
Rfc« IC/90/375

INTERNATIONAL CENTRE FOR
THEORETICAL PHYSICS

PSEUDOPLASTIC DYNAMICAL MODEL
OF THE ASTHENOSPHERE

AND ITS TECTONIC CONSEQUENCES

Sunday Augustus Reju

INTERNATIONAL
ATOMIC ENERGY

AGENCY

UNITED NATIONS
EDUCATIONAL,

SCIENTIFIC
AND CULTURAL
ORGANIZATION

1990 MIRAMARE- TRIESTE





IC/90/375

International Atomic Energy Agency

and

United Nations Educational Scientific and Cultural Organization

INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS

PSEUDOPLASTIC DYNAMICAL MODEL OF THE ASTHENOSPHERE
AND ITS TECTONIC CONSEQUENCES *

Sunday Augustus Reju **

International Centre for Theoretical Physics, Trieste, Italy.

ABSTRACT

Recent geophysical investigations show that the asthenosphere is more of a plastic con-
tinuum of the earth's interior. Thus Newtonian models are far from depicting the characteristics of
motion within the earth's mantle. This paper in particular formulates and analyses pseudoplastic
models, especially for a rather vital region of the asthenosphere, namely, the polymorphic region
between the lithosphere and the real asthenosphere.
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1 Introduction

More realistic (though tractably complicated) mathematical models of the
earth interior are necessary in order to have better ideas about the flow within
the mantle. Such an interdisciplinary scientific research in geomathematics
especially would give today's applied mathematics a more better position
in the geosciences. This paper, as a theoretical foundation, formulates and
analyses pseudoplastic models, for a rather vital region of the asthenosphere,
namely the polymorphic region between the lithosphere and the real astheno-
sphere. Recent geoscientific discoveries which give considerable inputs into
new models, are utilized in this work.

2 Mathematical Formulations

A material continuum satisfying the following constitutive equation is called
a 'Pseudoplastic Fluid', namely,

dvx

where aVoX is the stress along the x-direction which is exerted on a surface
of constant yo by the material below y0, and vx is the velocity along the
x-direction. The function TJ could depend on the stress or the shear rate.

Let us consider a two dimensional model arising from (1). Starting with
the stress distribution, we have;

{vx),y - Jjdiv {vx)tV (2)

div aVoX = (v*)>wdiv TJ - rj A vx (3)

If we take aVoX as a polymorphic or are-crystalllzationstress and assuming
there are no polymorphic (re-crystallizatiorl stresses in the real asthenosphere,
this implies that

div aVoX = 0 (4)

in the asthenosphere. Thus, in the polymorphic region,

div aVoX > 0 (5)



Thus, equation (5) becomes

(vx)iVdiv Tf + r\ A vx < 0 (6)

For our choice of r\ let's take a rather simple form,viz

* = («-).. (7)

This seems to be a special case of the Ostwald-de Waele law:

a = -Kin (8)

where 7 is the shear rate. In our case, n = K =1. Our model now becomes

K),»At/r<0 (9)

where equality applies to the 'non-polymorphic' asthenosphere. We can re-
move the subscripts for our convenience ( bearing in mind their original
meanings).

3 Pseudoplastic Boundary Value Problem

Definition 3.1

Call the region where
div v = 0 (10)

within the asthenosphere a 'stable subasthenosphere'. Thus, in such a subre-
gion, there exist no geophysical sinks and sources, that is, it is a subduction-
free, and volcanic-free region.

Definition 3.2

The region of polymorphism where

div v ^ 0 (11)

let us call a 'Hazard Zone', Examples of such 'unstable' subasthenospheric
regions are the subduction zones, volcanic regions or regions of tremors and
earthquakes. Thus, we could take

div v = f(z,y) (12)



In formulating a boundary value problem, let's take the velocity at the
lithospheric boundary of the polymorphic region as

v = vh - e (13)

where v^ is the velocity of any hazard phenomenon observable on the litho-
spheric plate, while e is the small variation of v from the velocity at the
moving ( or free ) lithospheric boundary of the polymorphic region.

So , finally, we arrive at a 'pseudoplastic boundary value problem', gov-
erned by the following equations, viz,

div v A v < 0, in Ap (14)

div v — f{x,y), in Ap (15)

— = vh - e, on 8AP (16)

This is a Neumann's problem , where n is the outward normal along the
direction of the hazard phenomenon on the lithospheric plate. The space Ap

is the polymorphic Asthenospheric continuum.

4 Modified Nonlinear Pseudoplastic BVP.

To remove the difficulty of inequality in equation (14), let us consider a
'harmonic polymorphic process' where

A v = 0 (17)

So, we have a modified model:

div v A v = 0, in Ap (18)

div v = f{x,y), in Ap (19)

- ^ = vh - e, on dAp (20)
on

From physical points of view, f{x, y) could be a given geochemicai/geothermal
function, while Vh is a seismic data function. Following the above stepwise



hypotheses, the last equation could still be further simplified in a splitting
form as;

A v = 0, in Ap (21)

divv = f(x,y), inAp (22)

dv_

dn
— = vh - e, on 3AP (23)

5 Function Space For Solutions And
Basic Theorems.

Let us naturally ( from (18)) consider solutions in L2{AP), which can in turn
be decomposed ( as an advantage in L2{Ap) — Space ) into two subspaces,
viz,

P{AP) = {v : Av = 0} (24)

of all potential solutions v of (14)-(16), and

of all geothermal functions f{x,y) of (14) - (16); while the inner product in
our L2(AP) corresponds to

where g €E D{AP) and / G P{AP), for some function v(x), and the integral
is over Ap.

Now we have the following results:

PROPOSITION 1 ( Existence )

Suppose we have a decomposition of L2{Ap) as below, viz;

then there exists a solution v for a steady polymorphic boundary value
process (14-(16) if only v solves in particular a polymorphic region equation,

div v = 0, in Ap (28)



with the boundary condition

^ = , , - e (29)

outside a Hazard zone for any vh as earlier defined (e > 0)

PROOF

Assume that equation (27) holds for

div v = / , / e L2(AP) (30)

where / ^ 0. However, for equation (27) to be true, we have to show that

P(AP) n D(AP) = {0} (31)

But this only holds when div v = 0. Thus, we have a contradiction. There-
fore, / = 0 ; and with v satisfying the boundary condition, the BVP equations
immediately follow, with div v = 0, and the proposition is proved • -

PROPOSITION 2 ( Uniqueness )

For any steady polymorphic process, the polymorphic region is uniquely
determined for (14) - (16) by a non-zero / e D(Ap)

PROOF
Assume that

f = 0, V / G D(AP) (32)

Now from the integral equation

f f. A vdAp = 0 (33)

we see that the integrand vanishes under steady polymorphic process for a
uniquely given function / ^ 0. Since / defines a given a polymorphic region,
for / ^ 0, then the earlier assumption collapses. Thus a polymorphic region
is uniquely determined, and hence the proposition is proved •



6 Necessary Boundary Conditions And
Solutions Determination

Generally, the depth of the Uthospheric plate from the earth surface is a
poorly defined quantity (since there is no any sharp boundary between the
lithosphere and the asthenosphere). Moreover in the polymorphic region, the
boundary is being re-crystalized, and this is the motivation for taking our
problem, sequel to this paper, as a moving boundary value problem.

Thus, part of the problem is the determination of dAp, which is of a
geophysical importance. Though nonlinear problems are not easy tractable
mathematical problems, however, some necessary conditions; establishment
of well-posedness and some solution techniques are in the sequel of this work.

7 Conclusion

The unavoidable nonlinearity in more realistic geodynamical models, neces-
sitates, just for now, approximate solutions or a priori estimates, before the
evolution of easy analytical methods on nonlinear problems.

Within the whole spectrum of the theory of pseudoplasticity,there are
three material regions, with the Newtonian fluid lying in-between. Thus,
pseudoplastic models would still admit any linearity due to possible Newto-
nian terms that might arise in the process of analysis. Working in a nice
abstract space, just as we took the advantage of the orthogonal decompos-
ability of the L2(AP), may help to obtain some useful results as well.
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