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A b s t r a c t 

We present a numerical solution of the Thomas-Fermi atom in the presence of a static 
electric field as a model of the adiabatic response of a heavy atom in the presence of a 
strong laser field. In this semiclassical approach, we calculate the resulting charge state of 
the atom and its induced dipole moment after the field is turned on. Due to the scaling 
properties of the Thomas-Fermi ;pproach, the resulting .Mai atomic charge and dipole 
moment can be expressed as a universal function of the field. We compare our results with 
recent ionization experiments performed on noble gases using laser fields. 
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I . I n t r o d u c t i o n 

Modern laser systems can deliver electric field strengths on the order of or bigger than 
the electric field exerted by the atomic nucleus on the outer shell electrons. An important 
question is how do these fields act on matter? A number of ionization experiments have 
been performed, mostly on noble gases, to answer this question. 1 -" It is important to notice 
thai in these experiments two different time scales exist: the laser period is much smaller 
than a characteristic atomic time fi/Ip. where Ip is the ionization potential. Therefore. 
the outer electrons see the laser field as quasi-static and the number or photons absorbed 
by the atom in the ionization process is large. A second feature of these experiments is 
the apparent absence of shell effects. In ref. 1. the authors note that their ionization rates 
liVpend very little on the details of the structure of the particular atom under study, but 
depend only on its binding energy. 

Any a t tempt at explaining these ionization experiments has to be non-perturbative in 
character due to the high applied fields. The disparity in time scales and apparent lack 
of shell effects have led to a t tempts to fit the d a t a 2 with single electron models such as 
Keldysh's. which describes multiphoton ionization from the ground state of a hydrogenic 
atom to the continuum ignoring the efects of intermediate states. 

We will tal(e here the complementa.-y approach; we will study the case of a many 
electron atom where the electron density >*an be calculated semiclassically, and where the 
screening effect of the inner electrons is taken into account. A semiclassical calculation 
may be expected to be good for a high 2 atom because most of its electrons are in energy 
levels with high quantum numbers. 

It is clear that any a t tempt at a calculation a t the level of Hartree-Fock of a system such 
as a Xenon atom in the presence of a strong field is numerically prohibitive. However, the 
apparent absence of shell effects and the large number of electrons involved in our problem 
suggest that a statistical approach such as the Thomas-Fermi model is in order. In this 
model, the electronic cloud is considered as a Fermi gas at zero tempera 'ure; that is, as 
a gas of electrons whose energy distribution is a step function at the max. num possible 
energy (Fermi energy). The electron density is then calculated by filling the available 
phase space vciumc using the Pauli exclusion principle. This electron density is then 
used in Poisson's equation to compute the self-consistent electrostatic potential of the 
atom. The Thomas-Ff.Tmi model can also be derived more rigorously from the electron 
density calculated from the solution of the Hartree-Fock equation if we neglect exchange 
effects and treat the single-particle wave functions semiclassically. 4 For a large Z a tom, 5 

exchange and quantum corrections are both of order Z~ ' compared to those retained in 
the Thomas-Fermi model. 

The disparity between the laser frequency and a characteristic atomic frequency sug
gests a straightforward modification of the model to solve the problem of the atom in the 
presence of the low frequency laser field viz.: The potential due to a constant electric field, 
corresponding to the peak value of the laser field, is added to the Thomas-Fermi equation, 
since it is at this time in the laser field period that most of the ionization occurs. 
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In the next section, we will describe our model and set up the Thomas-Fermi equation 
for our system. We present there our numerical results and the universal curves which 
express the charge state and induced dipole moment of a heavy atom as a function of the 
applied field strength. The comparison with available experimental data is done in section 
•3. We conclude with a discussion in section 4. 

II. Thomas-Fermi atom in an external electric field 

Here, we derive the Thomas-Fermi equation for an atom distorted by an electric field. 
Our derivation proceeds along the lines of the usual one for the 'bare* Thomas-Fermi atom. 
We present it here mostly fee the sake of completeness. 

Our system consists jf Qei electrons around a nucleus of charge Z, subject to an 
external potential Vat = -Fz, where the c-axis is chosen along the direction of the field. 
(Atomic units are used throughout.) If we are at a position r and the maximum available 
energy of a single electron in the atom is —t. then, classically, the momentum of the fastest 
electron at r is 

P J = yj2[9[r) + Fz~ (} , (!) 

where —c is the energy at the separatrix and — <? is the effective potential seen by the 
electron (see Fig . l ) . 

The number of phase space cells at r is d pdVI(2ir) . Each cell can hold two electrons 
(one for each spin state) according to Pauli's principle, and if we integrate this number 
between 0 and P / ( r ) , we have for the electron number density 

P3f 2 3 ' 2 i » 

The electron density is zero outside the region delimited by the separatrix (outside the 
classical region). We can use now this constitutive relation between Q and n together with 
Poisson's equation V 2 o = 4i?n to find the total potential <j>; 

V 2 ^ = f &V2/3*[<t> + Fz - t)3'2 i f r < r , , ( 

1 0 otherwise. 

7-j is the separatrix curve; the curve that solves the equation <? + Fz — t = 0. As r —• 0, 
the nucleus is not screened, so <i> — 2 / r in this limit. The other boundary condition is 
that as r —• oo. <i> — Q/r, where Q is the total charge of the atom, Q = Z — Qej, with 

Qti = jdVn(r). {i) 

Equation (3) is two dimensional, due to the azimuthal symmetry around the field axis. 
It is convenient to change the dependent variable 0 to \ , where <t> + Fz = (Z/r)\, 

and the independent variable r to the Thomas-Fermi scaled coordinates r = bZ-1'3! 
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•0 = 2 ' ' ( 3 T ) " ' ). With these changes. Eq. (3). writteii now in spherical coordinates 
•• n = cosO). transforms to 

jr- x- dfi' Dp I 0 . otherwise. 

The boundary conditions are nov 

\ ( 0 . u ) = l . 

and Qst takes on the form 

( • T ) 

(C) 

(V) 

We can also obtain an expression for the 'iipole moment. D:, induced by the external 
field F. In analogy with Eq. (7), 

. _ J r fVn(r ) . - Z2/3<> f1 , f T ' M , 3/2, «* .3/2 , B , 

In Eq. (5), with boundary conditions given by Eq. (6). t appears only in the combination 
(Z~4' and the field strength F appears only in the combination FZ~S". It is clear then 

where g is a function which is independent of Z\ that is, universal 
for all (heavy) atoms. In the same way, from Eq. (T), QelfZ, and hence QjZ = 1 — Qrf/Z, 
are universal functions of tZ~4/3, and hence of FZ~S/3, i.e., QjZ = h(FZ~i/3). The same 
reasoning holds for the induced dipole moment DZZ^3 given by Eq. (8). It is, therefore, 
sufficient to calculate the charge states, induced dipole moment, and i curves versus applied 
field strength for Z — 1 only, which produces the universal curves for all atoms. 

We choose to solve Eq. (5) for x(z , p.] numerically by a relaxation method. We put 
an extra d\/dt in Eq. (5) and obtain then a diffusion-type equation whose solution will 
converge to the solution of Eq. (5) as t — oo. To solve the two-dimensional partial 
differential equation, we use an alternating-direction-implicit scheme. We take as initial 
conditions for x, the well-known Thomas-Fermi function \TF f ° r t n « b a i e atom ( F = 0). 
(This function satisfies XTF = XTF/*' >• ^ ' e t 3 ' < e ! — 0 initially. At each subsequent time 
step we find e as follows: Because of the azimuthal symmetry, we know that the saddle 
point of o (hence \jx) is at a point z = za along the ; axis. We find this point numerically 
by solving d(x/x)/d~ — 0- Having :,, we can calculate the energy at the separatrix as 

< = • X U J ' ' • ( 9 ) 
b z3 

Once we know t, we can generate the rest of the separatrix curve a: = x,(/i) by solving 
\ ( r . fi)~ {<bZ~4^3)x = 0 numerically for x = T*(ti). Knowing xs(j.t), we can construct the 
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updated electron density in the right-hand side of Eq. (5) and solve again for \ . repeating 
the whole process until we achieve self-consistency. 

The physical meaning of < is. as mentioned before, the maximum energy of a single 
liocnd electron in the presence of the external field. The amount of energy required to 
extract an electron from an ion A'"1"' for F = 0 is the ionization potential. If. of that 
charge state A"1"'. It proves to be more convenient for comparison with experiments to 
plot the field required to produce a certain charge state versus the ionization potential of 
that charge state, rather than versus c. For that , we need to calculate both the ioniEation 
potential of the Thomas-Fermi atom or ion of a certain charge and also the field required 
to produce that charge. Again, the result can be expressed in a universal curve for all 
atoms. 

The universal curves for th? total charge of the ion, Q/Z, and dipoie moment, D;Z1'3. 
versus field. FZ~ . and intensity. IZ~]0'3. versus ionization potential. IPZ~*'3. are pre
sented in Figs. 2, 3, and 4. respectively. 

I I I . C o m p a r i s o n w i t h I o n i z a t i o n E x p e r i m e n t s 

In ref. 2, the authors summarized the results of their experiments in a plot of the 
threshold intensity for the appearance of a charge state versus the ionization potential of 
the previous charge state. They defined the threshold intensity as the intensity required to 
have a probability of 1 0 - 4 for the appearance of the given charge state. The plot contains 
the results for Ar. Kr, and Xe, and is reproduced in Fig. 5a. 

In our semiclassica! model, we cannot calculate the field which yields 1 0 - 4 probability 
of ionization, but we can and do calculate the field for an ionization probability equal to 
1. This provides an 'upper bound for the saturation intensity measured in experiments. 
If we replot Fig. 4 for Z = 18,36, and 54 and display the results in experimental units, 
we obtain Fig. 5b. Although we cannot compare Figs. 5a and 5b vis a vis, due to the 
different definitions of the intensities, it is clear that the model gives the right scaling 
with the atomic number Z and that it provides a reasonably close upper bound for the 
saturation intensity of a given charge state. If we read from the plotted da ta in ref. 2 the 
intensities required to have a 100% ionization yield, we come much closer to the numbers 
we obtained in our calculations. 

It is important to mention the two groups that made the experiment {see refs. 1,2) have 
differences in their reported intensities for the appearance of a given ionization species, 
which in some cases are of two orders of magnitude. The two experiments differ, however, 
an order of magnitude in their pulse lengths. Our model possibly explains the 'prompt ' 
ejected electrons, which probably account for most of the ionization signal in a short-pulse, 
high-intensity experiment. One can expect, however, that the ionization signal in a long-
pulse experiment will have a contribution from electrons which eventually tunnel through 
the confining potential barrier and which cannot be accounted for by the present model. 
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I V . C o n c l u s i o n s 

A useful upper bound for the intensity required to reach a specified charge state by non-
resonance ionization of high Z gases has been obtained by employing a statistical model of 
the atom subject to a constant electric field. This model takes into account only the bulk 
and screening properties of the atom and overlooks the details of the atomic structure. 
In this way. as is seen experimentally, the ionization properties are only a function of the 
ionization potential. Moreover, the model predicts the right scaling or ordering for the 
different atoms considered experimentally. 
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Figures 

FIG. 1. Sketch of the self-consistent potential. —o; external potential V^t = — F:: and 
separatrix energy — t. The hatched area is where the electron density is different from 
zero. 

FIG. 2. Universal curve of the total ionic charge. Q/Z. versus field FZ~S^3. 

FIG. 3. Universal curve of the induced dipole moment, D:Z1*3, versus field FZ~h^. 

FIG. 4. Universal curve of the time-averaged intensity, IZ~ ' 3 , versus ionization potential 

i„z-"\ 
FIG. 5. Intensity versus ionization potential for Xe, Kr, and Ar. (a) Experimental curve 
of threshold intensities required for l O - 4 probability of ionization, (b) Theoretical curve 
of intensities required for 100% ionization. 
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