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INTRODUCTION

Einstein Gravity in 2+1 space-time dimensions has recently developed into
an area of active research. I shall review in this talk some standard knowledge
about 2 + 1-dimensional gravity and then proceed to recent results concerning
the quantum scattering of Klein-Gordon and Dirac test particles in a background
of point sources with and without spin. Most of what I shall talk about was
discovered more or less jointly by S. Deser, R. Jackiw axid G. 't Hooft [1-4]. I am
particularly indebted to R. Jackiw for arousing my interest in this subject and
various discussions.

Before presenting the above mentioned results let me briefly motivate the
study of 2 + 1-dimensional gravity. The interest in this lower dimensional theory
is twofold:

On the one hand there are systems whose symmetry properties reduce the
effective number of dimensions. In gravity this occurs for the spacetime created
by an infinite cosmic string. Due to the non-linearity of Einstein's field equations
this is not a trivial statement (contrary to e.g. electrodynamics of infinite wires)
and depends on the equation of state of the string (tension = mass density), i.e.
on the additional symmetry of boosts along the string. The primary physical
interest here is in the motion of particles in the background created by these
cosmic strings and the analysis presented below is directly relevant for this case.

The main theoretical interest lies however in the quantisation of 2 + 1-
dimensional gravity as a toy model for the 3 + 1-dimensional case. Any analogy
drawn in this way can apparently only be very crude, since in 2 + 1 dimen-
sions gravity is a theory without local excitations (see below), very much like
1 + 1 dimensional gauge theories. Like these latter theories, lower dimensional
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gravity might however help to understand some aspects of four-dimensional grav-
ity. Recently the hopes for insights from 2+1 dimensions have even been raised:
Ashtekar [5] introduced new variables for 3 + 1-dimensional gravity with the pur-
pose of simplifying the structure of the constraints. Furthermore "loop variables"
(holonomies of Ashtekar's connection variables around loops) were proposed as
alternative basic variables [6]. On the other hand 2 + 1-dimensional gravity can
be reformulated as a Chern-Simons gauge theory of the Poincaré group [7,8], with
Wilson lines as (non-local) excitations, which display an intriguing similarity to
Ashtekar's connection and its associated loop variables. Though the coupling of
this lower-dimensional theory to matter fields seems to destroy its simple struc-
ture, point sources can be incorporated by infinite time-like flux lines [8]. In
particular the semiclassical analysis reviewed below presents a set of data, which
one should be able to relate to the dynamics of these point particles [9]. This
would considerably enhance our understanding of three- and thus (hopefully)
four-dimensional gravity.

Since for two-body scattering the semiclassical analysis turns out to be essen-
tially equivalent to the full quantum phenomenon [2], the solution of this problem
already reveals the intricacies of the non-local interactions in 2 + 1-dimensional
gravity. .

The structure of the talk is as follows: In the first part I review the clas-
sical theory. Section I.I contains general remarks of 2 -f- 1-dimensional gravity,
Section 1.2 describes space-time in the presence of point sources and Section 1.3
discusses classical scattering and applications to (spinning) cosmic strings. In
the second part I consider the quantum theory. I shall restrict my attention to
the two body scattering problem. In Section II.1 the scattering of spinless par-
ticles off spinless sources is discussed. Spin effects are included in Section II.2.
In an Appendix I present some clarifying remarks about the three-dimensional
analogue of the Weyl tensor and so-called "Chern-Simons theories of gravitation".

I. CLASSICAL THEORY

I.I Generalities

General Relativity in 2 + 1 space-time dimensions has some characteristic
features that distinguish it from the more familiar 3+ 1-dimensional theory [1,10].
In an arbitrary number of dimensions d Einstein's equations read

\J fur —

which for d > 2 can be rewritten

-K {T*y' I^9""7) •

(La)

(l.b)

Here R^v denotes the Ricci tensor and TMI, the energy momentum tensor, R and
T their respective traces. The indices run from 0 to d— 1.
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The most important peculiarities of 2 + 1-dimensional gravity follow from
the following identity valid for d=3

R?*o? = -t^pCo^G""'. (2)

This identity relates the full Riemann curvature tensor Rm,o* algebraically to
the Einstein tensor Gp-t. It is possible as in d=3 both have the same number (6)
of degrees of freedom (additional comments can be found in the Appendix). In
particular in vacuo, where the right hand side of Eq. (1) is zero, the Riemann
tensor vanishes. In these regions the metric is therefore flat and can locally be
brought into the constant form g^m — i\^. Thus matter creates no curvature
outside its location.

This has two independent important consequences:*
1. There are stable static solutions, since matter in one region of space does

not exert any force (via induced curvature) on objects in other regions. In
particular there cannot be a Newtonian limit and gravitational collapse does
not occur.

2. There are no gravitational waves, which would represent non-trivial vacuum
solutions.

These statements seem to render the theory tr":_.i and void of physical
interest: Apparently they can be paraphrased by the absence of gravitational
interaction between non-overlapping objects and of modes of the gravitational
field (to be quantized). This is however incorrect. Instead the gravitational
interaction as well as the degrees of freedom of the field have a global geometric
character.

1.2 Spacetime Created by Pointlike Sources

A. Spinless Static Sources

I quote the solution of Eq. (1) in cylindrical coordinates for a point particle
of mass M located at the origin [1]. Due to the absence of a Newtonian limit
the (dimensionless) constant n in Eq. (1) is arbitrary in 2+1 dimensions and
conveniently taken as K = 2s\ Then the line element can be written

ds2 = dt2-dl2 (3a)

where the spatial part is formally given by the conventional radial form

dl2 = dr2+r2d<j>2. (3b)

The range of the variables is however

0 < r, -oT < ^ < O T .

* For a further discussion and alternative derivations of these facts sre [1,10]
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Here a b related to the mass of the particle by the relation

o = (1 - A/) (4).

This reveals that the space is a cone, Le. a fia: space with a deficit angle of
2xAf. In fact there is a curvature singularity at r = 0, which is hidden in the !
coordinate singularity of the radial variables. For an open space, which is the only
case we shall be concerned with in this talk, we immediately get the geometrical
constraint (deficit angle < 2*) on the total mass of the particle

0 < M < I (5)

in the units chosen. The description of a space with N static particles each
of mass Mi. * = 1---N is quite straightforward. The space is a multiconical
surface, flat except for curvature singularities at the location of the particles with
deficit angles equal to 2xMi attached to them. If the point particles are replaced
by small regions of finite mass density the singularities (tips) of the cones are
smoothed out to caps in an obvious way [10]. The energy density is equal to the
Eukr density of the surface and thus the total mass is given by the Euler number
X~ 0 < x S 1 for u open space. This global geometrical characteristic of the
space becomes discretely quantized for a compact surface and is well known to
form a topological invariant in that case.

B. Sources with Spin

The spacetime of massive point sources with spin has also been found [1]. It
is useful to represent the line element in two ways

is2 = (<ft + Sd$? -dr*- r*d+7

rkre S denotes the spin of the particle and the second line follows from the
first by defining the inertial coordinate T = f + S+. The mass M is again
hidden in the range 2?a = 2x(l - M) of the angular variable ^. The inertial
coordinates however exhibit an even more unusual feature: As can be seen from
the above definition of T, one has to identify (7, r, $) = (T + 2ro5, r, * + 2xo).
Thus despite the familiar aspect of the second line of Eq. (6) the spacetime of
a spinning particle has a complicated global structure. Contrary to t the locally
inertial time T cannot globally serve to denote "physical simultaneity": Equal
T surfaces wind helically in infinitely many sheets (separated by Aí = 2xaS)
around the origin (see Fig. 1) and thus the above interpretation would lead to
severe causality problems (e.g. in Fig. 1 2? lies in the causal future of A). We
shall encounter a manifestation of this time-helical structure in the next section.
In concluding let me mention, that the spacetime of N static spinning sources has
been constructed [11]. Essentially by boosting the static solutions the simplest
cases of moving particles have been solved [1]. Recently strings in 2+1 dimensions
have been considered [12]. For interesting related work see also [13].
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Fig. 1: The surface of cons* V "inertial" time T winds helically around
the t axis. The event B lies in r ; causal future of A and thus the surface
is unsuitable to define simultaneity.

3. Classical Test-Body Scattering

In order to obtain the motion of a test particle in the field of a source with
spin S and mass M one solves the geodesic equation

Í"+: (7)

with the afHne connection derived from the metric given in Eq. (6). Here the
dot denotes differentiation with respect to the inertial time T, which represents a
convenient choice for an affine parameter along the curve. In order to unravel the
intricate global structure we always take x° — t (see Eq. (4)). Then the solution
to Eq. (7) is [4] (taking T = t = <t> = 0 at the turning point)

(8)

tauô = —<
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Here / and v are constants of motion and can be interpreted as the angular
momentum and the velocity of the (locally inertial) motion of the particle. By
subtracting the "forward direction" av on the cone one obtains the classical
scattering angle. It only depends on the sign of the impact parameter and is
given by

±W = ^final - initial =F QTT = ± (1 - a)*. (9)

B

A.

Fig. 2: Geodesic paths originating at A in the spacetime created by a
particle with mass M. In inertial coordinates the trajectories are straight
lines. B\ and Bi are identical points in space, but for a spinning source
they are separated in time by At = 2rr5a.

Let us briefly discuss the physical application of scattering in the field of a
spinning cosmic string [14]. To stimulate our phantasy let us imagine two "test
twins" starting with equal velocity along path 1 and 2 in Fig. 2 respectively. Along
a path the inertial coordinates (T,r. o) are always well defined and each of the
twins follows an inertial path without being able to detect any gravitational field.
even in a small (but finite not infinitesimal) neighborhood. If the spin vanishes
(S = 0) the two will meet again at the point B = B', which is a manifestation
of th" conical character of the space and better known as the "double-image of
distant stars in the presence of cosmic strings". When S ^ 0 the situation is more
amusing. Since T\ at B is equal to T2 at B' the two spacetime points are not
the same (see the discussion below Eq. (6)). Rather twin number two can only
note that his brother/sister has passed at B' a time At = 2nSa earlier, in case
the latter was kind enough to leave a message. By slightly changing the initial
conditions one can easily have the two twins meet with different ages and lot
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them engage in endless discussions if they only know the classical twin paradox,
whose resolution relies entirely on local measurements. Here all the intricacies
come from the global structure of space-time and can be summarized by the rule
of thumb: Travel faster with (i.e. in the same direction as) the spin! More
conventional astrophysical implications of the above mentioned time delay are
easily derived.

Before entering the quantum theory one should note another peculiarity of
the metric (6). In the neighborhood of the source (r < 5) there are closed
time-like curves (e.g. dt = dr = 0, d<f> = const.). There are however no closed
time-like geodesies [11]. When non-gravitational interactions are included this
leads nevertheless to causality problems. However if the "spin" arises from an
internal orbital angular momentum the radius of the source is automatically
bigger than S [2]. This suggests that an interior solution should be included.
We can largely ignore this problem in the following, but as quantum mechanics
explores all paths, not just geodesies, there are manifestations of the above fact
that I shall discuss in the conclusions [4].

II. QUANTUM THEORY

At the moment there is not yet a satisfactory quantum theory of gravity
interacting with matter in 2+1 dimensions. Rather there are two different ap-
proaches: In one approach [7,8], due largely to Witten, one quantizes pure gravity
and then observes that time-like Wilson lines (sometimes called Polyakov lines)
act very much like matter sources. The problem is then to quantize this matter
and derive its dynamics [9,15]. We shall instead follow the other approach, in
which one quantizes the matter and treats gravity semi-classically [2-4]. Since
there are no local excitations of the gravitational field this seems very natural.
The problem is here to proceed to the full theory, where the metric is given by
the fluctuating quantum field of the particles. For the two-body problem argu-
ments can be given that the semiclassical calculation is essentially complete [2].
A synthesis of these approaches is starting to develop [9].

In the following I shall present the results for the reduced two body problem,
i.e. a particle moving in the potential of a (pointlike) source with and without
spin.

II.1 Sem'classical scattering of spinless particles

In this section we study the quantum scattering of a scalar particle off a
spinless source. Using the metric (3) on has to solve the Klein-Gordon equation
in radial coordinates

^ ) (10)

but with the unusual boundary condition
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\
TÍ 3L Q1alitative Penalization of waves on an obstacle at the origin
The sharp tmes are classical trajectories with scattering angle ±ü, the sign
IkPend!ng™ Whlch 5lde the *<*i*«ory passes the source. The envelope to
the nght of the source, formed by heavy diagonal lines, is the sharp geomet-
ncal shadow. Broken lines represent diffraction on two sharp edges, even
though no edge ,s actually present - the source (conical defect) provides

The solution of this equation is quite straightforward [2,3]. The tricky part

l T trieV° T an inC°ming W3Ve and P ~ * a -a tennga".T l T V° T an inC°ming W3Ve and P ~ * a -a tennga.
I shaíl Z COm-&! S^aCe- I n S t C a d ° f r e P r o d - - 6 the details of the discussion
I shaU develop an mtuitive optical analogy [4] and then present the results
«re™? . P r ° J e C t m S ^ , e c o n e o n a Pi*™ each particle of an incoming beam in
geometneal opt.es follows its classical trajectories (see Fig. 3). Accordingly the

* T S t 8 U P O n r T t h e S°UrCe and CaCh hlf tt i i ^ YeT*atl , r T , IcaYscat
ilZl Tlg T {) " u]*/a glVCn m Eq-(9)' Where the additional (unimportant)
fo^Tfr / O t i r ?• H J e i t i O n Í n t° thG Plane- In Particular *™ s h^P edgeorm from the splntmg of the beam. It should now be obvious what the quantum
theo y W1I1 glve: A d^raetion pattern (indicated by the hatched lines in Fig. 3)

cl 7 ^ SharP;:dge%ThÍS diffraCtion pattern « ives rise t0 "hat we AaB
com! I T I mechan.)Cal fC?ttering ^Plitude. All the technical difficulties
T Z t ^7^°^ ^f traJectoriesin ^ ^ th b f

com! I T I . f? ifficulties
aTee u Z a t ^ 7 ^ ° ^ ^ f t r aJec to r i e s< i n ^ ^ the absence of
a free unscattered part movmg m the forward direction. These are however easily
understood separately.
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This optical picture can further be used to predict the leading singularities
close to the classical '"shadow" by an analogy to Fraunhofer scattering on a sharp
edge [4].

The analytic expression for the wave function is obtained from a standard
partial wave analysis [3]. An interesting feature is that the angular momentum
—id$ has eigenvalues quantized as ^ , n integer. The complete wave function can
be represented by a contour integral in the complex plane:

*(i; r, <f>) = t-iEt I ^ c
i k ( l ) r 1—r. (10)

Here k(*) = (Jtcosr, fcsinz), E2 = Jt2 + m2 and the contour is given in Fig. 4.
The kernel of the integral already appeared in the last century in Sommerfeld's
analysis of diffraction on a sharp edge [16], which is an intimately related math-
ematical problem.

The closed part of the contour in Fig. 4 represents the classical ("geometrical
optics") contribution. It reduces to a discrete sum over the residues of the poles
of the integrand, indicated by dots in the figure. The true quantum mechanical
part of the scattering amplitude can be found by evaluating the asymptotic form
of the contribution from the vertical paths. Thus*

(11)

The two summands represent the diffraction pattern of the two half waves in
Fig. 3 respectively. It is in accord with the qualitative discussion given at the
beginning of this section [4].

II.2 Quantum Scattering of Spinning Particles

VVê now generalize the result of the preceding section to include spin effects
[4.17]. The cases analyzed are

1. The test particle has spin 0 or l /2a , which corresponds to solving the Klein-
Gordon or Dirac equation respectively.

2. The source has arbitrary spin S. This means that a scalar wave function has
to satisfy the boundary conditions # (T + 2waS; r,<f> + 2na) = *(T; r, 4>).

* In order to agree with [2-4] I take <j> = 0 to be the direction from which
the wave comes. With respect to this unconventional choice the classical scat-
tering angles (which are singularities of the quantum scattering amplitude in our
problem) are ± T instead of ±u from Eq. (9).
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Fig. 4: Integration contour for #(r, <t>). The dosed path gives rise to
the classical trajectories ("geometrical optics") with the dots indicating the
singularities of the integrand on the real axis. The contribution -from the
vertical lines represents truly quantum mechanical scattering.

It turns out that an additional boundary condition has to be specified at the
origin: Demanding the radial flux to vanish at r = 0 still leaves a one param-
eter family of boundary conditions, yielding well defined unitary time evolution
and thus defining sensible, though inequivalent, physical theories. For a further
discussion of these issues I have to refer to the references [4,18]. With an ap-
propriate fixing of this arbitrariness the scattering amplitude can be put in a
universal form: Defining /? = a(E'S' + £ 'S ' ) , where the factors denote energy
and spin of source and test particle respectively, one finds

(12)
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Here [x] denotes the integer part of x and {x} = x — [x] its fractional part.
Comparing Eqs. (11) and (12) on sees that the contributions from the two half
waves respectively acquire opposite phase factors - as expected from objects with
spin rotated by opposite angles (Fig. 3). The other point I would like to mention
is that the time delay Aí encountered in the classical analysis can be recovered
from the phase shifts £„(£') via the Wigner formula

Here the right hand side is in fact independent of n.

III. CONCLUSIONS

I conclude with various comments:
1. The intuitive notion of quantum mechanical scattering depicted in Fig. 3 is

correct. The scattering amplitude diverges at the classical scattering angle.
Furthermore the total cross section is infinite. Due to the conical global
structure the asymptotic behavior of the total wave function is unconven-
tional and e.g. the optical theorem is inapplicable.

2. When the spin of the source is different from zero the charge density (in
the first quantized theory usually interpreted as a probability density) of the
Dirac particle loses its positive definiteness for r < 5 [4j. This is precisely the
region of closed time-like classical trajectories. It does not lead to problems
for the (asymptotic) scattering amplitude, but can be interpreted as pointing
towards second quantization [4,11].

3. In inertial coordinates all the effects come from the boundary conditions. It
should be mentioned that for the full two body problem the deficit angle is
related to the total hamiltonian by a = 1 — H [2]. Expressions for H can
be found in [1]. Possibly also the boundary condition at the origin should
depend on the energy [4]. In any case superposition and thus linearity is
lost.

4. As was seen in section 1.2 the total Hamiltonian is bounded. This has lead
to the idea that time should be considered a discrete variable [2].

5. The equations for energy eigenstates in the field of a massless (a = 1) spin-
ning source coincide with the Aharonov-Bohm equations of a particle of
charge e in the field of an infinitely thin solenoid, when one makes the re-
placement ES —* £~fc [4]. This has been used to derive new results about
the possible Dirac Hamiltonians in such a background [IS]. It is particu-
larly relevant for cosmic strings, since it has been noted [19] (and recently
been rediscovered [20]) that generically the dominant scattering of charged
particles off these vacuum defects is not gravitational, but rather due to the
electromagnetic Aharonov-Bohm field of the string.
This concludes my short overview of 2 + 1-dimensional gravity. Though the

results obtained so far are quite interesting, the full quantum structure is not
unraveled and will certainly provide new surprises in the years to come.
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APPENDIX

In Eq. (2) we have seen that in three dimensions the Ricci tensor contains
the complete information about the Riemann tensor. Equivalently the Weyl
tensor, which in four dimensions describes the gravitational degrees of freedom
of a Ricci-flat spacetime, vanishes identically in three dimensions.

There is however another covariantly conserved symmetric traceless "confor-
mai" tensor [21]

C* = ^— («"•* A,Jl,r + t'^DaRf) . (Al)

It shares with the four-dimensional Weyl tensor the property of being invariant
under conformai transformations of the metric. When added to the Einstein
tensor in the field equations it gives rise to massive propagating gravitational
excitations [21]. This extension of the theory can be obtained from an additional
Chern-Simons term in the action (see below), closely analogous to topologically
massive gauge theories [21], and has sometimes been called "Chern-Simons grav-
ity".

In view of recent developments this terminology has lead to some confusion.
Let me therefore list the various alternatives:
l.a The conventional Einstein theory, in which mostly the metric g^ is regarded

as the fundamental field, with the action

Si- I y/gR- (A2)

l.b A reformulation of l.a as a gauge theory of the Poincaré group [7,8] (referred
to in the introduction) with the "Chern-Simons" action

52 = — / <AdA + ^A*>. (A3)

Here A takes values in the Lie algebra of /S0(2,1), the Poincaré group
in three dimensions, and < > denotes a non-degenerate associative bilinear
form which replaces the trace used in the familiar case of semi-simple groups.

2. The above mentioned massive gravity theory with action [21]

(A4)

Here u/ is the spin connection regarded as a function of the basic variable
(or ^ i e àreibein).
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3.a The theory in 2. gives rise to the idea of considering the pure Chern-Simons
action

S - S3. (A5)

This is often called "conformai gravity" since the resulting field equations
Cf,v = 0 determine its fundamental variable, the metric, to be conformally
flat.

3.b Conformai gravity can also be re-expressed in a way that regards a connection
as the basic variable. The action is then (8,22]

= ~TT j (BdB + | B 3 ) . (A6)

Now B is the gauge field of the three-dimensional conformai group SO(3,2).
In addition to the Poincaré subgroup this contains dilatations and inversions.

The relation of 3.a to 3.b is analogous to the relation of l.a to l.b: The
theories are equivalent at the classical level. Unfortunately all except l.a have
been called "Gravitational Chern-Simons Theory" because of their action. Only
2. contains (massive) local excitations and thus conventional dynamics.


