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INTRODUCTION

This paper is a brief history of the applications of the methods of group theory to physics
during 1830 to 1964. The paper is mostly based on the author's correspondence with Professor
E.P. Wigner who suggested many an improvement, and provided the author with the references and
valuable information. This article incorporates the more successful applications of group theory. A
brief summary of some of the group theoretical papers - Wigner's Unitary Representations, Gell-
Mann's SUf.3), Gussey's ST/(6), and Salam's t/f 12) is included.

In the year 1927, Princeton University created a committee to modernize the university's
syllabus of mathematics for the BS and MS classes. The committee was highly academic, and
included Sir James Jeans (from Cambridge).

During the proceedings of the committee, Sir Jeans suggested that Group Theory should
be eliminated from the Princeton's course of study, because the theory has no application. To this
verdict of the Cambridge mathematician, Veblen, a professor of mathematics at Princeton, replied
'that we should keep it in the syllabus for its aesthetic appeal'. (Veblen could not point out that the
group theory had already been applied to physics of crystals by J.F.C. Hessels as early as 1830) and
thus, due to Vebien, the teaching of group theory was continued at the great university of Princeton.
This was a very fortunate decision for many a branch of physics.

At the time of this historic decision Hermann Weyl (from Hitler's Germany) and Eugene
P. Wigner *J (a chemical engineer from Hungary) were already in Princeton and they, independently
of each other, pioneered the application of Group Theory in modern physics. Weyl wrote his great
book: The Classical Groups and Wigner his Group Theory (which has been called the Bible of
Group Theory).

Wigner wrote his book in the German language. In 1931, when he wrote the book (Group
Theory, and its application to quantum mechanics of atomic spectra) there was a great reluctance
among physicists toward accepting group theoretical arguments and the group theoretical point of
view. In les s than ten years this reluctance virtually vanished because of the rigour and meticulous-
ness of the Theory of Groups, and as such Wigner and the younger generation of physicists have
failed till date to understand the causes and basis for the reluctance to group theoretical approach
of Wigner (in his great book) who at that time was an unknown person.

H. Weyl (who succeeded in 1925 in determining the characters of the semi-simple con-
tinuous groups by a combination of Cartan's infinitesimal methods and Senior's integral procedure)
wrote the book; The Classical Groups, their invariants and representations, in the English language.
The book was published by Princton University Press in 1938. The great group theorist wrote in
the Preface: "The Gods have imposed upon my writing the yoke of a foreign tongue that was not
sung at my cradle . . . . Nobody is more aware than myself of the attendant loss in vigor, ease and
lucidity of expression . . . .'

"' Wigner became familiar with group theory as a result of his interest in crystallography.



The study of group theory arose early in the 19th century, in connection with the solution

of equations. Originally, a group was a set of permutations, with the property that the combination

of any two permutations again belong to the set. The theory of groups plays a significant part

in modern mathematics, and has become a very important tool of theoretical physics. Groups

are being applied successfully in a great number of apparently unconnected subjects. Thus, they

appear in crystallography, quantum mechanics, elementary particle physics, geometry, topology,

mathematical analysis, chemistry and even in biology and quantum biology.

Currently there are vigorous research activities in this highly abstract branch of algebra,

and the group theory attracts the talent and energies of a great number of physicists and mathe-

maticians. This was not so before the pioneering work, starting in the late 1920's, of Weyl and

Wigner.

The first application of symmetry principles or group theoretical methods in physics is

160 years old. In 1830, J.F.C. Hessel l) determined 32 crystal classes, those finite subgroups of

the three-dimensional rotation-reflection group which have only elements of the order 1,2,3,4 or

6. This was soon followed by the determination, simultaneously by SchOnflies 2) and Fedorov 3 ),

of the 230 space groups, that is, the 230 discrete subgroups of the Euclidean group which contain

three non-coplanar displacements. It is amazing *'that neither Scho'nfties nor Fedorov missed a

single one of the 230 space groups - neither did Hessell •' miss any of the 32 crystal classes. Their

interest, most probably, in the problem Hessel, SchiJnflies and Fedorov solved was motivated by

the early ideas on crystal structure, dating back many years to Steno 4 ) .

According to classical mechanics, if the very few atoms the posiiions of which are not

determined by the crystal symmetry, occupy equilibrium positions, the same will be true also for

those atom s - infinite in number in an infinite crys tal - the positions of which are determined by the

crystal symmetry, rotational or translational. In this sense then, the concept of crystal symmetry is

rigorous in classical physics, as is also the wealth of consequences for the properties of the crystal

which follow from the crystal's symmetry. None of this will hold true if classical mechanics is

replaced by quantum mechanics. The classical crystal symmetry then becomes an approximate

concept and can be best motivated by the Born-Oppenheimer approximation. (It was rigorous,

though, in the world picture prevalent at the time its founders (Hessel, SchOnflies and Fedorov)

established the group theoretic symmetry of crystal.)

In classical physics, the theory of crystal symmetry was the most colourfut consequence

of the symmetry properties of space-time, but this not the only phenomenal consequence. The

other remarkable consequence was the various conservation laws (for energy, linear and angular

momentum, motion of the centre of mass). These were already known, before their connection

with the invariance properties of space-time, was discovered by Hamel, Klein and No'ther5).

The derivation of the conservation laws from the invariance symmetry principles required

great skill - its discoverers deserve our appreciation.

*' E.P. Wigner has expressed, in several of his lectures, great admiration for these very careful workers.

The last and most far-reaching and momentous pre-quantum mechanical application of

symmetry principles is, as we all know, due to Einstein. He was also the one who first emphasized

the fundamental importance and consequence of these principles - the special theory of

relativity *' is a direct consequency of symmetry principles. Einstein **' was also the first who

discovered the group properties of Lorentz invariance.

Symmetry principles made their appearance in the 20th century physics in 1905 with Ein-

stein's identification of the invariance group of space and time. With this as a precedent, symmetries

took on a character in physicists' minds as a priori principles of universal validity, expressions of

simplicity of Nature at its profoundest level. So it was painfully difficult during the 1930's to re-

alize that there are internal symmetries, such as isospin conservation, having nothing to do with

space and time.

The physicist endeavours to find the Saws of Nature, that is the correlations, between

events. We know that if a heavy object is at the time to at a distance ZQ from the ground and is at

rest, it will be at time t at the distance:

z = zo -g{t-to)
2/2

from the ground. The two events between which this law established a correlation are the positions

and velocities at the time to and t. As we all know, the law just given can be generalized - it is

given in the simple form only as an illustration of what "law of Nature" and "correlation between

events" mean. We also know that the events between which physics establishes correlations has

undergone drastic changes in the course of advancement of physics (mostly during the 20th cen-

tury). It was, originally, the occupation of definite positions by the objects, then it became the

magnitude of various kinds of field strengths at all points, and in quantum mechanics it seems to be

the consequence and end result of an observation (or experiment). And naturally, in order to make

a prediction of a future event on the basis of the knowledge of past events, the system the events

of which we are studying must be free of unknown outside influences (and disturbances). It must

be "isolated" at least to such an extent that the unknown part of the outside influence is negligible.

This can create serious and fateful problems - both experimental as well as theoretical. Neverthe-

less, if we disregard these problems, the laws of Nature become verifiable and they characterize

truly amazing correlations between the events (and the experimental results), in amazingly lucid

and beautiful mathematical language. It must be emphasized, however, that the laws of Nature

only give correlations between the events. They cannot describe or predict all the events we ob-

serve - they would not and cannot even if the la ws, we have discovered, were perfect and complete.

This fact appears in the usual mathematical formulation of the laws of Nature as the needed input

of the initial conditions are far from perfect. E. Mach, the philosopher-physicist, was of the firm

*> The general theory of relativity also seems to be founded on a symmetry principle but the way

symmetry principle is applied in this connection is different.
*) This feeling and hunch of the author was confirmed by Wigner, in his letter which he wrote in July

1981, in reply to the author's query.



opinion that the mathematical formulations (of physical phenomena) have no reality, physical or
mathematical. They are only aids to memory.

The preceding characterization of the laws of Nature, and of the role of initial conditions,
may be incomplete and far from perfect but we are all cognizant of their essence (and success). The
same applies to the concept of symmetry or the theory of groups and invariance principles - at least
the kinematic ones. In contrast to the laws of Nature they describe correlations between the taws of
Nature, that is, correlations between the physical events. The postulate the equivalence of several
ways to describe the events - the correlations are postulated to be the same in all these descriptions.
If we can translate from one description of the events to the other equivalent descriptions of these
events (or the experimental results) the postulate of the identity of the correlations provides a great
deal of information about these correlations.

Let me illustrate this point. Newton's first law "Any velocity once imparted to a body will
be rigidly maintained as long as there are no causes of acceleration or retardation" is invariant under
Galilei transformations (and also under Lorentz transformations). It is not commonly observed
that the converse is also true, if it is also assumed that the motion is fully determined by the initial
position and velocity, that is, if the position at time t, to be denoted by X(t\ x, y) is a uniquely
defined function of t and the initial position % and velocity v:

X(0;x,v)=x, (1)

X' denoting the derivative of X with respect to the first variable. This, of course, is not true for
bodies of asymmetric nature - in fact for such bodies the definition of the "position" could be quite
complex. In the following, however, the existence of a uniquely defined X (t; x, v) will be assumed
and proved, on the basis of Galilei or Poincare invariance that:

X{t\x,v) = x + vt. (2)

In order to prove (2), we first consider X(t; 0,0), that is, a body at rest and at the origin at t = 0.
If this were different from 0, rotational invariance would be violated. Hence,

X(t;0,0) = 0 . (3)

If we describe this body's motion from the point of view of a coordinate system which is at the
position —i at time 0, and which has uniform velocity — v, the body will have, in this coordinate
system, at time t the position

X(t\x,v) = vt (3a)

which together with (3), indeed gives (2) - if we assume that X is uniquely determined by its
variables.

It is worth observing that the preceding argument cannot be carried out if the space is
one-dimensional. In this case

X{t\x,v) = - vt (4)

is consistent with Galilei or Poincare invariance - though not if reflection invariance is also present.
g is a number characteristic of the body, that is, independent of x, v,t. A similar status quo holds
true in quantum mechanics as well: the derivation of the representations of the Poincare group (to
be considered later) yields less far-reaching results if there is only one space-like dimension. The
limitation to symmetric bodies can be ignored.

The above argument proves that Newton's first law is not only compatible with Galilei
invariance, it is a consequence thereof - or of the Poincare invariance (Poincar6 group). At least in
the case of elementary systems, the equations of motion can be derived from invariance principles
or symmetry groups. This was proved for the first time (in the early 1930's) by E.P. Wigner who
also proved that group theoretical methods can also be applied successfully to quantum mechanics.
Wigner was, in those days, almost lonely (and friendless) in his work on group theoretical physics,
about which he was starry-eyed. He also proved (others also did it) that symmetry or invariance
considerations can be exploited to eliminate some of the assumed laws of Nature that are incom-
patible with the symmetry *' principles. Another important function of symmetry principles is the
mathematical derivation of some of the consequences of these laws - many more in quantum me-
chanics than in classical theory where this is restricted to the consequence of the con servation laws.
Important as these are, they are quite restricted. The preceding discussions refer to the kinematic
invariance principles which have been called by E.P. Wigner " the active ones". They postulate
correlations between different sets of events, sets which can be transformed "'into each other by
an invariance transformation. As a matter of fact they enrich our mathematical knowledge of the
correlations between the physical events (or experiments).

If we find that hydrogen peroxide reacts with permanganate, and discolours it now and
here in Trieste, we can conclude that the same will be the chemical reaction also at another place
(say Jhang), at another time, and will be identical also on a rapidly moving airplane.

In contrast there are invariance laws which postulate a variety of descriptions between
the same events. The oldest example for this is the description of the same electromagnetic field
by a variety of potentials, obtainable from each other by the addition of an arbitrary gradient. All
these postulate the same correlations between "events" which are, in this case the magnitudes and
directions of the electric and magnetic fields associated with the points of space-time. Unimportant
as this may appear to be, it does unquestionably have a certain mathematical beauty (to have a
multiplicity of descriptions of the same events). The most significant and meaningful non-active

*' Later on, broken symmetries were discovered - paradoxically by group theoretical methods.
*J The theory Of transformation groups was given a robust and rigorous mathematical basis by Sophus

Lie in 1873.
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invariance is (perhaps) the basis of Einstein's general theory of relativity. The same field, that is,
the same set of events, can be described by all the coordinate systems which can be transformed into
each other. All the true consequences of the theory, al! the correlations, can be obtained by means of
coordinate systems chosen in particular ways, as characterized most concretely by Fock6). Surely,
classical mechanics can also be formulated not only in terms of the Cartesian coordinates but also
in terms of any type of coordinates - in fact Lagrange 's equations do that. B ut the physical content
of the classical equations is not enhanced by the more general formulation - only the mathematical
attraction of the theory is. This aspect was first recognized by Kretschman 7).

Nevertheless, the mathematical attraction of the more general formulation is so great
that the condition of the invariance of the gravitational equations, under arbitrary transformations,
has not been gravely questioned. Similar in variances under "gauge transformations" have been
introduced also in modem quantum mechanics (and they play a significant and momentous role in
elementary particle physics).

In September 1937, when he was 35, E.P. Wigner completed a highly mathematical and
lengthy paper, little knowing that the paper: On Unitary Representations of the Inhomogenous
Lorentz Group, was a classic and his magnum opus. Wigner submitted this paper to the Journal of
Mathematics (an Americal journal) for publication, Wigner who had worked very hard to write this
paper was disappointed when the editors returned his paper, declining to publish it on the ground
that "it was not interesting". Wigner showed this paper and the refusal, by the journal to his school
friend J. von Neumann *>, the Hungarian mathematician working at the Institute **'of Advanced
Study, Princeton, von Neumann was surprised by the refusal and impressed by the bloom and
mathematical elegance of the paper, von Neumann who at that time was one of the editors of the
prestigious Princeton Journal, the Annals of Mathematics, published this paper of Wigner in Vol.40,
No.l/January 1939 issue of she Annals of Mathematics.

This superb paper is a milestone in the history of modern physics, and according to some
enthusiasts, this paper created the science of group theoretical physics, von Neumann wrote (to the
author) a few years before his death (1958) that "when basic questions concerning the nature of
relativisitic system arise, the best place to find clarification is in the classic paper of E.P. Wigner:
"Unitary Representations of the Inhomogeneous Lorentz Group".

During 1960 Wigner received a phone call ***', congratulating him that "your paper (On
Unitary Representation . . . ) is one of the 25 most frequently quoted papers of theoretical papers
during the last 50 years".

In August 1987 the Maryland University organized an International Symposium on Space-
time Symmetries in commemoration of the 50th anniversary of Eugene P. Wigner's fundamental

paper on "the Unitary Representations . . ." referred to above. Eleven Nobel Laureates partic-
ipated in this unique symposium. The Nobel Laureates who participated in the symposium are:
Bardeen, Bloembergen, Fitch, Giaever, Hofstadter, Lamb, Salam, Schwinger, Weinberg and Yang.
The symposium proved a great success, not only because of the presence of the giants, but also be-
cause of the admirable papers read by the Nobel Laureates and the mini-giants - Davidson, Giirsey,
Ne'eman, Wheeler and Wightman.

Wigner's paper on the Unitary Representations of the Inhomogeneous LorentzGroup has
two kinds of aspects: the mathematical one and the physical one. And there are two mathematical
ones, the first of these, which is most often referred to (in group theoretical papers as well as allied
problems) is according to Wigners's letters of October 31, 1982 *' "rather trivial". It determines
unitary representations upto a + or — sign. In this connection, Wigner has often mentioned, one
could obtain these in the words of Mark Twain, "with one hand tied up". The second mathematical
result reduces the representations upto a factor- as demanded by quantum mechanics - to such rep-
resentations upto + or ~~ sign mentioned above. This was not easy, (even for Wigner) the difficulty
coming from the infinity of the dimensions of these representations. This abolishes the concept of
the determinant. In the finite dimensional case, that is for other groups, the proof has been given
(by the group theorists) long ago, without involving physics, and in these papers use is made of the
dimensional concept.

As far as the contributions to physics is concerned, one of the consequences of Wigner's
paper can be easily characterized. The other is even more difficult to communicate than are the
mathematical results. The easily communicated result fully describes the behaviour of a single
elementary particle - such as an electron or a light quantum. It gives, for instance, the change of
its properties in time - as long as it remains unaffected by outs ide infl uences whic h, of course, can
change, for instance, its position and velocity. It may be of interest to write that the only intrinsic
properties of such an elementary, that is, not composite system can be given by two numbers: its
mass and the intensity of its rotation, called "spin". These completely determine its behaviour, i.e.,
the equations (say Dirac's **') describing this elementary particle. The other physics result of the
Wigner paper is terribly general; but virtually of no practical use. Nevertheless, it shows that if
quantum theory and special relativity are both valid, they do in principle determine the physical
properties of any system just the same way as these theories determine the properties of single
elementary particles as discussed above. This is again true, only if the system is under no outside
influence, if it is what we call isolated. Nevertheless, the two theories determine the properties only
in principle, and no important application "*}of this theorem of Wigner has so far been discovered.

In quantum mechanics, the system of states form s a linear manifold s>, in which a unitary
scalar product is defined, and the state of a system is determined by its wavefunction. Wigner's

*' Not very well known.
^ Einstein was working at the Institute since October 1933.
'*' Wigner informed the author about this in his letter dated October 1982. A photocopy of this letter

is in the Library of Salam's ICTP, Trieste.

*' The author wrote back to Wigner that he does not agree with him. His reply contradicting me was
never received.

w) Dirac equation cannot describe the light quantum or photon.
'*' As far as the author knows.



paper proves (as was known already before) that every wavefunction can in principle be considered
to be the sum of wavefunctions the space and time behaviour of which is determined by one of the
representations given in the Wigner paper. This should contain most of the information which
quantum mechanics implicitly contains - all ordinary physics and chemistry if the aforementioned
decomposition into primitive wavefunctions could be carried out mathematically. But we could do
that only in very simple cases, so that this second consequence of the paper under discussion is, at
least at the present, not of practical use.

The symmetry principles' first application in quantum mechanics was to the theory of
atomic spectra. Their effectiveness in this area was most eloquently proved by Wigner in his great
book on Group Theory 9) some of these symmetries are essentially rigorous, such as the quality of
the energy of 2 J + 1 states, or the splitting of these energy levels into 2 J + 1 equidistant levels by
weak homogeneous magnetic field.

The role of symmetry principles is less prominent in molecular physics. Certainly, the
rules which follow rigorously from Poincare group are valid and weighty in this area, but they are
less significant because of the density of energy levels is, as a rule, so great that one cannot closely
investigate the individual energy levels of the approximate symmetries, the most important one is
valid in the Born-Oppenheimer approximation 10).

If a molecule contains several identical ones, as does CH* or Hi, the symmetry or asym-
metry of the wavefunction in the variables of these molecules influences the rotational structure
drastically n ) , and renders also certain transformations very unlikely. (We have the orthohydrogen
and parahydrogen, and they transform into each other very slowly.)

Most of the observations made above on the molecular systems apply also in solid state
physics. The energy levels of a solid are, in fact, practically infinitely dense on the energy scales.
There is, nevertheless, an approximation which goes beyond that used for molecules.

In nuclear physics12', at least the basic rules of the coincidence of the energies of 2 J + 1
states, where Jh is the angular momentum in the rest frame is verified. The magnetic splitting
of the lines has not been observed because its magnitude is inversely proportional to the mass of
the constituents, and hence about 2000 times smaller than in atomic spectra - unobservable for
realizable magnetic fields. Nevertheless, the other consequences of the Poincare invariance appear
to hold good.

It is but natural to ask at this point: how sure are we that the "rigorous symmetries",
those of the Poincare group are really valid? Do we have any reason to doubt them? There is no
question that they are valid to a high degree of accuracy. They may not be absolutely accurate
because every actual wavefunction extends to infinity and, of course, the true physical space is not
flat, it has gravitational curvature interfering with the Poincare' symmetry.

Nevertheless, what we now believe to be the true rigorous symmetry is smaller than what
we thought of, before 1956. Before April 1956, it was believed that space reflection is an accurate

symmetry, that is if a succession of events is possible (compatible with the laws of Nature), the set
of events which, if reflected in a mirror looks like these, is also compatible with the la ws of Nature.
This symmetry was first suspected to be absent in the process of 0-decay by Lee and Yang 13).
Their theory (of parity violation) was confirmed experimentally by C.S. Wu 14) and collaborators
in 1957; and the 1957 Physics Nobel Prize was won by Lee and Yang for their theory of symmetry
violation, in Nature which appeared to have a strong preference for symmetry, and which was never
known to have differentiated between left and right or up and down.

In 1961 and early 1962, Ne'eman 15> and Gell-Mann l6) published their papers, inde-
pendently of each other, predicting the existence of omega minus on the basis of SU{ 3) symmetry
which stems from Lie *> group. In February 1964 omega minus was discovered in the Brookhaven
National Laboratory. This discovery of omega minus dramatized the success of groups theory as
an austere language of physics - the language whose application to modem physics was pioneered
by Weyl and Wigner "'(the 1963 Physics Nobel Laureate) in early 1930's. M. Gell-Mann won the
unshared Physics Nobel in 1969, for his SU( 3) theory (and Ne'eman could not share the Prize.).

The approximate symmetry, the SU(3) symmetry 1 7\ leading to the "eightfold way" is
not very closely realized, and is a broken symmetry. Nevertheless, it has led to many very inter-
esting conclusions (including the discovery of omega minus to complete the multiplel postulated
by the SU(3) symmetry). The basis of the SU{ 3) symmetry is not as clear as in the case of other
approximate symmetries.

Gell-Mann has called his theory the "Eight-Fold Way". Like all good theories, Gell-
Mann's theory is es sentiatly very simple, and is based on the simplest possible extension of Wigner's
5(7(2), isotopic spin symmetry. S[/(3) is purely internal symmetry, decoupled from Einstein's
space-time symmetry. In Gell-Mann's Ne'eman's theory the generators of the 5(7(3) are eight
operators:

i) three isospin components
ii) one hypercharge
iii) six symmetry operators, which mix the states of different strangeness.

And the SU(3) has two aspects:

i) A theory of weak interactions. Here we use only the algebra of commutation relations
ofS[/(3) generators.

ii) A theory of strong interactions. Here we write that there are some generators that
represent conserved quantities, specifically, the isospin subgroup and hypercharge subgroups:

[ J E T . l ^ ] = 0 , # * - 1 , 2 , 3 , 8 (5)

*' Sophus Lie (1842-1899) has been called the Michelangelo of classical mathematics.
*") The author published a paper (Invariant Theoretic Derivation of the Connection Between Momen-

tum and Velocity) in co-authorship with E.P. Wigner in Nuovo Cimento, Vol.28 A, No.l (1975).
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and there is approximate symmetry under the whole of the 517 ( 3) group. (In fact, we assume that
H is a function of Fm)i = 1,2 ... 8) *\

I must emphasize that Gell-Mann's 517(3) and Elliott's 5(7(3) have no physical con-
nection. This we can see by observing that:

Elliott's SU( 3) D O( 3), physical rotation group

but Gell-Mann's 5(7(3) commutes with 0(3) and Gelt-Mann's SU(3) 0 (2) x 17(1), where
5(7(2) is Wigner's isospin group and (7(1) is the hypercharge gauge group. The two theories
(Gell-Mann's and Elliott's) have connection only in the sense of sharing a common philosophy.

Gell-Mann is more interested in the weak than in the strong interactions. That is why
he stresses the algebraic structure of the currents without bothering too much whether they are
conserved nor not. Pushing this viewpoint further, one discovers that the currents interact mainly
in the combination V — A, vector minus axial vector (mixing of opposite parities with roughly
equal strengths). The V + A currents interact more weakly.

Then Gell-Mann observed (theoretically) that the (V — A) currents by themselves gen-
erate an SU( 3) algebra which commutes with another 517(3) algebra generated by the (V + A)
currents. And so it makes sense in the theory of weak interactions, to regard the basic algebra not
as 5(7(3) but as:

= 5(7(3) x5t/(3) . (6)

However, the only currents for which there is any reason to believe that they are conserved
are the vector currents (like the well-known electromagnetic currents). Thus W(3) probably has
no relevance for the parity conserving strong interactions.

One of the important questions is whether one should see any traces of W{ 3) symmetry
in the panicle multiplet structure, or if S!7(3) is all there is.

Gell-Mann's SU (3) also predicted the existence of quarks **' (a vocabul ary invented by
James Joyce and used in his novel '*': Finnegon's Wake). Alt the heavy elementary particles, on
the basis of 5(7(3) model can be constructed (at least mathematically) from Gell-Mann's quarks
and antiquarks ***'. For example, putting a quark and an amiquark together, we obtain an object
with 3 x 3 = 9 possible states, Fig.5. As in the case of nucleon-antinucleon states, it happens
that one of the three states in the centre of the diagram is independent of the others, so that these
nine states split into an octet and a singlet. The other octet represents the octet of mesons, shown

** This means that (a) the three components of isospin and the hypercharge come from conserved
currents, (b) the other four components F^ refer to non conserved currents, but (c) the Hamiltonian
does not strongly mix states of different 5£7(3) multiplets.

*} Three quarks for Mr. Mark.
*' They are bizarre objects. Their hypercharges (+1/3 and —2/3) are not whole numbers. And the

electric charges are also non-integral, ( — 1/3 and +2/3).
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in Fig.2. In a similar way baryons are constructed from three quarks. The 3 x 3 x 3 = 27 states
formed out of three quarks separate into a singlet, two octets and a decimet. The baryons mentioned
earlier fit into one of the octets. Other already discovered elementary particles can be fitted into the
517(3) multiplets.

It is not necessary and crucial for the 517(3) theory that quarks should actually exist as
physical particles. All that the theory demands (mathematically) is that the particles should (not
must) possess the symmetries they would have if constructed in this way from Gell-Mann's quarks.

Quarks, perhaps, are mathematical ()and not physical particles. Obviously, though, the
5(7(3) theory would be simpler and more elegant and more physical if quarks did exist. The
confinement theory demands and claims that quarks cannot exist as free particles **'. Salam and
Pati think that quarks can exist as free particles.

So far, it appears that physicists may have to reconcile themselves to the physical and
free non-existence of quarks, and continue their researches in mathematical physics, on the basis
of quark model (Gell-Mann did not use the word "quark" in his Nobel lecture in December 1969,
nor did he submit his written Nobel lecture for publication by the Nobel Committee. The Nobel
citation did not mention the newly coined word "quark".)

(The writer of this article published a paper 1S) in 1969, in which he could explain the
emission of the enormous energy from quasars, on the basis of break up of protons and neutrons
(in the nucleus) into quarks.)

Another use of group theoretical methods, in nuclear physics, is the Wigner Supermulti-
plet Theory. Wigner ^ observed in 1936 stimulating results when one looks at the spins (5) and
isotopic spins (T) in light nuclei. The operators

5" = Y^ s?> a = 1,2,3 (total spin)

Tf> X = 1,2,3 (total isotopic spin)

(7)

(8)

each generate an SU( 2) group, and, togedier generate a direct product SU{ 2) x SU(2). If the nu-

clear forces arc charge-independent and spin-independent, then the generators of the direct product

5f7(2) x 5(7(2) are conserved and the symmetry is true.

We can add 9 more generators:

w"* = S S" Tf W S"TX exccpt for sin£le P^110'65 1 i (9)

and these, plus the Sa and Ty, form a closed system of 15 operators under commutation, and

generate a group 5(7(4) , consisting of all unitary, unimodular, 4 x 4 matrices. One can consider

*) Author's private communications with E.P. Wigner.
*J There are indirect experimen tal evidence and affirmation that the quarks ex ist as composite particles.
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an SU( 4) symmetric mode! in which alt the 4 charge-spin states of a nucleon are completely
equivalent. The irreducible representations of 517(4), called supermultiplets since they include
combinations of 5 and T multiplets, seemed to be able to represent the observed states of light
nuclei.

This Wigner theory was abandoned by nuclear physicists after the discovery that nuclear
forces were not invariant under 5(7(4), rather that there are strong (Ti • Tt) forces. In fact, one
finds that

0.4 - 0 . 5 , (10)

which at that time was considered large enough to make the symmetry less attractive and less in-
triguing. During recent years, the importance of Wigner's 5t7( 4) has been rekindled. The VMajorani
is the SU(4)-invariant potential proportional to (1 + Si • S2HI + T\ T2). Nowadays, 3/2 is
considered "small" in terms of symmetry-breaking. In addition to the Heisenberg forces, there are
the symmetry-breaking spin-orbit forces, particularly strong for heavy nuclei.

Multiplying two 4~component vectors, Ufi,Va,p,a" 1, 2, 3, we have 16 possible states,
of which 10, corresponding to [ 2 ,0,0] , are symmetric, and 6, corresponding to [ 0,1,0] are anti-
symmetric. Only the latter are allowed by Fermi statistics. Since we know that

independently, by Zweig "'All the three papers (presenting the 5U(3) group) were published in
1964, and in American Journals M) .

The idea of 517(6) is to incorporate the Wigner supermultiplet 517(4) approach with
strangeness or, in other words, to combine 5t7(3) with 5(7(2)-ordinary spin. Suppose that strong
interactions are in some vague sense approximately independent of both ordinary spins SU (2)) and
unitary spins (SU(. 3)) of the interacting panicles. Then we have an invariance SU{ 2) x SU(2),
spin x isospin, of nuclear physics. Almost in the same way that SU( 2) x SU( 2) was generalized
to SU( 4), we can get SU( 6) as a group containing SU(2) x SU( 3). The generators of SU( 2)
are:

where £ y means a sum over particles. Just as in the supermultiplet theory, we enlarge the algebra
by adding the 24 generators:

W" = 2 J 5," Ff H SaF" except for single - particle states 1 . (15)

517(4) D 517(2) x SU{2) ,
S T

(11)

that is, SU(_4) contains as a subgroup the direct product of the spin and isospin SU( 2) subgroups,

we can decompose the representations 6( = [0 ,1 ,0 ] ) of SU(4) as

6 = ( 1 , 3 ) (12)

where (1,3) is the 5 = 0,T = 1 virtual states of the deutron and (3,1) is the 5 = 1,T = 0
ground state. Thus, there are the appropriate number of states, but there is a 2.2 MeV splitting
between them due to the strong Heisenberg force already mentioned. By present standards, this
splitting is not so large, so the approximation holds good. The Heisenberg force apparently does
not mix the supermultiptets much, because (i) the force has roughly the same space-dependence as
the Majorana force, and (ii) the total Heisenberg force is thus effectively proportional to T2 which
is a function of the generators of SU(4).

For similar reasons, even the Coulomb force does not mix isotopic spin multiplets but
only displaces levels. This observation is the one which has been most accurately studied. In
here, the broken symmetry is the Wigner 5(7(2) isospin group and the Coulomb interaction is
proportional to (1 + Ti)j x (1 + r3)* x).

Perhaps the most successful of the group theoretical strategies (in particle physics) is the
SU( 6) group, proposed by Giirsey and Radicati 2 1 \ and independently by Sakita 22) and also, again

The 35 operators 5"", f, W*f are then a closed algebra under commutation, which gen-
erates the group SU( 6). This SU( 6) is supposed to be a symmetry of the strong interactions about
asgoodasS£/(3).

Now there are two ways of breaking the SU( 6) symmetry to produce smaller symmetry-
groups. One way is:

SU(6) D 517(2) x 517(3) D SU(2) x SU(2) x [/(I)
J F J. T Y

Spin Isospin Hypercharge

(16)

We decouple the spin first, then break 5(7(3) up into Isospin x Hypercharge. Alternatively, we
may do it the other way round,

SU(6) D 517(4) x SU(2)x (7(1) D (SU(.2) x SU(2)) x £1/(2) x [/(I) . (17)
Super S Y Non- Isq- 5 Y

multiple! strange spin Strange Hyper-
spin spin charge

The second route divides the total spin J into two parts / = N + 5, where N comes from the non
strange particles, and 5 comes from the strange particles. The choice is then:

*' Zweig also (independently of Gell-Mann) predicted the existence of quarks which he named "aces"
(CERN Report TH-401, TH-412 (1964)).
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N 5
\ / \

Y or N

S(7(4)

S Y

I I
S Y

' 517(6)" SU(6)

which is similar to the choice between LS and JJ coupling in atomic physics.

One of the most thought-provoking experimental questions is whether the symmetry

5(7(2) x 517(3), full SU{ 3) with no splitting of the total J or the symmetry 5[/( 4) x5£/(2) x

(7(1), (full supermultiplet, with splitting of N and S) is more faithfully realized in Nature. Since

the generators of the SU( 3) and SU( 4) are together sufficient to generate the whole SU{ 6), either

SUO) OTSU(A-) must be broken at least as strongly as the total 517 (6) is broken. Experimentally,

there seems to be no distinct and obvious preference over the other.

Because SU{3) is generally considered better than S(/(4), 1 will quote two examples

(based on experimental data) in favour *̂ of 5C/(4) and (naturally) against 5(7(3).

1. The production cross sections for N' ,Y*,E', Ct go down by factors of 10 for each

unit of strangeness, even after allowing for different masses 24). The following makes the point

crystal clear:
7t + N —tir+N* CT~5TTC& ^
# + AT -»7T + y* c r ~ l m &

, . „ _„ , n _ i . > at maximum .
7T + iV — > A + i <T'-^IU Tflb
K + N —> K + 3. a ~ 10~2mfi J

Meshkov et a!, made (in 1964) a comparison of the above cross sections at compara-

ble momenta, making corrections for the different threshold energies and the different volumes of

available phase-space. After making these corrections, which ought to be reliable within a factor of

2, the cross sections still differed by a factor greater than 10. But the above four processes should

be identical if 517(3) were an exact symmetry. We have, here, a clear violation of 517(3). No

equality of these cross sections is implied by the 5(7(4) group.

2. The mass formula for the vector mesons according to 5(7(3) is the Gell-Mann-

Okubo formula given by

4K" = i(w or tj>) + p (18)

holds good neither for w nor ij>. Wigner's SU(4) formula

(19)

holds good accurately. SU(6) succeeds in reconciling Gell-Mann's formula with Wigner's for-

mula. (The symbols represent mass-squared.)

*' Not because the writer is starry-eyed for Wigner's SU( 4).
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Towards the end of 1964 (the year during which the success of group theory was dra-

matized by the discovery of omega minus) Abdus Salam, R. Delbourgo and J. Strathdee wrote an

amazing paper. The authors, in this mathematical and arcane paper, attempted at arekuivistic group

theory (of Giirsey's $U( 6)) M.A. Rashid, a student of Salam, assisted the authors in calculating

the U( 12) representations. Before publishing this abstract paper, Salam read it in Miami, USA,

before a highly academic audience. This meeting was chaired by J. Oppenheimer *J.

The paper, The Covariant Theory of Strong Interaction Symmetries, appeared 2S) in the

Proceedings of the Royal Society, London, the journal that had published, in 1928;

P.A.M. Dirac's "'reiativistic theory of quantum mechanics.

The problem of generalization of the group, t/( 6) has been studied in a number of pa-

pers ^ published during 1964 and 1965. In an earlier paper by Salam and the co-authors, it was

suggested that one way to write reiativistic S-matrix elements is to embed U( 6) in a U{ 12) group

structure. Salam's paper, under probe, gives the detailed formalism for writing reiativistic 5-matrix

elements in the theory presented. In particular, the authors have computed (successfully) the two

basic baryon-meson and meson-meson form factors. The generalization of the symmetry from

U{6) to U{ 12) produces the following new results:

1) There is basically just one reiativistic form factor in strong interaction physics of the

octet baryons and the ( 1 - ) and {0 ~) mesons.

2) The Bohr magnetons of the magnetic moments of the proton and the neutron are

(20)

where i = mjv/ < /j, > and < î > is the mean mass of the (1 ) multiple!. The experimental

magnetic moment values are well reproduced if < p, > fe 1000 MeV. This mass value is not far

from the mean of m,,, mw, m^, etc.

Salam's formalism describes both the spin 1/2 and3/2 baryons as 20-component com-

posites made from the basic 4-component (Dirac) quark.

U (12) and its Subgroups

The authors assume that the fundamental entity for strong interactions is a 12-component

(Dirac) quasi quark. The group structure U( 12) is defined by the algebra of 144 matrices, FRl -

^RTi= 1 , . . . 16; i = 0 , . . . 8. Here

is, 75

Father of the atom bomb.
Dirac won the 1933 Physics Nobel for this work, sharing the Prize with E. Schrodinger.
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with "jo Hermitian and -7 antihermitian, and the metric ( 1 , - 1 , - 1 , - 1 ) . The general E/( 12) trans-
formation on the quark field ^ A = J0pa(p= 1,2,2; a = 1,2,3,4) is assumed to be

75+ (21)

where all 144e's are real and this property leaves invariant.

For higher representations of U( 12), made up compositely from quarks, the transforma-
tion (21) takes the form

The quadratic Casmir operator is

ej F'

— pi F* + —

(22)

(23)

Inspection of the commutators for E/( 12) reveals that a 72-component subalgebra is
generated by the operators F>, F$, F^. This is the subgroup W( 6), and in the fundamental repre-
sentation has the generators T ; , 75 Tj and a^ T1. The expressions

pi pi „ pi ant} pi pi _

are now separately under W( 6).

i. p;

Some Representations of U (12) and their Decomposition

The fundamental representation of £/Tl2) is the 12-component quark discussed above.
Following the usual procedure we assign to this quark the baryon number B = y. The baryons are
then to be constructed from three quark states and the mesons from quark-antiquark states.

Under U( 12) these states decompose in the following way:

12® 12* = 1 + 1 4 3
12® 12® 12 =220+364 + 572+572 }• (24)

The 220 is completely antisymmetrical, the 365 completely symmetrical and the 572 is of the
mixed symmetry type [ 2 , 1 ] .

Under the subgroup W(6) these states reduce according to:

143 = ( 3 5 , 1 ) + ( 6 , 6 * ) + (6*, 6) + (1,35) + ( 1 , 1 )
220 = ( 2 0 , l ) + (15,6) + (6,15) + ( l , 2 0 )
364 = ( 5 6 , 1 ) + (21,6) + (6,21) + (1,56)
572 = ( 7 0 , l ) + (21,6) + (6,21) + ( 1 , 7 0 )

17

(25)

And under the subgroup U( 3) ® U (4), where [7(3) refers to the space of unitary spin matrices V
and (7(4), to that of the Dirac matrices fB, the contents are given by

143 = ( 8 , 1 5 ) + (1,15)+ (8,1)
220 = ( 8 , 2 0 ) + (10 ,4 )+(1 ,20)
364 = ( 1 0 , 2 ) + (8 ,20)+ (1,4)
572 = (10,20) + (8,20) +(8 ,20) + (1,20) + (8,4)

(26)

where in each bracket the first number denotes the F7(3) representation and the second the 17(4)
representation.

Since it is our intention to assign the baryon to 364_, we compute the expectation value
of 144-vector (iRT')j[ between 364 states, namely

jRj =

where iiABc is fully symmetric, and has the (7(3) x C/(4) decomposition.

* W —•/= t V

(27)

Here ( a , 0,7) take the values 1 ,2 ,3 ,4 and (p, q, r) the values, 1 ,2 ,3 . VI

antisymmetric, D a f t i P , r is completely symmetric in both a/?7 and pqr, and JV[(

metrytype[2, 1], that is

(28)

is completely
. is of the sym-

(29)

Reduction or U (4) to the Homogeneous Lorentz Group £4

We now study the space-time symmetries. So far, in Salam's paper, it has been assur
that its space-time behaviour the fundamental 4-component 17(4) the entity it>a transforms as

where

with jfi transforming as 1
anceof $™ Vv

Si = 75+ (30)

'1]^. With G's real, these transformations preserve the in vari-

The symmetry presented by (30), nevertheless, is too general. In space-time terms it
corresponds, as is well known, to the conformal group symmetry C4. To make contact, however,
with physical space-time symmetries of the homogeneous Lorentz group we must descend from
U( 4) to £4. There are a number of ways of doing it, which are not all (necessarily) equivalent as
far as the physics is involved.

18
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Ignoring the problems linked with unitary spin, the most direct symmetry reduction is
achieved by taking

£5 = €„ = £^5 = 0 .

Now as is well known (though not for £/(4)) we can define an antisymmetric matrix
(C'1)a / 3 , within the Dirac algebra, with the defining property that C~l \1>T transforms similarly to
$. (Here tj)T is the transpose of iji.) In particular, C~l tj)T^ji just like 1/iV1 is an invariant.

It can be proved that the 16 Dirac matrices (T^OOJS fall into two distinct classes; the
matrices (%C)afi and (ff^C)^ are symmetric, andCa/3, {"isC}ap, ((7^75C)ap are antisymmetric
higher-rank "spinors" in £4 these are the primary quantities one needs.

The Inhomogeneous Lorentz Group and the Final Expression for the Form Factors

The paper so far has been concerned with purely static considerations. The authors have
computed the expectation values of matrices 7fl between (the homogeneous Lorentz group) multi-
spinors of various symmetry properties. This mathematical formalism can have no physical content
unless these spinors are made to represent physical particles, that is this formalism guarantees that
they do correspond to the representations of the inhomogeneous Poincare group. One needs, there-
fore, at this stage, some equations of motion which correspond to the spinors f aSl must satisfy.
This basically is the point of departure of Salam's work in comparison with other approaches to the
problem.

Among the variety of higher spin equations available, trie authors chose the simplest, and
the least restrictive (though in many ways the profoundest) set of equations, and generalized the
Bergmann-Wigner theory (presented in 1948) of the representations of the inhomogeneous Lorentz
group. The Bergmann-Wigner theory works with the equations:

(31)

The above equations describe particles of (a) one definite mass m, (b) one definite spin (provided
Yn/Sj is a spinor of a definite symmetry type, (c) the solutions of the equations present no problems
of negative energies or indefinite matrices and (d) the higher spinors transform 'visibly' as direct
products of the fundamental quark.

With the Bergmann-Wigner equations Salam's identification with physical particles of
the U{ 12) group quantities <J>g and *VABC >S complete.

Lei me summarize the results:

(i) The regular representation 12 x 12* decomposes as

J <V (32)
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If the mesons are free, having mass m, the implications of the equations of motion are p^gl, =
jTn^ 5 ;pj ,^ 5 = -int^ for(0~]) particles

Pii4>i -Pv<t>i = i for particles

^ s O for (0+) .

Thus spin zero particles are represented by 5-component entities; spin one by 10-component and

144= 143+ 1 = 9 x 10+9 x 5 + 9 .

The last nine are the so-called trivial components.

The 364 components of the fully symmetric U{ 12) tensor ¥ A S c decompose as:

364 = (10,20) + (8,20) + (1,4) .

In its mathematical detail we write:

—=

where D is completely symmetric both in its spinor and unitary spin indices, Vju^j is completely
antisymmetric, and N • has mixed symmetry in spinor indices in unitary spin indices.

The equations of motion ensure that D (with its 20 components) describes a particle of
spin 3/2, TV (with its 20 components) a particle of spin 1/2, and V vanishes identically because
of complete antisymmetry. The relative particles of the decimet and the octet are the same (and for
the quark \j> transforming as PijiP^ = 70 ijr, the same as the quark).

It must be remembered that Salam's U{ 12) multipiet (which were decomposed relative
to £7(3) x £4 before the Bcrgman-Wigner equations were applied) now no longer possess the full
symmetry. (The residual symmetry will always depend on the type of equation applied to the spinor
^aj}T) The demands of "relativistic completion" are incompatible with exact symmetry at any (but
zero) momenta.

A very important result of the Salam group U( 12) must be mentioned at this stage: With
the Bergmann-Wigner equations the 364 multipiet of £/Tl2) has exactly the content of the 56_ of
U(6)i likewise for the 143. of r/Tl2) which corresponds with the 35. of U(6); no more no less.
This will happen for all the multiplets.

The final expressions for the form factors (involving the incoming and outgoing baryon
momenta) are given in the highly mathematical paper (of Salam, Delbourgo and Strathdee) in so-
phisticated equations.
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Results and Conclusions

The bary on-meson (N + NM) vector incorporates just one form factor. Its relation with
the electric and the magnetic form factors, introduced by Sachs in 1962, is crystal clear. Assuming
that the photon (F^ couples with the composite structure of baryon through on effective gauge-
invariant 'interaction' /(ql)Flil,M£v where M£v is the [/-scalar meson combination (M" = M'i +
(3) - 1 ' 2 M1), we get for the electromagnetic form factors the expressions

Ta -J ii —

where F(q2) oc f(q2)/(q2 -

fiv

2m
1 +

2/JTtt
{NN)FF{q2)

4m2 JD+\F'

C1 + 2m jn), Bohr magnetons 1
| ]

Jc

2m/ji

(33)

(34)

(35)

(36)

For small q1, there is just one electromagnetic (Sachs) form factor.

The U{ 6) limit of r/f 12) taken on the basis of the Salam form factors results in losing
the anomalous magnetic moment of the proton.

For weak interactions the form factors of the U (12) theory yield the vector and axial vec-
tor form factors. These produce the well-known !7( 6) result gAJgu = —5/3 at the zero momentum
transfer.

With the effective baryon-meson and meson-meson vertices "̂  available it is a trivial step
to write pole approximations for the strong interactions four-particle process. With this approxima-
tion as the starting-point all S-matrix techniques (like Mandelstom representation, Reggeization,
analytic continuation) are ready for use for determining the complete (U (12)) relati vistic S-matrix
theory.

(I should m ention that one of the ways in which the inhomogeneous Lorentz group breaks
the full U( 12) symmetry to force certain components of <&£ to become inessential and redundant.)

Salam's U( 12) paper (under discussion) despite its mathematical elegance and admirable
presentation could not produce the expected impact on the group theoretical physics of the 1960's.
Abdus Salam himself told the author **'in 1967 that his paper could not become as "popular and
accepted" as he and his co-authors had hoped.

*' Of the Feynmann diagram.
'•> S.M.W. Ahmad.
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Nonetheless, this paper was a good attempt at the relativistic SU( 6) theory. At the same
time, Abdus Salam and his co-authors proved the rigour and effectiveness of group theoretical
methods in physics.
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