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Grain growth has an important effect on the mechanical and physical prop-

erties of metals and alloys. The process of normal grain growth obeys statistical

laws. Its grain size obeys a statistical distribution. For the statistical nature of

the grain growth process, although there are some theories[l-5] which have had

some success, the main problem lies in that they cannot all obtain an analytical

distribution function and a formula for the average grain radius simultaneously

which agrees with the experiment. The purpose of this note is to set up a stochas-

tic theory of grain growth and to derive the statistical distribution function and

the average value of the grain radius so as to match them with the experiment

further.

The physical basis of the statistical fluctuation of grain growth in materials

can be divided into two kinds[6,7]. One is the fluctuation of temperature.

Another is the fluctuation of the microscopic structural background of materials.

Both can be regarded as dynamic fluctuations. Hence, the process of grain

growth can be dealt with as a stochastic process.

Now let us have the stochastic growth equation which describes the process

of grain growth. Let t be the growth time of the grain, X(t) be the grain radius,

and X[t) = ĵjr be the growth rate of the grain at the time t. Because the

fluctuation of temperature or of the microscopic structural background leads to

stochastic fluctuations of the grain growth rate, it should obey the following

generalized Langevin equation:

= K(X)+0(X)f(t) (1)
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where K(X) is called transport growth rate, 0(X)f(t) the fluctuation growth

rate, f(t) the fluctuation function, and (3(X) the fluctuation magnifying function.

For the convenience of calculation, we suppose the process of grain growth to be a

Markov process, and the fluctuation function f(t) to have a Gaussian distribution

which satisfies

< f{t) >= 0,

<f(t)f(t')>=Q6(t-t'), (2)

where 8 is the Dirac function, Q is the fluctuation growth coefficient. Care must

be taken here to know that the fluctuation growth coefficient Q is different from

the ordinary diffusion coefficient.

Equation (l) represents the dynamical variation which evolves with time.

According to the stochastic theory ,the equation of the probability density evolv-

ing with time, which is equivalent to (l),is the Fokker- Planck equation

^ ; = [

(3)

where P(X0, X; t)dX is the probability that the initial grain with radius X grows

to a radius between X and X + dX at the time t, or is called the probability

density function for short. It represents the probability distribution of the grain

radius at the time t. The physical meaning of (3) is that the change rate of the

probability density function of the grain radius (left side of (3)) is determined

by the transport growth (the term which contains K(X) on the right side of (3))
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and the fluctuation growth (the term which contains Q(i) on the right side of

(3)) together.

It should be pointed out that the Fokker-Planck equation (3) used in this

note is different from the simple Fokker-Planck equation (namely, fi(X) = 1 in

(3)) used to study grain growth in [4].

We will see later that just because of this difference, this note explains quite

satisfactorily the laws of grain growth distribution and of its average radius

increase which cannot be explained very well by previous papers.

According to the characteristics of fluctuations of temperature and of the

microscopic structural background of materials, it can be proved that the relation

between 0(X) and K(X) in (1) and (3) becomes[6,7]

K(X) = A0{X) (4)

where A is a constant which has nothing to do with X.

When A, 0{X), and Q are known , P(Xo,X\t) can be solved from (3)

and (4). Especially,when A, 0(X), and Q are obtained from the microscopic

mechanism, the statistical theory of grain growth will be set up on the basis of

the microscopic structure.

The transport growth (or contraction) rate of grain is[4]

K{X) = A±, (5)

or

K(X) = A{±- - ~), (5a)



where

A~ kT'

7 is the surface energy of the interface, k is the Boltzmann constant. D is the

self-diffusion coefficient of the interface, a is the size of the atom. Xc is the

critical grain radius. When X > Xc ,the grain grows, and when X < Xc ,the

grain contracts. The self-diffusion coefficient D can be written as

D = Doexp{-U/kT) (6)

where U is the activation energy of the relevant process.

The fluctuation growth coefficient can be obtained as Q = 2r)2A2t, t < r[7],

T is the intrinsic life of grain growth, r}2 = {•$p)2^fr~ relates the fluctuation of

temperature.

Now let us solve the probability density distribution functionPf-Xo, X;t) of

grain growth. We have from (4) and (5) or (5a),

f*iX <7>

or

X0X -{XC{X - Xo) + Xc
2 In [ ̂ ^ | -At]2

P{X0,X;t)dX= , ° exp— X° X° -dX

(7a)

The average grain radius X and the most probable radius Xm satisfy the equation

X =



) + Mr (8)

Xm = - ? — v v " ' ' « (Ai + V^ 2 ' 2 + 2Q0 ̂ 2 (9)

It

or

[At - Xc(Xm - Xo) - X2 In | * " " * * |] J& = Qt. (9a)

It can be seen from (9) that when 2Qt >> Ai,i.e. fluctuation plays a main

part, X = ( ^ ) ^ 4 , Xm = (2<?t)1/4, Xm/X = 1.33exp(-A2t/2Q). This aspect

is different from the Rayleigh distribution. For XJX , the distribution is not

invariant. A, Q are adjustable physical quantities. When 2Qt « At, namely,

grain growth depends to a large extent on the transport term,

X « {At)1!2, xm « (2A()1/a, ^ m / X = 1-414. (10)

If both terms are close, i.e. 2Qt » At, both terms play a part on X , Xm . In

other words, the average value and the most probable value of the grain radius are

composed of two parts. One is the fluctuation term (the term which contains

Q), the other is the transport term (the term which contains A).

If Xo is neglected, substituting Q = 2r?2A2t into (8) and (9) we have

X = & expf-l^2

V71"

(12)

The probability density distribution function of grain growth is neither a

normal distribution alone nor a log normal distribution purely. Equations (10)



and (11) are the just well-known LWS law. These results cannot be obtained by

any other statistical theory of grain growth now available.

In figure 1 we have plotted the curves of the probability density distribution

function of the grain diameter IX of zone refined iron, and have compared it

with experimental data.

For Nio.5&Zno.64Fe204l [1], we take Do = 0.02cm2/s, *i = lOOerg/cm2^ =

0.5nm, T = 1250°C , U = 74kcal/mol, AT2/T2 = 0.01, then we obtain

(2X)2 - (2X0)2 = 29.18t(/im)2

where the unit of t is h. This result is roughly the same as the experiment.

The fluctuations of temperature and of the structural background are the

physical foundation of the grain statistical fluctuation in real materials. Starting

from this idea the stochastic growth equation is given. The distribution function

and the average grain radius are obtained. These results coincide with the

experiment fairly well.
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Fig.1. Probability density distribution
function of grain growth (data of Hu[8J).
Zone refined iron,experiments (625°C):

* I25ciin, • 6k;5nin.
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