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ABSTRACT

Conformally invariant model unifying gravity with the Standard Model is pro-
posed. It is based on the observation that the conformal factor couples to mat-
ter fields analogously as the Higgs field does so for the proper choice of cou-
pling parameters it can cancel divergences connected with longitudinal boson ex-
change. The criteria of stability, renormalizabiiity and proper einsteinian limit sug-
gest that higher derivative terms are necessary in the gravitational sector. This in-
troduces one new parameter but two old parameters of the Higgs potential are re-
dundant due to unification. The Planck mass becomes a dynamical parameter char-
acterizing gravitational background in accordance with Mach's philosophy. Cos-
mological constant appears in a natural way.
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1. Introduction.

The temptation to unify gravity and other forces has stimulated efforts
of many theoreticians since the end of the last century. In the years of im-
petus development of quantum theories these ideas receded into the back-
ground. But in the sixties successful unification of electromagnetic and weak in-
teractions and later origination of the Standard Model incorporating strong inter-
actions into the same field-theoretical framework, born again old dreams of uni-
versal theory of all interactions.

The important obstacle standing on the way of unification of electro-nuclear
forces and gravity is the fact that the Standard Model seems to be reasonable es-
tablished model of renormalizable quantum field theory while quantum grav-
ity is rather a project in early phase of investigations. The main point in the stud-
ies on candidates for the quantum theory of gravitation is their renormalizabii-
ity. This criterion suggests that theories containing bilinear in curvature terms
have some advantages in comparison with nonrenormalizable [1,2,3,4], unsta-
ble [5] Einstein theory. However, there are some complications connected with bi-
linear theories - they are perturbatively nonunitary. The reason is obvi-
ous. One has to linearize such theories in order to fit them to the scheme of per-
turbative expansion. The linearization breaks general covariance. Some gauge de-
grees of freedom gain dynamical kinetic terms so in the linear approximation mas-
sive spin 2 and spin 0 degrees of freedom appear [6] and positivity of en-
ergy is lost.

As was said, the Standard Model seems to be reasonable theory of electro-
nuclear interactions. It means that it is able to describe wide class of experi-
ments which are feasible at the present technological level. Of course its unique-
ness can be questioned as well as its mathematical self consistence, espe-
cially when one goes far away from the actually accessible experimental re-
gion. It is generally accepted that these qualifications are of little practical impor-
tance, though they can be important in principle. The only real problem with the
Standard Model (everybody seems to be agreed on it but not on weight of its im-
portance) is lack of evidence of an existence of Higgs particle - the last entity pre-
dicted and still unobserved.

The aim of this work is to analyze the possibility of making use of these
weak points of the two theories - necessity of bilinear extension of quantum grav-
ity and the Higgs crisis of the Standard Model - to glue them into one uni-
fying theory. In this context it can be instructive to recall the days when
the Higgs particle was born. Then, the old pathological four-fermion the-
ory extended to massive vector meson exchange model found its final renor-
malizable form thanks to its unification with QED in the theory of Wein-
berg, Salam and Glashow.

In section 2 we set the notation of the Standard Model and sketch the role
of the Higgs particle in this theory. In section 3 the conformal extension con-
cept is presented on the base of the simple example of Dirac theory. Sec-
tion 4 presents a naive approach to the unification of gravity and electro-nuclear in-



teractions and discuss its failure. The theory extended by higher deriva-
tive terms is proposed in section 5, and section 6 is devoted to some spec-
ulations on its eventual einsteinian limit. Section 7 concludes the presen-
tation putting the theory into the explicitly symmetric form and summariz-
ing some of its features.

Writing of our scenario was originated by Weyl [7], Barns and Dicke [8] and
Dirac [9]. The main part here is played by conformal symmetry.

2. Higgs field in the Standard Model.

The Standard Model is given by lagraiigiaji

L = -^ + + .c. + ? + V{X) (1)

where the shortened form was used so F stands for kinetic term of all vec-
tor mesons, * for all fermions, Dp respects nuances of left-right asymme-
try and / / is proper matrix of Youkawa coupling constants, x >s t w o compo-
nent complex scalar field in fundamental representation of electro-weak group.

In the traditional symmetry breaking procedure one performs two steps: shifts
X to some chosen minimum of V and puts unitary gauge conditions removing
these oscillations of \ which lies on the minimal surface. Such order of steps war-
rants for easy identification of fields with physical particles and gives suggestive pic-
ture of unitary gauging as kilting of Goldstone bosons. However it is not a se-
cret that these two steps commutes and we shall make use of this fact.

It is instructive to divide \ (unshifted) into its length, group phase and a con-
stant unimodular direction:

X(x) = H{x)eiX^v. (2)

Then, the unitary gauge condition means that

\(x) = const (3)

and v can be chosen in such way that we get ordinary field-particle identifica-
tion when the gauge condition

*(*) = 0 (4)

is imposed.
Lagrangian (1) with unitary gauge condition (4) takes the form:

L = - ± + H2v+(aA)2v + (3H)2 + V{H). (5)

According to (2), H{x) is one component real scalar field coupling to fermions
with an effective coupling matrix / and to some vector mesons selected by ma-
trix a and direction v. The constant shift can be performed now

B{*) - - s ( (6)

It leads to the form of lagrangian (1) in which some fermions, vector bosons and
scalar H are manifestly massive.

Observe that the same effect of generation of masses one also can get when sim-
ply substitutes field H(x) by constant value

H(x) -> ~H0 (7)

instead of (6). This leads to massive Higgs-less lagrangian

L = —F2 + tyPpif! H—^zf̂ lty H —v*(aA)2v. (8)
4 f ,/2 2

In every textbook [10] one can find arguments why the scalar field is really nec-
essary. The theory with massive vector bosons (8) is pathological. Its nonrenor-
malizability manifests itself e.g. as linear growth with s in WZ —» WZ scatter-
ing amplitude. But when this scattering is possible via scalar exchange also, the
growth is suppressed. This is what the Higgs H does.

3. Conformal extension.

Let us attach gravity. As a first step consider simple example of mas-
sive fermion theory given by lagrangian

L = {typ^i + Mfyty + m2
PR)s/^g. (9)

The square of Planck mass m}, is gravitational constant in units h/2-K —
c = 1 and R is scalar curvature. Let us change variables in (9) introduc-
ing a real auxiliary dimensionless field <f>(x) which relates with old variables as fol-
lows:

g,

The above implies that up to full divergences:

Transformation rules in a more general case can be find e.g. in [11],
From (9) in terms of new fields we get:

L= -^ m2
P(<i,2R
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To be consistent with standard formulation of scalar field theory let us re-scale <j> in-
troducing new variable

(13)

It is dimensional and has kinetic term with proper (but negative!) coeffi-
cient [9]. We get a conformally invariant Dirac-Bams-Dicke theory

*2R

Theory (14) can be called the conforms! extension of (9). (Recently an idea of con-
formal extension was studied also in [13]). It gives (9) when the supplemen-
tary gauge condition

(15)

is imposed.

One general remark must be done here. A symmetry of a theory leads one
of its solutions in to an other. These two solutions (the old and the trans-
formed) can correspond to different physical situations (as in the case of trans-
lations, rotations and the like) or can be different representatives of the same re-
ality (as in the case of U(l) transformations in electrodynamics or reparametriza-
tions in general relativity). In the last case one can reduce the number of de-
grees of freedom appearing in lagrangian by a change of its variables (at
least in principle). A symmetry changing solutions into their physical equiva-
lents is called gauge symmetry. It is the case in our example with conformal in-
variance. The lagrangians (9) and (14) are equivalent. Lagrangian (9) is just the la-
grangian (14) in the gauge (15). (For discussion of metric gauges see e.g. [9].) Ob-
serve that although negative kinetic term of <S> in lagrangian (14) this theory is sta-
ble if the theory given by (9) was.

Conformal theories of gravity were seriously originated by Weyl [7] more than
seventy years ago and soon abandoned because of arguments on physical ground ad-
vocated mostly by Einstein. Einstein concluded that in such theories differ-
ent atoms with different histories can radiate with different frequencies. His argu-
ments are of no importance in the case when conformal invariance is a gauge sym-
metry. Choosing different gauges we choose different (even locally!) dimen-
sional scales. Frequencies (as well as other dimensional quantities), when mea-
sured with respect to these scales are obviously gauge dependent. But physi-
cal quantities are numbers, e.g. ratios of frequencies from the same atomic spec-
trum. These are gauge independent of course. They are insensitive to a change of
scale.

4. Failure of the naive answer.

With the above experience we can attack the title problem. First naive
idea can be the following: take the Higgs-less massive standard model (8),

add scalar curvature for gravity (as in (9)), perform conformal extension simi-
lar (10) and (11) and show in conformally flat approximation

(16)

that conformal factor $ cancels divergences connected with longitudinal vec-
tor mesons. It is easy to see that the same can be achieved on the start-
ing level of lagrangian (8) if we supply it by gravitational term, divide metric ten-
sor g into its conformal factor 0 and uniraodular part g constrained by condi-
tion ^/—g = 1 and then put approximation condition g_ = rj. One way or the
other, if the conformal factor cancels longitudinal vector bosons divergences, Higgs
field seems to be redundant and it will be nice to say that not a Higgs but grav
ity gives masses to particles (similar idea was developed in [14,15]).

This hears very nice alas the naive scenario fails. The negative kinetic
term of $ resulting from (11) is a mirror problem. Cancellations in scatter-
ing amplitudes do not depend on its sign, however the electro-weak symme-
try cannot be restored (look for the step from (22) to (24)) if real vector bo-
son mass is to be kept. But the major problem is in factors. Cancella-
tions between graphs with scalar and longitudinal vector bosons exchange oc-
cur if the scalar field with ordinary kinetic term couples to vector bosons just
like in the fourth term of (5). And only in this case - there is no fac-
tor freedom! On the other hand the square of Planck mass has to stand in
the gravitational term in front of curvature R. Do to this the conformal fac-
tor * couples to vector bosons with additive multiplier (which has the same ori-
gin as the Youkawa coupling constant in (14)). As was said, cancellations de-
mand that it is equal 1 what gives a relation between massive parameters of the the-
ory:

= 1. (17)

But it leads to contradiction either with gravitational or weak phenomenol-
ogy. From weak decay experiments we know that Ha = 246GeV. This gives num-
ber ~ 10s8 for the ratio of equation (17) - one of the famous big num-
bers met on the border of large scale and elementary particles physics.

5. Higher derivatives.

In spite of failure of the naive scenario the situation is not hopeless. Follow-
ing Weyl [7] and Dirac [9] one can add quadratic in the curvature term to the la-
grangian of Standard Model and gravity:

L = (-\ (18)



Here, the cosmological constant A was added as cannot be excluded by any a pri-
ori principles (say symmetries). C2 is the square of Weyl tensor. Its coeffi-
cient p should be positive do to stability conditions. One can doubt if this condi-
tion is sufficient for stability of the whole gravitational sector. The simple contrar-
gument can consist in a choice of a conformally flat configuration. Then C ' van-
ishes but the linear term with negative sign survives. However it reduces to ordi-
nary kinetic term for conformal factor with positive sign! (see (10)). This strongly
supports our choice of sign of linear term in (18) as the opposite would lead to ev-
ident violation of stability condition [5],

C2 is the only conformally invariant bilinear scalar up to topological invari-
ants. Other bilinear terms are not conformally invariant and were neglected as they
lead to fourth order lagrangians for conformal factor $. Observe that general sym-
metry arguments cannot be applied for the choice of only C2 in (18) as the rest of la-
grangian is not conformally invariant. (A comment on the role that can be played
by additional symmetries can be found in [4] where renormalizability of bilin-
ear gravitational lagrangians is proved.)

6, Speculations on the einsteinian limit.

The theory (18) has to fulfill the physical condition that its gravita-
tional part — fi%R + pC2 can be reasonable approximated by nipR to be in accor-
dance with our everyday and astronomical experience. It is striking that the co-
efficient in front of R in (18) has a "wrong" sign. fi2

R cannot be even of or-
der of magnitude of mp. As was said in sec. 4 it has to be smaller of 38 or-
ders of magnitude if cancellations in electro-weak sector are demanded. It is ob-
vious that the small — )i2

RR term can be neglected when we are looking for an ap-
proximation with large coefficient mp. Then the only problem is to an-
swer whether the pure bilinear theory pC2 can have a linear limit mpR when con-
sidered in our "local" space-time region.

The dependence of the lagrangian (18) on the curvature is parabolic-like, un-
limited from above due to the positivity of p. It is difficult to sketch it as its vari-
able is a tensor. But one can imagine the simplified two-dimensional pic-
ture. Near the zero of the curvature the "parabola" L(R) can be approxi-
mated by a linear, almost horizontal function of R with negative coefficient
~p\. But one can doubt if this is the proper point of expansion. Though in
the scale of everyday distances the background spacetime seems to be flat, flat-
ness doesn't seem to be a general feature of the Universe. In fact, the mean cur-
vature should depend on mean distribution of energy and it seems to be
nonzero. (On this intuitive level one can ignore the problem with a defini-
tion of energy itself. Instead one can speak about matter distribution or some-
thing like that. Nonzero mean curvature as a general cosmological situation is guar-
anteed by the Hawking-Penrose theorem [12] which holds for every geometrical the-
ory - Einstein or Einstein-Weyl as well.) Thus, looking for newtonian limit we
have to expand the theory near some curved background (say RQ in our simpli-
fied, 2-dimensional picture) rather than near R = 0. Then we should get an ex-

pansion beginning with a linear geometrically reinterpreted term R, [16]. Its co-
efficient fi2 depends on )1R, mean curvature tensor (expansion point) and cou-
pling constant p. Putting p\ equal m2

p and neglecting higher in curvature terms
one gets the usual einsteinian gravity with proper newtonian limit. The newto-
nian limit condition

A = 4
relates coupling constant p with (IR, mp and RQ.

The arguments mentioned above are only a heuristic anzatz and further work
must be done. Expansion near a curved background is a serious geometrical prob-
lem itself. Observe that the fundamental variable of this formalism is metric ten-
sor. It is parameterization dependent and is an element of a group but not of an al-
gebra. The curvature tensor is gauge dependent also and only its totally con-
tracted projections on physically defined directions have independent physi-
cal meaning. All this cause that one should be very careful if wants to expand the-
ory near a given background and keep some geometrical interpretation of ob-
jects in the shifted expression. We assume here without prove that the above pro-
gram can be done.

Let us stress that the above argumentation was performed on the classi-
cal level. There were known attempts in the literature to circumvent the cou-
plings hierarchy problem (17) on the quantum level. (The recent examples can
be found in [15,17,18] where some prior literature also were referred.) How-
ever in our opinion it will seem to be strange at least if quantum correc-
tions are able to change the strength of interaction so drastically (about 40 or-
ders of magnitude per vertex).

7. Conformally invariant unified theory.

If the presented reasoning is true, the theory (18) can have proper low en-
ergy gravitational limit independently of the value of fin. We can choose

IA 1= ff. (20)
in order to fulfill condition of renormalizability of matter sector analogical to
(17). Then we can extract conformal factor tj> either by conformal exten-
sion or by the choice of variables

9 ~-<ji2g,

and define dimensional field

H(x) = (21)

Here, in comparison with (13), Planck mass is replaced by ftR and the H sym-
bol was chosen instead of $ in order to stress the identification of Higgs and con-
formal factor.
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With the above conventions we get the lagrangian unifying gravity and the
Standard Model:

L = (~^

where the coupland A relates with eosmological constant

A = i £ .

(22)

(23)

The theory (22) is conformally invariant. Also the electro-weak symme-
try can be easily restored. Conversely to (2) one can define two-component com-
plex scalar field x(^) whose length is \/2H(x). It enters to the lagrangian

L = (-^ + f>C2 (24)

being the most general form of a lagrangian of our unified theory. Observe that
it can be done on condition that the fourth and fifth terms in (22) have the same
sign. It was an element of our construction that in conformally flat approxima-
tion (16) x cancels all divergent contributions of longitudinal vector bosons so it re-
stores renormalizability of matter sector. As to the renormalizability of gravita-
tional sector it isn't proved but one can hope that is anyway improved. It fol-
lows from the fact that C2 term is renormalizable itself [1] and as was said diver-
gences connected with conformal factor and with longitudinal vector bosons can-
cel each other.
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