure. Further v ~ fi/ft*, (the kinematic viscosity), « = fc/pooCp
(the heat diffusivity) and j3 and \ denote the coefficient of volume expansion due to temperature
and concentration respectively.

The boundary conditions for the velocity components are the well-known no-slip condi-
tions. The concentration at the cylinder wall (r = 1) may be prescribed while the temperature there
is taken as

— + h{6 — 8air) = 0 . (5)

Here h is the film heat transfer coefficient which could be negative. Eq.(5) indicates the interaction
of the atmosphere with the mechanics in the stem of the green plant.

In this part, we shall consider the solutions of Eqs.(3) when the velocity is fulty devel-
oped, that is of the form (0, w( r)) We shall consider two problems,. First, we assume that

, P r R » 0 ( l ) = GC (6)

In these assumptions, if R = 0.1 then the height of the green plant is ten times that of the stem
radius which is normal and the first assumption is valid. The Prandtl number for HtO is 7 so that
P,R = 0.7 and the second assumption is also valid. In the third assumption, the free convection
flow is very small and this can occur in specific situations. Hence neglecting terms of order 0( R 2),
the governing equations (3) reduce to

dz \dr2 rdr * } |_ Mx) J
dB ( 9* 1 d \

(7)

where we have set R P r = P , R S t = 5 and In( x) is the modified Bessel function of the first kind
of order n. The boundary condition for the temperature is taken as that given in Eq.(5) when the
air temperature 8air is constant while for simplicity we have assumed that the concentration is zero
at the cylinder wall. For the entry condition we take

c(r,0) = CiB,c(r, 1) = cMUB{r,O) = ein,e(r, 1) = (8)

Thus in this first problem, the temperature and concentration equations are decoupled and it affords
the simplest study into the mechanics of green plants.

Second, we assume that the aspect ratio and the free convection parameters are not small
and that the wall concentration varies like

where co and 7 are constants. We now find it convenient to seek solutions in the form

K.

(9)

(10)



Substituting Eqs.(lO) in Eqs.(3) we can show that the governing equations are now
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subject to the boundary conditions

dr

where eoir = -fz. The equations for w, 0<o) andc(0) are now all coupled.

(11)

(12)

The solutions of Eqs.{7) and (8) and Eqs.(ll) and (12) is the primary concern of the
present investigation.

METHOD OF SOLUTION

To solve Eqs.(7) and (8), it is convenient to take the Laplace transform with respect to z.
Using a as the transformed variable and placing a bar over the transformed function, the equation
satisfied by c (say) is

rdr
(13)

A similar equation holds for 8 when c, is replaced by #,• and S by P. The standard solution for
equations of the type in Eq.(l3) are in terms of a complimentary function (cc./) and a particular
integral. The particular integral of Eq.(13) is c,/s and the general solution is then

£= — + const ce.ps
(14)

in which ~cc.p salsifies the homogeneous form of Eq.(13).

= xd-r)=O(l) , (15)

and hence a boundary layer forms near the wall. Under this condition, the complimentary function
now satisfies the equation

If we take cognisance of the fact that SKa/x2 could be of order 0( 1), when a -» oo as well, the
above equation finally approximates to

(16)

which is standard. Hence a solution to Eqs.(14) and (16) subject to the appropriate boundary con-
dition can be expressed in the form

l [ 1 - ^ )]
J '

(17)

where Jn(x) is the Bessel function of the first kind of order n. The inversion of Eq.(17) gives

(18)

where a dash over the Bessel function or any other function from now on denotes differentiation
with resepct to the argument.

When x is arbitrary, the complimentary function cc.f is such that it should be finite on
r = 0. Hence we seek solution in the form of the series expansion

and substituting this expansion in the homogeneous part of Eq.(13) we can show that

ai~ A \Mxl JS' °4 = 16" " [4 \lo(x) ~

Therefore

(19)
If we terminate the series expansion as indicated in Eq.(19), the inversion can be accomplished by
Heaviside calculus. Thus except for the constant c<, the numerator in the second term of Eq,(19)
can be re-expressed as

= l +

- T •" I



If the corresponding denominator is denoted by Q, then we can write

_ j

a
_ a P(3)

Q<«)
(19o)

Hence with

the inversion becomes

The temperature can be handled similarly.

(20)

Next we consider the solution of Eqs.(ll) and (12). First, Eq.(ll) we eliminate the ve-
locity w from the second and third equations with the help of the first. We obtain

m = (D2 - x
2Dr - P rR7G,.

= (D2 - X
2 D r - 5 c R 7

where the differential operator DT is defined as

dr2
 T dr

If PTGT = SCGC a very simple solution can be obtained by adding Eqs.(21). Thus

-1R(P, + Se) = (Dl - x1 OT - 2PrG,R<7) (0<°> + c(0>)

Hence with

(21)

(22)

we can obtain the solutions

6(0, + c(0) _ K \ ^ ± ^ + const, /0(n<-"/2r) + const; Jc,(n<+)1/2r)]

7R(PrGcc(0) + ScGiOW) = K[-2RSc"t+ const,(£}<->2 + x2£2(-> - S e

l ( + ) 1 / 2r)] , (23)

where the second equation in (23) is obtained by substituting the first in any of Eq. (21). It is
now a simple matter to solve for c(0) and 0(o) and thereafter imposing the boundary conditions to
determine the constants const i and const 2.

Generally Eqs.(21) can be handled by first eliminating the temperature (say). Hence we
have

ADl -2X
2D2

r - (ScGJR-i + PrGrR-f - rGT + ScGc)]c
(0) = 0 (24)

for realistic values of the parameter, the cubic equation is (24) only has one real root ±H, where
il > 0. Therefore

(25)

Hence

Once more the constants A and S can now be obtained by imposing the boundary conditions.

Finally, the solution to w can now be deduced in the form

(26)

- p - = const + w + L jT< [fa)*- (j (27)

and the constant follows from the no-slip boundary condition at the wall. The solutions are now
complete.

DISCUSSIONS

The valve effect and its correspondence with porosity is well illustrated by Eq.(18).
Hence when x —» °°, which corresponds to shuting the valve, the concentration exhibits a bound-
ary layer effect. In fact, the concentration is confined to near the wall of the green plant and indeed
it is negative. This is a phloem (Dislocation) flow. The concentration given by Eq.(20) on the other
hand is indeed more valid near r = 0. In fact under this condition, c may be seen to be positive
with exponential variation with z, so that there are no oscillations. This is a xylem flow.

Indeed, one would expect the minerals from the soil to be convected with the water, up
the stem of the plant, around the centre line where the velocity is highest. However, near the walls
of the plant, the velocity is nearly zero and glucose may now be convected downwards.

To amplify this, we now consider the concentrations given in Eq. (25). For this we have
taken co = 1, h = - 0 . 1 , Pt = 7, & = 1 = GT = Gc, R = 0.1, cin = 1 = 6in, cOT, = 0.5 = 8,^,
2 = 0.5. Figure 1 corresponds to the concentration distribution when 7 = 0.5. Thus for very large
values of x. the concentration is negative near the wall and positive away from it. If x is small,
the concentration is wholly positive. So that phloem flow occurs for large x n e a r the wall. When
co = -0 .5 as in Fig. 2 only xylem flow occurs.

In conclusion we stress that when the concentration gradient is zero or favorable, phloem
flow will occur near the wall when the valve is nearly shut than wide open.
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