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ABSTRACT 

directs of a nonuniform magnetic field on the plasma presheath is numerically inves

tigated using I lie plasma equation for a collisionless plasma with a finite-temperature 

particle source. The present calculation confirms that previously published analytical 

solutions [ Phys. fluids B 1, 7'25> (1989) ] are available over a wide range of mirror 

ratio. Potential drop in (he presheath, which considerably depends on both the mag

netic strength profile and (he spatial distribution of the particle rourrr, is remarkably 

increased by applying an expanding magnetic field when plasma particles are generated 

in the inner part of the plasma. An effect of a nonuniform magnetic held on sheath for

mation is also discussed by using the calculated ion distribution function. If the plasma 

equation has no singularity at the sheath edge, its solution satisfies the generalized Bohm 

criterion with the inequality sign in the expanding magnetic held. 

K e y w o r d s ; presbeath, open field plasma, expanding magnetic held, sheath, Bohm 

criterion 
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I. INTRODUCTION 

The problem of the potential formation in a plasma in contact with a wall is im

portant, for research on magnetically confined plasmas as well as on the plasma source 

used in plasma processing. Potential developed in a plasma flowing along a nonuniform 

open magnetic field becomes an issue when we approach the subject of the plasma flow, 

energy transport, an inflow of high-Z impurity ions, and plasma-surface interactions in 

an open region of confinement systems. In the presence of an expanding magnetic field, 

ions are accelerated toward the plate and their density drops accordingly. If electrons 

remain close to a Maxwellian distribution then the electrostatic potential will increase 

following the Boltzmann relation. Accelerated ions will also facilitate formation a shield

ing positive space charge at the plasma boundary. Therefore, the expanding magnetic 

field is expected to be available for enlargement of the potential along a fielci lino and 

stabilization of the sheath potential. 

The problem of plasma flow to a wall and the potential formation has drawn attention 

since the first kinetic analysis in the context of discharge plasmas was done by Tonks 

and Langmuir 1 . Progress on the theoretical treatment of this problem has been made by 

a number of workers over many yea r s 2 " 4 . In the previous analyses the plasma is either 

unmagnetized or magnetized by a uniform field. 

Recently, Sato et al. formulated the plasma-sheath equation for a colhsionless plasma 

with a finite-temperature particle source in an expanding magnetic field5, in which the 

same ion source function used by Emmert et al. is adopted and Boltzmann electrons 

is assumed. They obtained an analytic, solution by introducing some simplifying ap-



prox imat ions and presented the po len l ia l profi le, the potent ia l al the sheath edge, and 

(lie wall potent ia l as well as the part ic le and energy fluxes to the sheath for different 

magnetic m i r ro r profiles. Hussein el al. numerical ly s imulated the same plasma and 

investigated the dependence of the preshealh potent ia l on both the spat ia l d is t r ibu t ion 

of the part ic le source and the magnetic field s t rength profiles 1 ' . They compare the s im

u la t ion results w i t h the analyt ical solut ion obtained by Sato et al . . showing that the 

s imula t ion results agree well w i t h Sato et al. for low mi r ror ratios but deviate as the 

mi r ror ra t io increases. A l though they concluded tha i the differences between them is 

a t t r i bu ted to (he approx imat ion made in the analysis, the difference* main ly or ig inate 

in a part ic le source used in the analysis and in the s imula t ion . A part icle source used in 

the analysis has a spat ial profi le in propor t ion to the plasma part icle deriMiy but that in 

the s imulat ion has a un i form spatial profi le . 

In this paper, we numerical ly studied potent ia l format ion in the plasma immersed in 

it nonuni form magnetic field by solving the plasma equation formulated previously. We 

compare I he numerical results w i th the analyt ical ones and also wi th the si inula l ion ones 

to show just ice of approx imat ions in the analysis carried by Sato et al. and to check 

accuracy of ihe s imulat ion code developed by Hussein et a l . . Moreover, we investigated 

the dependence of (he potent ia l profile on spat ial d is t r ibu t ion of the part ic le source 

ami show upper and lower l im i ts of the potent ia l drop in the presheath l o indicate 

cont ro lab i l i t y of the presheath potent ia l by app ly ing an expanding magnetic f ield. We 

also discuss an effect of the nonun i fo rm magnetic field on sheath format ion using the 

calculated ion d is t r ibu t ion funct ion. 
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In See. 2. wo describe lite model and write I In- plasma equation. An effect of a 

nonuniform magnetic field on sheath formation i* briefly discussed in Sec. 3. I he 

numerical results are presenled and discussed in Sec. -I. and the conclusions are given in 

Sec. "». 

II. MODEL AND PLASMA EQUATION 

The model and coordinate system used throughout this paper is illustrated in Kit;. 

I. The collisionless plasma contained between two perfectly absorbing walls located at 

./• = ± / , is symmetric about J' = 0. The Debye length is assumed to be small compared 

with macroscopic scale length, and then quasinout rality along field lines holds (rue over 

the whole region except (he sheath region. 

I sing the energy " and the magnetic moment //. the kinetic equation for ions is simply 

described by 

ilfix.c.ii.v) m 

r r . ' ; , | . , . f . ; , ) = S{x,c,ti). U J 
ij.r 

where 

is the speed of ion along the field line, rr(= ±\) denotes the direction of the ion motion, 

/(./•. s. f/.f*) is the ion distribution function. S[.r.s.. //) is the source term for the ions, .1/ 

is mass, </ is the ion charge. <!>(./•) is the electrostatic potential, and H{.r) is the magnetic 

field strength. The ion source used dy Knnnerf et al. is expressed in the form 

'•'/; J 
S[x.s.,l) = S0h(x)- .•!/-' 

*<n;) ; 
r | | ( j ' . f , ; / ) n x i i 
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where -Si i* the source strength, k is Boltzmann's constant. 7", is the source tempera

ture, and h{x) expresses the spatial distribution of the source. The distribution function 

/(./ ' . i\ (i.n) is obtain !>y integrating Kq. f I) along the trajectory of ions using tlio 1 bound

ary conditions / ( — /,, E, ft, +1) = 0 and / ( / , , £ , / / , — I) = 0. Ion density ".(.'') i* calculated 

by integrating the distribution function over the e ~ ft space. 

Since the electrons are in a retarding electrostatic potential, the electrons can be 

assumed to have a Boltzmann distribution with temperature Tc. Results of particle 

simulation shows that the hulk of electrons approaches to the Bollzmann distribution 

ever if the mean free path is much larger than the scale length of a plasma'. Wo can 

equate ion and electron charge densities in the presheath region toobtain the the plasma 

equation. Introducing the nondimensional variables 

*(a) = -rt>(s)/kTe, R{s) = B0/B(s), s = x/L. Z = q/e. 

and 

r = rjr,, 

we ilnscrilip tho plasma equation derived liy Sato et al. in the form 

»„ exp(-*(•<)) = Z.%L ( ^ ) ' fo ,h'G(s. ,s')/.(,') H) 

wher 

<,'(*..,-) = i 

• oxp{/?Y(tf(ji) - tf(s'))}prfr{,ZY(tf(s) - * ( * ' ) ) , / 3 } 

-(^fP) , / 2 -p(7d^^(*(' ') -W))) 
"^{(mJ-L^rWs) ~ Vis')))"2} . * ' < * 

. rxp{Zr^[s) - *(«'))} , s' > s . 



The electrostatic potential in the prcshealli is obtained by solving Kq. (I) and the wall 

potential tytl. also determined from the requirement of equal inn and electron fluxes 1o 

the wall. 

III. EFFECT ON SHEATH FORMATION 

The Sheatii is assumed to be so thin that the particle source and variation of the 

magnetic field strength can be neglected inside the sheath. The solution of the plasma 

equation satisfies quasineiitrality at the sheath edge and the particle flux is conserved in 

the sheath. Using quasineutrality in the plasma and conservation of the particle flux in 

the sheath, we can derive the relation 

2 2 dR/dsdlnJn, 
(5) Z 2 Z dV/ds dll 

where Vj| = (MV,?/2kT eY^ is the norniarize.d parallel velocity and the brackets < > 

denote averaging with the ion distribution function 5. The second term of rhs of Eq. 

(Ti) describes an effect of the nonuniform magnetic field. When the magnetic field is 

expanding, that is dR/ds > 0, the plasma equation for any source function satisfies the 

generalized Bohm criterion, 

< if 1 > < i • <°> 

because the derivative dnJdR in Kq. (••>) is always negative at the sheath edge. The 

equality in Kq. (6) is true, when the magnetic field is uniform or the field singularity 
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appears al the sheath edge*. Appearance of the field singularity depends on both the 

spatial distribution and the velocity distribution of the particle source. If there is no 

particle source in the vicinity of the sheath edge or the particle source has no ions with 

zero parallel speed like Emmerl's source, the field singularity does not appears and the 

derivative dAl/ds has a finite value. In this case the generalized Bohni criterion is fulfilled 

with the inequality sign. Oversatisfaction of the Bohm criterion is favorable for formation 

of a shielding positive space charge al the plasma, boundary and then one can expect 

that an expanding magnetic field has a stabilizing effect of the sheath potential. 

IV. RESULTS AND DISCUSSION 

For the purpose to demonstrate effects of the expanding magnetic field on the presheath 

potential, we now solve the plasma equation which is the nonlinear integral equation. 

This equation can be solved numerically by transforming it into a set of finite difference 

equations. We can obtain the numerical solution with a high accuracy better than 1 0 - 5 

by iterating on the potential until it converges. We express the model field R(.i) as a 

function of the coordinate s and assume the temperature of ion T, to equal the electron 

temperature Tt. 

At first, to show justice of simplifying approximations in the analysis carried by Sato 

et al. and to check accuracy of the simulation code developed by Hussein et al., we 

compare the calculation results with the analytical ones and the simulation ones. Figure 

2 shows the potential profile in the presheath of a collisionless hydrogen plasma flowing 

along a magnetic field with a magnetic mirror profile used by Sato et al.. Different two 



spatial p r o f i l e of I he part icle source generate different potent ia l profiles. Th ' - dot ted tines 

are the valuer computed by Salo et al. for i he part icle source w i th I he spatial d is t r ibu t ion 

li{fi) ~ ?j(>-)/i;,i a tul broken lines are the s imulat ion r e f i l l by I l u t e i n et al. lor ihe part ic le 

source w i th h{s) = I. The dilference between the analyt ical solutions and the numerical 

resulls is smaller than two p e r m i t . The .simulal ion results also agrees well w i t h the 

numerical ones hut deviate near the sheath edge. The difference seems to he a t t r i bu ted 

to const ruct ion of a numerical gr id int roduced in t h n r s imulat ion, Fig. -S shows the 

dependence of t he potent ia l al the sheath edge ty ( and that at the wall ty„ on the mi r ror 

rat io r?j. Kxeellent agreement between the numerical results and the analyt ica l so lut ion 

w i t h i n two percent is obtained over the wide range of the mir ror rat io; the difference 

is w i th in two percent over the range of Jij f rom 1 to 10. Some difference is observed 

hetween numerical results and s imulat ion results, which is considered main ly l o be an 

error due to the technic applied in the s imulat ion. Hussein et al. have concluded that (he 

differences between Sato et al.'s results and theirs are a t t r i bu ted to the approx imat ions 

made in the analysis in Kef. ">. compar ing their s imulat ion results w i th the analyt ica l 

so lu t ion. We. however, can see f rom Figs. 2 and •'! thai these differences are main ly due 

lo the different spat ial profi le of the part ic le source. 

The dependence of the electrostatic potent ia l and the part ic le density oil 'he magnelu 

mi r ro r rat io is i l lust rated in Figs. A and 5, where the spat ial profi le of the part ic le 

source is given by the Gaussian l ike tha t h(s) = exp(—'J r».sJ). The parabolic profi le of 

the magnetic mir ror rat io given by /?(.•>) = I + (Hi ~ \)s2 is used heretofore. In the 

case of a constant, magnetic field the potent ia l changes only over the source region and is 
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constant elsewhere. Fpon applying, I lie expanding I Magnetic field, the potent ia l continue:-

l o vary in the sourceless region. The potent ial drop increases w i th increasing of the edge 

magnetic mir ror rat io ft,, f i gu re t; shows the ion d is t r ibu t ion funct ion a) the >healh 

edge for various magnetic mir ror ratios. I he expanding magnetic field accelerates the 

plasma toward the wal l and then the plasma is predicted l o satisfy a condi t ion for sheath 

fo rmat ion at the sheath edge. The value of < \'..~- > calculated f rom the ion d is t r ibu t ion 

funct ion is equal to 2.0 in the un i form magnetic field and it becomes smaller l l ian 2.0 in 

the presence of the nonuni form magnetic field. Then the generalized Bohin cr i ter ion is 

satisfied w i l h the inequal i ty sign in the expanding magnetic f ield. The value of < \ j . ~ - > 

also is checked to agree the value calculated f rom Fq. (5). From these results we ra/ i 

expect that 1 he expanding magnetic field have a stabi l iz ing effect on sheath fo rmat ion . 

In I he presence of the nonuni form magnetic field the potent ia l d rop in the presheath 

considerably depends on the spatial d is t r ibu t ion of the part ic le source. Figures 7 and H 

i l lust rate the dependence of the potent ia l and the part ic le density on the spat ial d is t r i 

bu t ion of the part icle source. The calculat ion is carried for three typical .spatial d is t r i 

but ions. In the case of the part ic le source near the plate, the potent ia l is only developed 

over the region where the part ic le source exists and the magnetic field inside the part ic le 

source has no efTect on potent ia l fo rmat ion . This can be seen f rom Fq. (•!) in which the 

integrand Ci is independent, of the magnetic mir ror ra t io when s' > s. In this ca.se the 

only magnetic field in the source region affects the potent ia l fo rmat ion . On the contrary, 

in the case of the part ic le source near the center, the potent ia l is developed not only 

over the source region but also over the sourceless region. The potent ia l development in 

!) 
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the sutureless region is the result of Ihe expansion of the magnelir flux tube Figure M 

shows I lie ion distribution at the shealh edge for various spatial profiler i»f t lit1 particle 

source. The plasma flow velocity at Ihe sheath edge exceed> the ion sound vehu ily and 

the generalized Bohm criterion is fulfilled with the inequality sign. 

From results shown in Fig. 7 we can predict that the polential U>t has the maximum 

value when the particle source is concentrated at the center and has the minimum value 

when the particle source is localized near the wall. The maximum value is independent 

of ihe mirror ratio profile but dependent on the mirror ratio at the sheath edge /?,. 

Figure 10 shows the dependence of the upper and lower limits of potentials tyt and ty„ 

on the mirror ratio Ry. The region bounded by these limits show the region in which 

we can control the presheath potential by changing the mirror ratio and the profile of 

the magnetic field. Broken lines are results for the particle source with h(s) = 1. One 

CRI\ also see that the wall potential increases gradually but the potential drop in the 

sheath decreases slightly with the mirror ratio. Results in Figs. 7 and 10 show that we 

can effectively control the presheath potential by applying the expanding magnetic field 

with an adequate mirror ratio profile. 

V. CONCLUSIONS 

We have investigated formation of the presheath potential in the presence of an ex

panding magnetic field by numerically solving the plasma equation for the collisionless 

plasma. We have checked validity of the analysis and accuracy of the simulation code by 
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comparing the present calculation results with a previously published analytical solution 

and recently published simulation results. Results show that analytical solutions ob

tained by Sato et al. are available over a wide range of the mirror ratio, and the present 

result of the potential profile also agrees with the simulation result obtained by Hussein 

et al. except the region near a wall. 

We have studied the dependence of the presheath potential profile on the spaiial 

profile of the particle source and that, of the magnetic field strength. Results show that 

a particle source profile has a considerable effect on the potential drop in the presence 

of a nonuniform magniiic field. If t plasma source exists in the interior of the plasma, 

we can effectively enlarge the potential drop in the presheath by increasing the magnetic 

mirror ratio. We have shown the upper and lower limits of the presheath potential as 

a function of the magnetic mirror ratio. The potential drops can be controlled within 

these limits by applying an expanding magnetic field with a. proper field strength profile. 

We have discussed an effect of a nonuniform magnetic field on sheath formation by 

calculating the ion distribution function. The plasma is accelerated by the gradient of 

the magnetic field strength and the plasma flow velocity at the sheath edge exceeds 

the sound velocity. The plasma flow in the presence of the expanding magnetic field 

satisfies the generalized Bohm criterion with the inequality sign if the sheath edge does 

not exhibit the the singularity. 
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FIGURE CAPTIONS 

Fig. 1. The geometry of the model and axial profiles of the potential and the magnetic 

field strength. 

Fig. 2. The normalized potential profile in the preshea.th for t.hv'. particle source with 

the spatial distribution (a) h(s) = n(s)/n0 and (b) h(s) = 1. The model field b 

in Ref. 5 is used for the magnetic, mirror profile. A dotted line is the analytical 

solution by Sato et al. for h(s) = n(s)/nB, and a broken line is the simulation 

result, by Hussein et al. for h(s) = 1. 

Fig. 3. The normalized potential at the wall $w and that at the sheath edge ^ a s a 

function of the mirror ratio at the sheath edge ft] for the particle source with (a) 

h{s) = n(s)/n0 and (b) h(s) = 1. The model field in Ref. 5 is used. Dotted lines 

are the analytical solutions for the particle source with h(s) = n(s)/n0 by Sato et 

al., and broken lines are the simulation results for the particle source with /j(.9) = ] 

by Hussein et al.. 

Fig. 4. The normalized potential profiles for the magnetic mirror ratio profile. R[s) = 

1 + (Rx - l)s2 with fl, = 1.0, 2.0, and 4.0, where the spatial distribution of the 

particle source is chosen as h(s) = exp(—25s 2). 

Fig. 5. The profile of the normalized plasma density n{s)/nB for the magnetic mirror 

ratio Rt = 1.0, 2.0, and 4.0. 
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Fig. 6. The normalized ion distribution function at the sheath edge for various values 

of Ri. The value < V.r2 > is equal to 2.0 in the case of the uniform magnetic, field 

and smaller than 2.0 in the case of the expanding magnetic field. 

Fig. 7. The normalized potential profile for the partial source with the spatial distribu

tions h(s) = exp ( -25s 2 ) ( ) , " («) = 1 ( ). a n d h(s) = exp ( -25 ( l - s ) 2 ) 

( ). The magnetic mirror ratio profile is chosen as R(s) = 1 + s 2 . 

Fig. 8. The profile of the normalized plasma density n(s)/n0 for the particle source 

with h(s) = exp( -25s 2 ) ( ),/i(s) = 1( ), and h{s) = e x p ( - 2 5 ( l - s ) 2 ) 

( ) • 

Fig. 9. The normalized ion distribution function at the sheath edge for the parti

cle source with h(s) = exp(—25s 2) ( ), h(s) = 1 ( ), and h(s) = 

exp ( -25 ( l - s ) 2 ) ( - ) . The value < V^2 > is always smaller than 2.0. 

Fig. 10. The upper and lower limits ( and ) of the normalized potential 

at the sheath edge, $ i , and those of the potential at the wall, *PUJ, as a function 

of the edge mirror ratio Rj. Bracken lines are results for the particle source with 

h(s) = 1. 
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