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ABSTRACT

Applicability of singular-value decomposition for reconstructing the strange attractor
from one-dimensional chaotic time series, proposed by Broomhead and King, is extensively tested
and discussed. Previously published doubts about its reliability are confirmed: singular-value de-
composition, by nature a linear method, is only of a limited power when nonlinear structures are
studied.
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1. INTRODUCTION

Interpretation of irregular dynamics of various systems

as a deterministic chaotic process is increasingly popular

and widely used in almost all fields of science [1, 2, 3,

4]. It is based on an idea that structurally complex systems

can perform dynamics with only a few degrees of freedom

reflecting a strange attractor in the system phase space.

Takens' embedding theorem [5] gives possibility to

reconstruct n-dimensional dynamics from one observable

system quantity - measurable one-dimensional signal and thus

to estimate dynamical invariants (e.g. dimensions,

entropies, Lyapunov exponents [1, 6, 7]) from experimental

data. Results of these analyses, giving finite and even low

dimensions, are presented as evidence for deterministic

chaotic nature of the examined dynamics and obtained values

of dynamical invariants are employed for characterization

of the system under study.

Algorithms used for estimations of dynamical invariants

from experimental data [8, 9, 10, 11] are extremely

time-consuming and usually must be repeated many times.

Broomhead and King [12] have proposed to use the so called

singular system analysis - very efficient and at the first

sight promising method able to give basic characterization

of the studied dynamics and to make further analyses simpler

and more purposive. Numerical experience, however, led

several authors [13, 14, 15] to express some doubts about



reliability of singular system analysis in the attractor

reconstruction.

In this paper we explain why singular-value

decomposition, the heart of the singular system analysis and

by nature a linear method, is hardly acceptable in nonlinear

dynamics studies. Our considerations are illustrated by

numerical examples in which chaotic data from Henon [16, l]

and Lorenz [17, 1] attractors are subjected to

singular-value decomposition and by simultaneous use [13] of

singular-value decomposition and Grassberger-Procaccia [9,

10] algorithm for estimation of correlation exponent

(dimension).

In Section 2 basic theory of dynamical analysis is

surveyed. This is followed by description of the

singular-value decomposition method and its supposed

application in dynamical analysis. Confusing results of the

latter and their origin - an attempt to install linear order

in nonlinear world - are then discussed.

2. DYNAMICAL SYSTEMS WITH ONE OBSERVABLE

Let the system under study ,can be described as the

ergodic dynamical system:

dy
— = F(y),
dt

(1)

in an n-dimensional continuous phase space !f. If smooth

vector field F(y): y •• f satisfies well-known conditions of

the existence and uniqueness theorem {18,19], then (1)

defines an initial value problem: for any yQ e y there is

the unique solution curve y(t,yQ) passing through yQ which

can be formally written as y(t,yo) = <t>tY0' Here ^

represents one-parameter map family <p^: y -» y, also called

flow of vector field F.

If the system (1) is known, its dynamics can be

characterized qualitatively by analysis of topological (or

dynamical) invariants of the system phase portrait (such as

singular trajectories or limit sets). In practice, however,

the system under study gives usually one observable, i.e.

the only information about the system is noisy

one-dimensional signal sampled with a finite precision. We

have knowledge neither about system equations nor about

geometry of its phase portrait.

Suppose there is a smooth compact m-dimensional manifold

M c y such that:

i) M is invariant in the sense: V x e M. •* tp x e M;

ii) M is attractive in the sense that the evolution curves

0tx starting in almost all points outside M tend to M for t

-. TO;

iii) smooth flow <p^ has an attractor within M; and there is

smooth function v.M -• R1. Then according to Takens' theorem

[5] it is a generic property that the map 4 (y): M -» R2"1*1

defined by:



F v ^ ^(y))) T (2)

is an embedding. 0^ denotes 4>^T ~ flow of the continuous

vector field F, T is a so called time delay; for discrete

dynamical system <p on M $^ denotes £ ; the upper index T

denotes transposition. (Embedding is a smooth map ¥ from

the manifold M to the space V. such that its image *(̂ t) c u

is a smooth submanifold of U and that * is a diffeomorphism

between M and *(.«).) Dimension 2m+l is, according to Whitney

theorem [20,21], sufficient embedding dimension for

m-dimensional compact smooth manifold. Often some dimension

k of Rk, IQ s k s 2m+l, is sufficient embedding dimension,

depending on geometric complexity of the manifold.

Using of the above embeddings, geometry and qualitative

dynamical (topological) invariants can be estimated from

one-dimensional experimental data because diffeomorphism -

topological equivalence - preserves all the topological

invariants.

3. SINGULAR-VALUE DECOMPOSITION

Let the experimental signal (the observable of the

system under study) be recorded with sampling frequency f .

Then time series Y(I), I = 1, 2, ..,, H i« obtained. The

map into Rn - n-dimensional series Xjf 1 = 1 , . . ., n; J = 1,

. . . , N; is constructed according to Takens' time-delay

method [5]:

(Y(l), YU+d), Y{l+(n-l)d))T

, Y(L+d),

M , Y(N+d), ..., Y(M+{n-l)d))T

where d = xf , T is the chosen time delay, N+(n-l)d = N .
' o

Obtained n x N matrix X - {X̂ } (reconstructed n-dimensional

trajectory) is called the trajectory matrix.

Let k be the smallest sufficient embedding dimension for

the studied problem, i.e. the attractive manifold of the

system under study can be embedded into B* but not into

Rk~1. As we have noted earlier, dimension of the manifold is

not known a priori, so that k is not known, too. In

experimental practice - let us consider, for concreteness,

estimation of the correlation exponent (CE) [9, 10] (see

remark at the end of this section) - maps (3) for increasing

sequence of n are constructed and CE is estimated from them.

For n < k CE is underestimated and increasing with n, for n

a k CE saturates on the correct value. (Let us disregard

practical numerical problems now. )

In order to avoid these extensive computations,

Broomhead and King [12] proposed method for determination of

k, or, more precisely, for estimation of the upper bound of

sufficient embedding dimension, or the upper bound of

dimension of the system under study, (E.g. for the

three-dimensional Lorenz system Broomhead and King obtained



k <= 4 [12].)

The basic idea of Broomhead and King is that the

sufficient embedding dimension k is equal to the number of

linearly independent vectors that can be obtained from the

columns of trajectory matrix X, hence to the rank of X.

Instead of determining the rank of n x N trajectory matrix X

it is more convenient to determine the rank of the symmetric

n x n matrix C - XTX, because rank(X) = rank(C) [12]. The

elements of C are

(4)

where 1/N is the proper normalization. The rank of a matrix

can be determined by singular-value decomposition (SVD) [22;

12, 13 and references therein]: Let U and V be unitary

matrices such that

C = U £ VT,

where 2 = diagfa^, cr^, ..., cO, <r1 are non-negative

singular values (SV's) of C by convention given in

descending order:

cr £ f f £ , . , £ c r 2 0

I Z n
If rank(C) » k < n, then

cr £ . . . £ cr̂  > cr cr = 0. (5)

Conversely, if <j^ > 0 and «rk+i = 0 then rank(C) = k. In case

of symmetric matrix C equality V = U holds.

SVD provides a set of n singular vectors of matrix C

which conform the orthonormal bases of both the range (the

singular vectors corresponding to the non-zero singular

values) and the null space (the singular vectors

corresponding to the zero singular values) of matrix C.

In experimental practice with noised and

finite-precision data all singular values are shifted and

are non-zero. Relation (5) takes the form [12, 13]:

o-, * ••• * <rk >> °-ktl* ... ̂  <rn> o (6)

and image of the map (3) in B° can be decomposed into two

orthogonal parts: deterministic subspace corresponding to cr

for i = 1, ..., k; and subspace dominated by noise

corresponding to <ri for i = k+1, ..., n; with relevant

orthonormal bases of singular vectors [12, 13]. Values of

ffj, i = k+1, ..., n, in the so called noise floor should

reflect noise level in data [12, 13]. Hence one can estimate

the rank of C as the number k of singular values greater

than the noise level and sufficient embedding dimension

should be equal to k or k should be the upper bound for

sufficient embedding dimension.

Practically, maps (3) are constructed and their

correlation matrices C decomposed for increasing dimension

n. When sufficient embedding dimension is reached, number of

singular values greater than the noise level should remain

constant and the further increasing rest of SV s should fall

into the noise floor. For illustration the method was

applied to the noised sine signal and results are presented

on Fig. la. Correct dimension two for embedding of a cycle

was obtained.



In summary, singular-value decomposition of the matrix

C= XTX should provide the finite upper bound li for

sufficient embedding dimension and information about noise

level, that is about portion of noise in studied data.

Moreover, it should offer the possibility of noise

reduction: reconstructed n-dimensional trajectory

(trajectory matrix X) can be transformed into basis of

singular vectors of C. As this transformation is only a

rotation it will not change the topological properties of

the image of map (3), If relation (6) holds, elements Ŵ  of

trajectory in the basis of singular vectors for i = k+1,

,,,, n could be discarded so that embedding dimension is

reduced and noise effects should be suppressed [13].

Remarks:

In almost all papers concerning reconstruction of

embeddings into Rn from one-dimensional series any map of

type (3) is called embedding without considering whether its

image is diffeomorphic to original attractive manifold or

not. There are no differences considered between the

attractive manifold and the attractor. For simplicity we

will keep this convention.

In this paper we use the term "correlation exponent"

instead of broadly used "correlation dimension".

Determination of the correlation dimension, according to its

definition [1, 7], requires a limit transition to

"infinitely fine" space partition, while correlation

exponent characterizes the scaling, that is the macroscopic

property of the signal probability distribution. What is

really estimated by the Grassberger-Procaccia algorithm 19,

10] or its modification [24] is the correlation exponent not

the correlation dimension.

4. NUMERICAL RESULTS AND THEIR DISCUSSION

In our experiments we used chaotic series of the

x-components generated by the Henon map for parameters a =

1.4 and b = 0. 3 (eq. (4) in [16]) and by the Lorenz

equations for <r = 10, r = 28 and b = 8/3 (eqs. (25), (26),

(27) in [17]). Integration steps used in the Lorenz model

were 0.0025 (results on Figs. 3, 6 and 7b) and 0.02 {other

results). Before calculating matrix C from matrix X, the

series X̂  were centered and scaled, i.e. instead of series

X1 series (x'-a')/a', where

a1 - (l/N) E X' and 51 = [(1/N) E (x'-a1 )2]1/2,

were used. Topological structure is not changed by this

transformation and C is now correlation matrix of the

reconstructed trajectory. Matrix C was decomposed using

SVDCMP routine according to Numerical Recipes [23], Obtained

singular values were plotted in conventional way: on

ordinate, there are logarithms of normalized SV's:
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], on abscissa, there ig a so called normalized

index: the first SV is plotted at position 1/n on abscissa,

the second at 2/n, . . . , and the n-th singular value at

position 1. Finally, original reconstructed trajectories and

those transformed into (a part of) basis of singular vectors

of C were used for estimation of correlation exponent using

Grassberger-Procaccia algorithm [7, 9, 10], slightly

modified according to Dvorak, and Klaschka [24].

Computations of the presented singular spectra were

performed with 4096 data points. Numerical experiments with

data of 12238 points brought no significant differences in

relevant singular spectra. Correlation exponents were

estimated using time series of primary length 12288 points.

4.1.a. Upper bound for EMBEDDING DIMENSION -

numerical results.

On Fig. 1 data from two various two-dimensional systems

are subjected to SVD. Results for noised sine signal (Fig.

la) are as expected: two singular values are greater than

the noise level independently of embedding dimension (n = S,

15, 25). It does not hold for discrete chaotic Henon nap

(Fig. lb): no noise floor is detected here; from the

viewpoint of SVD it is classified either as a pure noise or

as a deterministic system of high dimension and not as the

two-dimensional system which it is actually.

11

Figs. 2, 3 present results of SVD application to data

from continuous Lorenz system. The number of singular values

greater than the noise level increases with increasing

embedding dimension, n= 5, IS, 25, or, more frequently, no

noise floor is detected. (Influence of time-delay and

integration step - "sampling frequency" - on singular

spectra, depicted on the above figures, will be discussed

further.)

Influences of data precision and of defined amount of

noise in the data on the singular spectra were studied next.

The same data from sc-component of the Lorenz system were

generated with various precisions: 6, 10, 14 and 18 bits,

and 18-bit data were jammed by Gaussian noise so that

contents of about lOSs and 305s of noise in the data were

obtained. Fig. 4a confirms the report of Mees et al. [13]

that the higher the precision the more singular values are

greater than noise level (noise floor is sinking with

increasing precision of data). Also increase of the amount

of noise brings more singular values to fall into the noise

floor - see Fig. 5a. It seems, that the number of singular

values over the noise floor depends on numerical accuracy,

precision of the data and amount of noise in the data rather

than on intrinsic dynamical structure of the system under

study. (Influence of time-delay x on the singular spectra

will be discussed further.)

12



4.1.b. Upper bound for EMBEDDING DIMENSION -

discussion of results.

Let us try to explain the obtained results. Let k be the

sufficient embedding dimension in previously defined sense,

e.g. for data from the L6renz system k = 3 (for proper time

delay x - see further). Let embedding dimension n be n a 2k.

It can possibly occur that there are two subspaces of Rn

containing diffeomorphic images of the original attractive

manifold. As diffeomorphism is relation of equivalence,

these two images are mutually diffeomorphic, i.e. relations:

X1 = f'(x\x2, ...,Xk), for i = k+1 n (7)

and their inverses hold. Diffeomorphic relations f' need not

be linear so that in embedding (3) more than k, possibly

even n, linearly independent components can be found. As

correlation is measure of a linear dependence [25, 22, 14]

and correlation (or covariance) matrix C reflects the

structure of this linear dependence, it is clear that

singular-value decomposition of C, extracting the number of

linearly independent components in the embedding, cannot

discover the true dimensionality of the system under study.

Especially, as one-dimensional chaotic time series has

finite correlation length x̂  (its autocorrelation function

is usually exponentially decreasing [1]), any number of

linearly independent delayed series can be constructed (up

to some practical bound given by precision, sampling

frequency etc.) using proper time-delay x. A3 a consequence

SVD procedure gives unboundedly increasing number of

singular values greater than the noise level or no noise

level is obtained in singular spectrum at all.

4.l.C. Upper bound for EMBEDDING DIMENSION -

the role of the "window length".

In all our experiments with SVD, except of those

depicted on Fig. 6, when we increased embedding dimension n,

we kept constant time delay x. Alternatively, Broomhead and

King [12] proposed to keep constant a so called window

length x = nx, i.e. when we increase dimension n, delay x

must proportionally decrease. Just this is the way which can

bring "false positive" results when SVD is applied: As time

series obtained from continuous chaotic system has bounded

but usually nonzero correlation length 0 < x <<oo[l], for

given window length a limited number of linearly independent

delayed series can be constructed and any other series from

the window is correlated with previous ones. As a

consequence, we can state the following conjecture: For any

k e IN there is a window length r̂  so that keeping constant

T^ k the number k of singular values greater than noise

level will remain constant for n fc k. (There are again some

numerical restrictions.) This phenomenon is illustrated on

Eig. 6. Using the same x-series of the Lorenz system and



keeping constant window lengths x = 0.1, T =0.2 and

i > 8 - 0.3, constant numbers of "deterministic" singular

values k = 4 - 5, 6 and 8, respectively, were obtained.

4.2.a. SVD and a noise control - numerical results.

Discovered dependence of the noise level in singular

spectra on data precision (Fig. 4a) and on amount of noise

in the data (fig. 5a) led some authors [13] to assume that

singular-value decomposition could be used as a efficient

tool for detecting the amount of noise in the studied data.

Comparing parts a) and b) of Figs. 4 and 5 we can see that

detected noise level and even its occurrence in singular

spectrum depends on time delay x used in embedding

construction rather than on precision of the data or on

actual amount of noise in the data: Results presented on

Figs. 4b and 5b were obtained by computations in the same

conditions as those on Figs 4a, 5a, respectively; except of

time delay z which is x=0.02 for spectra given on Figs. 4a

and 5a and x=0.12 for spectra on Figs. 4b and 5b. The

singular spectra on Figs. 4b and Sb are practically the same

whatever the precision of data or amount of noise in the

data are.

15

4.2.b. SVD and noise control - discussion of results.

Occurrence of the noise level in the singular spectrum

of correlation matrix of an embedding means that there are

linearly dependent components in the embedding, or, in other

words, that components of the embedding are correlated.

Correlation of two identical but lagged series (which is the

case in Takens' embedding method) depends on lag x and on

sampling rate of the signal (on integration step in

generated data). Occurrence of a noise floor implies

possibility that signal is oversampled and certainty that

lag T is less than the proper time delay x and/or the

correlation length x of the series. (Condition x > x is
c p c

not always necessary because even actual components of the

system can be slightly correlated. ) Embeddings constructed
with T < T are "bad" or "unjust" in the following way:p

diffeomorphic image of the system attractor is reached in Rn

with dimension n higher than embedding dimension which is

sufficient for r and computations of e.g. correlation

exponent are superfluously complicated. In the worst case,

whatever the dimension n is, the components of map (3) are

so strongly correlated that estimations of CE are heavily

biased downwards or even tend to unity (Fig. 7a).

There are several methods for determining the proper

time delay x . The most promising, according to our

experience, is the method of the first minimum of mutual

information [26] giving for the used Lorenz series z =
p

16



0. 12.

Further study of dependence of singular spectra on lag T

is depicted on Figs. 2 and 3. Using T =0.12 noise floor
p

disappears (Figs, 2c, 3c). Comparing the numbers of singular

values on the noise levels on Figs. 2a and 3a influence of

integration step (sampling frequency) on singular spectra

can be seen.

4.3, Test of the embeddings by CE computations.

"Quality" of the above embeddings of the Lorenz

attractor for various r was studied using Dvofak-Klaschka

version [24] of the Grassberger -Procaccia algorithm [9, 10]

for estimation of correlation exponent (fig. 7). Using data

with integration step 0.02 and T =0.12 determined by the

first minimum of mutual information [26], according to our

expectation, embedding dimension n •= 3 was found as

sufficient and unbiased value CE • 2.03 [11] (with standard

deviation less than 0.1) was obtained. For n>3 CE saturates

{with slight random oscillations) on this value. Using

T = 0.04 CE is underestimated up to n = 10 - 12, when the

correct value is reached. Delay T = 0.02, that seemed in

previous computations so promising for the noise control,

gives so strongly correlated components of the embedding

that a value CE - 1 is estimated whatever the dimension n of

embedding is (Fig. 7a). Using series with integration step

0.0025 and the same series length as previously (N =12288),

17

even for T = 0.12 CE Is underestimated, probably due to
p

correlations caused by "oversampling" of the signal (Fig.

7b).

A.A.a, SVD and noise reduction - numerical experiment.

Before further testing of the SVD applications, let

ussummarize the results of the above discussion: The aim of

the attractor reconstruction from a one-dimensional time

series is to reconstruct uncorrelated embedding with the

lowest possible embedding dimension. (Slightly correlated

components are acceptable, more general formulation could be

"to obtain the highest information content in the lowest

possible number of components".) Using of the method of the

first minimum of the mutual information [26] and its

generalization [27] such embedding can be in principle

constructed. Using singular-value decomposition looses its

sense: with increasing embedding dimension n we find no

upper bound for number of linearly independent components.

No noise floor need to be detected and frontier between

"deterministic" and "noise" components in singular spectrum

need not be found. So that using of SVD as & noise reduction

technique by rejecting the "noise" components of embedding

in basis of singular vectors is dubious. But, in order to

lead discussion to the whole end, let us suppose that one

can know the sufficient embedding dimension and wants to use

SVD only for the noise reduction.

18



Let us estimate CE for the Lorenz data jammed with lOBs

of the Gaussian noise (with time-delay z = 0.12 ). Presence
p

of noise causes overestimation of CE: for n = 3 CE = 2.77

was obtained. (For n - 4 CE is 3.36, etc.) With the afore

mentioned signals we can test noise reduction ability of

singular-value decomposition.

Embedding n/k in the following means that n-dimensional

embedding was constructed and its n x n correlation matrix C

was decomposed. Reconstructed trajectory was transformed

into basis of singular vectors of C ordered according to

decreasing singular values. The first k components of

transformed trajectory (corresponding to k largest singular

values of C) were used in CE estimations as proposed when

using SVD as the noise-reduction technique [13]. With noise

level in singular spectrum absent (Fig. 2c) we tried to make

use of the previous experience: using T =0.12 for these
p

data three-dimensional embedding could be sufficient.

Embedding 5/3 gave CE=2.59, for 7/3 CE=2.61 and for 9/3

CE=2.43 were obtained. Overestimation was attenuated. Was it

the effect of noise reduction or not 7 We repeated these

computations for pure, not-noised data, which gave for n=3

CE=2.03, n=4 CE=2.07, etc. (Fig. 7, x = 0.12). Embedding 5/3

gave CE=2.07, for 7/3 CE=1.96 and for 9/3 CE=1.77 were

obtained. Results from embedding sequence n/3 are depicted

on Fig. 8a. It can be seen that for n>6 CE from embeddings

n/3 are underestimated. It seems that SVD can reduce

dynamical information rather than noise.

19

4.4.b. SVD and noise reduction -

discussion of results.

In order to find possible explanation of the above

phenomenon let us recall relations (7) and propose the

special form of them holds for some indexes j e [k+l,...,nj:

XJ - fJ(x\x2).

After SVD the first three components in the singular-vector

basis related to the three largest singular values can be

written as:

W1 = g'(x\x2)

W2 « g'txSx2) (8)

W3 = g3(xSx2),

because singular values are given by variance of the

transformed components [22, p. 501] and do not reflect

nonlinear dynamical structure of the data. Functions g',

i=l,2,3, can be nonlinear and the three components (8) can

be linearly independent. But, on the other hand, these three

components can obtain only some two-dimensional projection

of the Lorenz attractor. (Estimation of CE is 1.8.) It is

clear that using all the transformed components full

embedding {contained several times in original embedded

trajectory) must be obtained. In order to verify this, CE

was computed for sequence of embeddings 11/k, k=l, 2,..., 11

(Fig. 8b). Fig. 8b illustrates that "full" - diffeomorphic

embedding is reached earlier - for k=6.

20



In order to bring more support for these considerations,

we studied dependence structure of components of the

embedding of the Lorenz attractor in the basis of singular

vectors of the correlation matrix of primary 11-dimensional

embedding (T-0.12, as above). Correlation function and

mutual information [26, 28, 29] were calculated. The

components of the singular basis were ordered, as usually,

according to descending singular values.

Mutual information I(x,y) is, in general, measure of

stochastic dependence of two random variables x,y. Roughly

speaking, it can be taken as generalization of correlation

function to nonlinear dependence. (For more details see [28,

29, 26],) Mutual information (MI) is non-negative, zero is

equivalent to independent variables x,y. For more vivid

representation of results correlation functions on Fig. 9

are depicted in absolute values.

Correlation functions (CF) and mutual information (MI)

of couples of the series are displayed as the functions of

lag x, 0 s T a 2.0, albeit values of CF and MI for T=0 are

of main interest here.

Figs. 9a, 9b reflect dependence of the first and the

second, and the first and the third singular basis

components, relevant to the three largest singular values of

the correlation matrix of the original embedding.

Correlation functions for T=0 are due to orthogonality of

the basis close to zero. But it does not hold for mutual

21

information between the components (Fig. 9a,b ), which are

significantly greater than zero, i.e. the components are not

independent. Dependence level between the first and the

sixth components (see Fig. 9c) is much lower. This

corresponds to the above findings that the first six

components provide again diffeomorphie embedding of the

attractor (see Fig. 8b).

(Here we must remark that neither for the ideal

embedding one can expect fully independent components,

because even the original components of the system under

study are tied by the particular trajectory.)

5. CONCLUSION

Efficiency of singular value decomposition in

reconstructing the strange attractor from one-dimensional

chaotic time series was extensively tested. SVD, the

effective method in discovering the linear structures in the

data under study, is powerless when nonlinear structures are

of interest. Hence it can be hardly useful for determining

the upper bound for the embedding dimension of the system

attractor, or dimensionality of the studied nonlinear

system. Its role in noise control is questionable, too,

because so called noise level and even its occurrence in

singular spectra depends on sampling rate of the series and

on the time delay used in embedding reconstruction

drastically more than on precision of the measurement and

22



actual amount of noise in the data. Components of the

orthonormal basis given by SVD are independent linearly but

can be strongly related in nonlinear sense. As a

consequence, the "most important" components, related to the

largest singular values, can contain less dynamical

information than the same number of components given by

simple time delay method.

Moreover, improper application of singular-value

decomposition in dynamical analysis can bring false results

which can be unjustly interpreted as the improvement of the

analyzing technique.
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FIGURE CAPTIONS

Fig. 1. Normalized singular values, plotted against the

normalized index { j-th value is plotted at position j/n on

abscissa, n is embedding dimension), obtained from 4096 data

points of the noised sine signal (a) and 4096 data points

generated by the Henon map in chaotic state (b). Embedding

dimensions were 5 (open circles), IS (crosses) and 25 (full

circles).

Fig. 2. The normalized 3ingular spectra obtained from

4096 data points generated by the x-component of the Lorenz

system in chaotic state with integration step 0.02.

Embedding dimensions used were S (open circles), 15

(crosses) and 25 (full circles). Time delays, used in

embedding reconstructions, were x = 0.02 (a), 0.04 (b), 0.12

(c) and 0.4 (d).

Fig. 3. The normalized singular spectra obtained from

4096 data points generated by the x-component of the Lorenz

system in chaotic state with integration step 0.0025.

Embedding dimensions used were 5 (open circles), 15

(crosses) and 25 (full circles). Time delays, used in

embedding reconstructions, were r = 0.02 (a), 0.04 (b), 0.12

(c) and 0.4 (d).
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Fig. 4. The normalized singular spectra computed from

4096 data points generated by the x-component of the Lorenz

system in chaotic regime with integration step 0.02. In each

case embedding dimension was 25. The four different spectra

were obtained from data of various precisions: 6, 10, 14 and

18 bits (reading from top to bottom). Time delays, used in

embedding reconstructions, were z = 0.02 (a) and 0.12 (b).

In case of z = 0.12 (part b) the singular spectra are

practically undistinguishable whatever the data precision

is.

Fig. 5. The normalized singular spectra computed from

4096 data points generated by the x-component of the Lorenz

system in chaotic state with integration step 0.02 and

recorded with precision 18 bits. In each case embedding

dimension was 25. The three different spectra were obtained

from data jammed by different portions of the Gaussian

noise: 30%, 10% and no noise (reading from top to bottom).

Time delays, used in embedding reconstructions, were z =

0.02 (a) and 0.12 (b). In case of z = 0.12 (part b) the

singular spectra are practically undistinguishable whatever

the portion of noise in data is.

Fig. 6. The normalized singular spectra computed from

4096 data points generated by the x-component of the Lorenz

system in chaotic state with integration step 0.0025 and

recorded with precision 20 bits. Embedding dimensions were n



= 10 (open circles), 20 (crosses) and 40 (full circles). The

constant "window lengths" x =0.1 (a), 0.2 (b) and 0.3 (c)

were used, i.e. time delay x, used in particular embedding

reconstruction, was z « T / n.

Fig. 7. Estimates of correlation exponent from 12288

data points of the x-component of the Lorenz attractor

dynamics plotted against the embedding dimension.

a) Dependence of CE estimation on time delay z, used in

embedding reconstruction, for x = 0.12 (open circles), 0.04

(full circles) and 0.02 (crosses). Data were generated with

integration step 0.02 and recorded with precision 20 bits.

b) Dependence of CE estimation on the integration step

x of the data generation ("sampling frequency") for x =

0.02 (open circles) and 0.0025 (full circles). Time delay T

= 0. 12.

Horizontal lines at positions 1.95 and 2.15 on the

ordinate are frontiers of 5% error of estimation.

Fig. 8. Estimates of correlation exponent from 12288

data points of the x-component of the Lorenz attractor

dynamics, obtained from:

a) the first three components (related to the three

largest singular values) of embedding in basis of singular

vectors of correlation matrix of primary (TaXens'

time-delay) embedding, depicted against relevant primary

embedding dimension;

29

b) the first k components (sorted according to

descending singular values) of embedding in basis of

singular vectors of correlation matrix of primary

11-dimensional embedding, depicted against the number k of

components used in estimation.

Each primary embedding was reconstructed from 20-bit

data generated with integration step 0.02, time delay x -

0. 12. Horizontal lines at positions 1. 95 and 2. 15 on the

ordinate are frontiers of 53s error of estimation.

Fig. 9. Mutual information (full lines) and absolute

values of correlation functions (dashed lines) of the first

and the second (a), of the first and the third (b) and of

the first and the sixth components of embedding in basis of

singular vectors (sorted according to descending singular

values) of the correlation matrix of the primary

11-dimensional embedding of the Lorenz attractor,

reconstructed by the same way as the caption to Fig. 8

describes. The scales of CE and MI are identical

accidentally.
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