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ABSTRACT

We investigate nuclear fragmentation in a supersaturated system using classi-

cal nucleation theory. This allows us to go outside the normally applied constraint

of chemical equilibrium. The system is governed by a virial equation of state,

which we use to find an expression for the density as a function of pressure and

temperature. The evolution of the system is discussed in terms of the phase dia-

gram. Corrections are included to account for the droplet surface and all charges

contained in the system. Using this model we investigate and discuss the effects

of temperature and saturation, and compare the results to those of other models

of fragmentation. We also discuss the limiting temperatures of the system for the

cases with and without chemical equilibrium. We find that large nuclei will be

formed in saturated systems, even above the limiting temperature as previously

defined. We also find that saturation and temperature dominate surface and

Coulomb effects. The effects are quite large, thus even a qualitative inspection

of the yields may give an indication of the conditions during fragmentation.

IPNO/TH 90-27 f July 5,1990

Submitted to Physical Review C

t Unité de Recherche des Universités Paris 11 et Paris 6 Associée au C.N.R.S.



1. Introduction

Heavy-ion collisions offer the possibility of studying nuclear matter under

extreme conditions. At intermediate energies the excitation energy per nucléon

is near the separation energy. Here one may be able to consider the system
1 2

as a low density, moderate temperature juxtaposition of liquid and gas phases. '

Systems formed by a collision of medium energy heavy ions can decay in a variety

of ways. The fragmentation yield can be used as a signal of the primary decay
o

modes in a particular collision, and may give evidence of a liquid-gas phase

transition. Recently, there has been considerable interest surrounding the idea

of nuclear multifragmentation. ~ Properties of nuclear drops in the presence of

a vapor of nucléons are also of interest in astrophysics. Two key papers on this
12issue came from a Purdue-Fermilab collaboration, which discovered a power law

fall-off in the distribution in composition of the observed nuclei as a function of

mass number. Such a power law behavior had been predicted for macroscopic

phase transitions by Michael Fisher, and was the impetus for investigating the

idea of phase transitions in nuclear systems.

We shall take as our starting point a picture of hot nuclear systems first

suggested by Levit and Bonche, in which hot nuclei are treated as liquid droplets

immersed in a uniform vapor of nucléons. Such a system could be formed through

the heating of nucléons in a heavy-ion collision. If there is enough energy the

individual nucléons can ionize to a gas phase, resulting in a vapor of nucléons.

As the system cools it reverses this transition, and the nucléons condense into

liquid nuclei. One can describe this process in several ways. Statistical models

have been used in which one maximizes the total entropy. ' ' One can also

develop models based on the thermodynamical energies of the system. In

most models the transition from vapor to liquid is generally assumed to occur

under thermal, mechanical, and chemical equilibrium (a Maxwell transition),



and the system satisfies the Gibbs criteria of equal temperatures, pressures, and

chemical potentials. There exists another possibility, first discussed for nuclei
20by Goodman, Kapusta, and Mekjian. Because of its absolute purity the vapor

may supercool, and the system may saturate beyond the equilibrium transition

point. As we will show, this allows droplet formation at temperatures above those

possible in a Maxwell transition. The saturation transition may be described

using nucleation theory; this is the approach we will take in this paper.

We should point out that in nucleation theory one must still assume ther-

mal and mechanical equilibrium. The question of reaching equilibrium and the

multifragmentation regime in heavy-ions collisions has been discussed by several
21

authors, with as-of-yet inconclusive results. Donangelo, Sneppen, and Bondorf

have studied the dynamics bubble formation in a superheated nuclear liquid.

They find that for a given range of entropy superheating may be an important

factor in the evolution of the system. In our model, rather than bubbles in a

superheated liquid we have droplets in a supercooled vapor. We might expect

that a system which can superheat can also supercool, so that supersaturation

will be important in some hot nuclear systems. Hence we propose to study the

possible consequences of such an occurence.

In order to use nucleation theory one must study the change in energy when a

droplet of liquid condenses from a saturated vapor. In particular we shall look at

the change hi the Gibbs energy of the system, since the Gibbs energy determines

the yields. To find the Gibbs energy requires knowledge of the chemical potential,

which, we calculate explicitly for a thermal, charged system of nucléons. In this

way we have gone beyond the methods used by Goodman, Kapusta, and Mekjian,

in which the system was left uncharged and the chemical potential left as a free

parameter. Because we relate pressure and chemical potential we can study

directly the effects of saturation.



We begin by introducing an equation of state for the system, as well as so-

lutions for the density as a function of pressure and temperature. The equation

of state gives both the pressure and chemical potential in each phase. Using a

plot of pressure vs. density we discuss the various phases and transition sce-

narios which can occur. We then outline the general procedure for including

in the equation of state corrections due to the formation of a droplet. These

corrections appear as additional terms in the energy, and lead to corrections of

both the pressure and chemical potential. Demanding that the droplets form

under thermal and mechanical equilibrium allows us to calculate the baryon den-

sity inside the droplet as a function of temperature, pressure, and droplet mass

number. From this we calculate the difference in the chemical potentials of each

phase, and hence the Gibbs energy and yields as a function of mass number. For

certain temperatures it is not possible to satisfy the equilibrium conditions, and

this leads us to a discussion of various limiting temperatures. The yields them-

selves allow us to investigate the effects of Coulomb energy, temperature, and

pressure. We also make comparisons with calculations using percolation theory

and a grand-canonical approach.

Our primary purpose in this work is to investigate the effects of removing

the constraint of equal chemical potentials between the vapor and droplet, i.e.,

of allowing supersaturation. We shall show that U saturation occurs it should

have a pronounced effect on the formation of nuclei and on the interpretation of

a !uniting temperature hi the system. In fact, we shall show that in calculating

the fragmentation yields the level of saturation is at least as important as tem-

perature, i.e., it is one of the dominant features of the system. Thus the shape

of the yields may give an indication as to the conditions under which the system

fragments.

Several improvements could be made to the model which we shall present. In



particular, in addition to the surface and Coulomb energies considered here one

should add shell effects and particle decays of the excited nuclei. For heavy nuclei

it is also necessary to decouple the proton and neutron chemical potentials, so as

to allow for the formation of different isotopes. While necessary for meaningful

comparison with experiment, such improvements add greatly to the complexity

of the theory while aiding little in the understanding of saturation. Here we wish

primarily to investigate the possible importance of saturation, and so leave these

improvements and careful comparison with experiment for a future work.

2. Nucleation Theory

Our model begins with a vapor of unbound nucléons in thermodynamical

equilibrium. Fluctuations will generate dense clusters of nucléons, or droplets,

inside the vapor. These droplets can grow and condense out of the vapor by

accumulating additional nucléons, or they can shrink by evaporating nucléons or

clusters of nucléons back into the vapor. Nucleation theory, which deals with

these growth and evaporation processes, employs an analysis based on properties

of the Gibbs potential. Let /ij be the chemical potential of the drop, and ng

the chemical potential of the surrounding vapor of nucléons. The change in the

Gibbs potential when a liquid of A nucléons is formed at temperature T is

AG = [ndA + U3(A0 - A)] - U9A0 = (fid - U9)A. (2.1)

The first term is the Gibbs energy of the system when it contains a droplet of

mass A, and can be written in this way because the total number of nucléons in

the system is fixed. The second term is the original Gibbs energy of the system

with no droplet.

#1 Throughout the paper the subscript d will refer to the droplets or liquid phase, and the
subscript g to the vapor or gas phase.



The probability Pr (A) of having a droplet of A nucléons present is related to

the difference in the Gibbs free energy with and without the droplet, PT(A) ~

e-AG/*r Using eq. (2.1) we can write the yield of droplets as a function of the

droplet mass,

Y(A) = Y0Pr(A) = Y0e~^-^A, (2.2)

where Y0 is a normalization constant determined by conservation of baryon num-

ber: X)A=I AY(A) — A0. In this way a knowledge of the chemical potentials of

the system gives one a complete knowledge of the fragmentation yields.

2.1 THE EQUATION OF STATE AND PHASE TRANSITION

To calculate the difference of the chemical potentials of each phase we begin

with the equation of state. We adopt the equation of state first discussed in

réf. 22 and used as well in refs. 15-17 and 20,

P0(P, T) = pkT - oop2 + 2a3p
3. (2.3)

This equation has the advantages of a straightforward interpretation and relation

to the nucléon-nucléon potential. It is based on a virial expansion for an infinite,

uncharged system, and it can also be related to the well-known nuclear Skyrme
22

potential. In eq. (2.3) P0 is the pressure, T is the temperature, and p is the

baryon density of the phase. OQ and 03 are parameters which determine the

critical temperature and pressure; kTc = 0^/603 and pe — oo/6a3. They are in

general temperature dependent. For simplicity we shall treat them as constants

but adopt the values of réf. 22, in which the critical values were found including

the full temperature dependence. In that paper the authors give kTc = 13.4 MeV

and pc = 0.3Qp0. Using a ground state density of p0 = 0.16 fm~3 gives pc =

0.0624 far3. These in turn give O0 = 214 MeV-fm3 and O3 = 574 MeV-fm6.



The critical pressure is Pc = |fcrc/>c- Systems governed by eq. (2.3) exhibit the

characteristics of a van der Waal's system.

Next refer to Fig. 1, which is a pressure-density diagram for eq. (2.3). In the

figure we plot an isotherm of the equation of state, as well as the coexistence and

spinodal curves. On the left the system is in the gas phase, to the right in the

liquid phase. We have marked along the axes several of the pressure and density

values which we shall discuss.

In this figure a ground state nucleus (marked by the "X" on the density axis)

is at P — O, p = p0. In the initial stages of a collision the nucleus may become

a hot, compressed object. If there is enough energy, the subsequent rebound

will result in a hot, sparse system. We describe this as a vapor of nucléons,

which then occupies the upper, left region of the diagram. As the system cools

further it will move back down the diagram, eventually crossing the coexistence

curve. At this point it can, but may not, undergo an equilibrium transition to

the liquid state. (In our model this corresponds to a saturation ratio S = I, see

also section 3.) Because it contains no impurities, however, it is also possible for

the cooling to continue for some distance below the coexistence curve, into the

metastable region. The system is now supersaturated. Sometime before it crosses
j£2

the spinodal line negative and the system unstable) nucleation will occur; we

call the pressure at which this happens the nucleation pressure, PN, and the

corresponding densities are marked as pg and p&. In the absence of corrections

there is always a droplet solution to the equation of state, i.e., a horizontal line

drawn at PN always intersects the isotherm somewhere in the liquid portion of

the curve. The same cannot be said when corrections are added; this point will

#2 Bertsch and Siemens discuss fragmentation underneath the spinodal line- sort of a super-
supersaturation in which, due to its small size, the nucleus does not break up until it actually
reaches the region of instability. Our work is in some sense intermediate between that of
Bertsch and Siemens and of those which assume complete equilibrium.



be discussed at the end of the present section.

The spinodal line separates the metastable and unstable regions of the P-p

diagram and traces out the curve along which the isothermal compressibility is

infinite. Thus it is given by

*~ KS)J -K£)J-
Using eq. (2.3) gives

kTpt - 2aop] + 603/7? = O. (2.5)

Ignoring the trivial solution p, = O, the density along the spinodal line is given

by

or, equivalently,

f = pa(2- pg) . (2.6b)

In eq. (2.6a) the upper sign refers to the superheated liquid, the lower sign to

the supersaturated gas. (Throughout the paper the symbol x refers to reduced

quantities: p = p/pc, T = T/Te, and P = P/PC-) The spinodal pressure is given

by

P0(P^T) = O0Pl-Ia3P
3, (2.7)

after using the relations for pe, Te, and Pc. The metastable region is located

between the spinodal and coexistence curves, and the region in which supersat-

uration can occur is that part of the metastable region with p < pe.

In the absence of corrections the densities p} and Pd can be determined as

functions of P and T through the equation of state. This was done in réf. 15



for the case of an equilibrium phase transition, in which P(pg,T) = P(pd,T)

and n(pg,T) = p(pd,T). The equations in that paper define the coexistence

curves. Although useful for determining the metastable region of P-p space

these equations are not the most general solutions for the density. The general

solutions we shall need are given by

- cos
a al

i - + V3sin - (2.8)

and

where

pd = 1 + 2Vl-TcOS-, (2.9)

, f \/4(l - T)3 - (P - 3T + 2)2 ,
0 = tan"1 { JL-i - 1 - 1 - - } (2.10)

I P-3T + 2 ' '

(Since the equation is cubic it has a third solution, this falls between the two

given above and lies in the region of instability.)

Using eqs. (2.7) and (2.6a) we see that for pressures above the liquid and

below the gas spinodal pressures the argument of the radical in eq. (2.10) is

jiever negative. Furthermore, we see that O runs from O at the gas spinodal point

to TT at the liquid spinodal point. Outside the range of spinodal pressures there

is only one solution for the density. In these regions the radical in the arctangent

becomes imaginary, and two of the solutions for the density become complex.

The remaining real solution changes form to become

3 -
(2.11)

Now consider corrections to the equation of state, such as those due to surface

or Coulomb effects. Once a droplet forms competing surface and Coulomb effects



come into play, affecting the pressure across the droplet-vapor interface. In re-

sponse the density of the droplet will change. For example, consider again Fig. 1.

There we have indicated a negative correction to the pressure, SP^ < O, such as

would be caused by a surface tension (refer also to the beginning of section 2.4).

The correction lowers the pressure of the droplet below that of the surrounding

vapor, causing the droplet to contract and its density to increase. On the P-p

diagram the droplet moves up the isotherm to the new density pd, and the pres-

sure due to the equation of state changes by exactly — 6Pd to P0(p'd,T) = P'd.

Thus, the requirement that the total pressure of the droplet (Pd + 6Pd) equals

the vapor pressure (Pjv) determines the new droplet density p'd.

In the case shown, where 6Pd < O, no problems arise and we can always find

a new pfd such that Pd + 6Pd = Pfj. However, if 6Pd > O this is not the case.

In this instance we may have P'd less than the droplet spinodal pressure. Mathe-

matically this corresponds to the disappearance of more that one real solution to

the equation of state. Physically it corresponds to an energetic vapor in which

it is not possible to form droplets. Here, as in refs. 1, 16, and 17, the large,

positive 6Pd is caused by the Coulomb energy of the charges in the drop, thus

it is referred to as the Coulomb instability. We shall have more to say about it

when we discuss the limiting temperature of the system.

2.2 CHEMICAL POTENTIAL

Given the equation of state we can find the change in chemical potential

during an isothermal change in pressure (including a change due to a phase

transition) through the Gibbs-Duhem relation, d/z = \dP, or

P/

M f - M i = I - ( ^ - ) dp. (2.12)
J P \ dp ) f
ft

Using the equation of state (2.3) the difference between the liquid and gas (droplet

10



and vapor) chemical potentials is

Pf fkT
lt°d-H°, =y ( — ~ 2oo + 6o3p dp

(2.13)

Eq. (2.13) combined with the density as given by eqs. (2.8)-(2.10) give the

changes in chemical potential and density when an uncharged droplet with no

surface energy forms from an uncharged vapor. Corrections to the density are

found by calculating a droplet new pressure P = P0 + 6Pe + 6Pc for use in

eqs. (2.8)-(2.10). The terms 6 P, and SPc are corrections for the surface and

Coulomb energies and are given by

Ex is the energy and Fx the free energy associated with the correction

Corrections to the chemical potential can also be calculated. If we write Ut-I

for a continuous system

fdFx\
=

Since, however, nucléons are discrete, the correction is more accurately given by

Sux = [Ex(A + I)- Ex(A)]SiV = [Fx(A + 1) - Fx(A)\TtV . (2.15a)

In all theses equations S refers to entropy, V to volume, and A to the number

of nuclei in the drop. To calculate the corrections we shall use the free energy

associated with the droplet surface, and the Coulomb energy due to the presence

of protons.

U



2.3 ENERGY

In order for a liquid and vapor to coexist there must be an interface, or

surface, between tho two. Associated with this interface is a surface tension a.

Also associated with the interface is a free energy F°. In terms of a we have

simply Fg — ffE, where E is the area of the surface. We will assume a spherical

droplet, then F£ = 4-irffR2 where R is the droplet radius.

There are certain constraints on the form of F°. First, F, should go to zero

along the critical isotherm, since at T — Tc there is no longer any difference

between the gas and liquid phases. Also, at T = O, F° = E° = a%A2/z, where
24

oj = 20.69 MeV is the Myers-Swiatecki liquid-drop surface coefficient. Both

these conditions are met by the form

( ^ T \ f T \ 3/2

l + |fr)(l-fr) =**R*a(T) (2.16)

which we have adopted from réf. 20. The coefficient O0 is determined by the

condition at T = O, 4irR*tr0 = a°A2P or G0 = (a°/4ff)(4îrp0/3)2/3. Here we

have used ^TTR^p0 = A, where R0 is the radius of the droplet at T = O and

P0 = 0.16 fm~3 is the baryon density in a ground state nucleus. Numerically this

gives O0 = 1.26 MeV/fm2.

There is an additional contribution to the surface free energy due to a cur-
13

vature correction term. This term was first introduced by Michael Fisher in

connection with phase transitions in macroscopic systems. Fisher showed that if

the curvature free energy has the form FK = rkT In .4, then at the critical point

T = TC (where the other energies in the system go to zero) the fragmentation

yield takes the form Y(A) ~ A~r. This behavior has been seen in heavy-ion

experiments; as mentioned hi the introduction it was the initial motivation for

describing heavy-ion collisions in terms of phase transitions.

12



The total contribution to the free energy due to the surface is the sum of F,

and FB,

F8 = F/ + FB = 47rfl2<r(T) + rfcT In A. (2.17)

As described in réf. 20, requiring that there be a critical point confines r to the

range 2 < T < 2.5. We shall use the mean-field value r = 7/3; this is consistent

with the equation of state (2.3) introduced in the previous section.

To calculate the Coulomb energy we approximate the droplet and vapor as

uniform charge distributions of different densities, as was done in réf. 15. The

Coulomb energy then consists of three parts. The first is the self-energy of the

droplet,

* 3/47T_Ec ~ I~R
The second is due to the Coulomb interaction between the droplet and vapor

(2.19)

and the third is the Coulomb energy of the vapor charges with each other

= x«Pg [(R, ~ R*f(Rg + Rd)(R*g + RaRd + 2JZj)] . (2.20)

The total Coulomb energy EC of the droplet-vapor system is given by the sum

of these three terms.

In these equations Rg (Rd) is the radius of the system (droplet) after the

droplet forms. The vapor density is taken to be the same with and without the

droplet, x — Z/ A and e is the charge on a proton. In this paper we will take

X = 1/2 fixed. This relates the number of neutrons and protons so that only one

chemical potential is required hi each phase.

13



In deriving eqs. (2.18) to (2.20) one lets the droplet form anywhere in the

vapor, then averages over the volume of the vapor. The temperature, density,

and pressure of the vapor and droplet are related through eqs. (2.8)-(2.10). Thus,

specifying the temperature and pressure completely determines EC, and we get

the full temperature dependence of the Coulomb energy.

Strictly speaking, the inclusion of long-range forces such as the Coulomb

force means that one can no longer use thermodynamics to describe the system.

Practically, however, the inclusion of the complete Coulomb energy, including the

vapor, will not greatly change the behavior of the system. (Refer to Fig. 3 as well

as to the discussion in réf. 15.) Thus, we can include the Coulomb corrections

but continue to use nucleation theory.

2.4 CORRECTIONS TO P AND n

Using eqs. (2.14) and (2.15) we calculate the surface corrections by differen-

tiating the total surface free energy, eq. (2.17). This gives

_

> TtA- R '

and

MSL-" **>
Using the discrete difference as in eq. (2.15a) gives

6fi, = TkT In 1 1 + ^- 1 (2.22a)
L -"J

Thus the pressure is affected only by the "original" surface energy, F£, and the

chemical potential only by the curvature energy, FK. As A -* oo eq. (2.22a) goes

over to eq. (2.22), so that the discrete and continuous methods properly converge

for an infinite system. Note that SP, < O, as mentioned in section 2.1.

14



To calculate pressure corrections due to the Coulomb energy we must first

relate density, volume, and baryon content, then use these relations to rewrite the

Coulomb energy in terms of radius and mass number. Next we act on eqs. (2.18)-

(2.20) using the derivative in eq. (2.14) to get the difference between the pressures

of the vapor and droplet due to the Coulomb forces. Taking V as the volume of

the droplet and holding constant the volume of the system as a whole gives

f, _
1 R? + Rr + I f (R? + Rr + I)2 •

Here and elsewhere pT = pg/pd < 1 and R1. — R3/ R& > 1.

Similarly, the Coulomb correction to the chemical potential is calculated by

acting with the first derivative in eq. (2.15) on the sum of eqs. (2.18) — (2.20).

We first hold A0 constant and take the derivative with respect to A. This gives

the Coulomb correction to the droplet chemical potential, 6p%. Next we hold A

constant and differentiate with respect to A0, giving the Coulomb correction to

the vapor chemical potential, 6jj%. The difference of the two is the total Crclomb

correction to the chemical potential when the droplet is present,

Replacing the derivatives with the differences as in eq. (2.15a) gives instead

2JZ? -1 Jg-Ji,-!

+ JZ, + 1)*
'

The change from eq. (2.24) is given by last term, and again goes to zero as

A — » oo.

15



Equations (2.21) through (2.24a) give us the surface and Coulomb corrections

to the pressure and chemical potential. The equality of pressures in each phase

now reads

PN = P0(P3, T) = P0(pd, T) + 6P, + SP0, (2.25)

where P0 is given by eq. (2.3), and 6P, and 6PC are given by eqs. (2.21) and (2.23),

respectively. The difference in the chemical potentials of the droplet and vapor

is

AM = Md ~ % = (Md - t*°g) + 6fr + 6»C, (2-26)

where (jt|j — ji°) is given by eq. (2.13), and Sfi, and Sue are given by eqs. (2.22a)

and (2.24a), respectively. Eq. (2.25) allows us to calculate the densities pg and

P^, from which eq. (2.26) gives us the difference in the chemical potentials and

ultimately, through eq. (2.2), the fragmentation yield.

3. Results

We are now ready to use the results of the previous section to investigate

the fragmentation yields. In particular we want to study the effects of pressure

and temperature on their shape and magnitude. Before discussing the yields,

however, we shall look at the path followed by the system in P-p space, paying

special attention to the appearance of temperature restrictions due to equilibrium

constraints.

Our calculation proceeds as follows. We choose the temperature at which we

will allow nucleation to occur. This determines an allowable range of saturation,

defined as S = Pfi/Pcoex., where PCoex is the pressure at which the difference in

the chemical potentials is zero. This difference should, in principle, include the

Coulomb and surface corrections. Since the corrections depend on the droplet

16



size A, this gives a different coexistence pressure for each sized drop. As a sim-

plification we shall ignore the corrections when finding the coexistence pressure,

so that for a given temperature there will be a fixed PCoex- This simplification

will affect only our calculation of the limiting temperature, as we discuss in the

next section.

Now regard Fig. 1. Note that the vapor pressure in the metastable region runs

from Pcoex (where the isotherm crosses the dashed line) to P/ (where it crosses

the dash-dotted line), so that the saturation is constrained to the values 1 < S <

Ps/Pcoex- We select a value of 5 from this range, thereby fixing the pressure of

the system. For a system with no corrections, a given temperature and pressure

uniquely determine the vapor and droplet densities through eqs. (2.8) and (2.9).

The solutions are also uniquely determined when corrections are included; in

this case the droplet density must be found numerically using the condition of

mechanical equilibrium and the procedure described at the end of section 2.1.

We did so to a relative accuracy of 10~6, which insured that the pressures of

each phase were equal to better than one part in a thousand.

3.1 TEMPERATURE RESTRICTIONS

During each calculation of p& we checked for the condition /><j < p,, the liquid

spinodal density. This signifies that there is no longer a droplet solution which

will satisfy the constraint of equal vapor and droplet pressures. It occurs when

positive pressure corrections force the droplet density too low. We found that for

a given A, p& < P* at all temperatures greater than some maximum temperature

ïmax- This is the maximum possible temperature at which the droplet can form

in mechanical equilibrium with the vapor. In our model the positive corrections

are due to the Coulomb energy, whereas the negative corrections are due to the

nuclear surface. At low temperature the surface effects are very strong, so the

17



total correction is negative and there exist stable solutions for the droplet. As the

temperature increases the surface corrections shrink and are eventually overtaken

by Coulomb corrections, until at Tmax there is no longer a stable solution. As the

pressure corrections are A-dependent, so is Tmax, and the lowest limits are at A =

AQ. Tjnax also depends on the uucleation pressure, increasing with saturation.

In the above prescription no condition is placed on the value of the chemical

potential, so Tmax is independent of Ap. In refs. I116, and 17 the phase transition

takes place in chemical equilibrium, thus A^ must equal O. It is possible that

this condition might be satisfied only at temperatures lower than Tmax, in which

case there would exist a lower limiting temperature, 2ïjm. T^m will also depend

on A but not on the nucleation pressure, since that is fixed by the Maxwell

construction. 7nm represents the maximum temperature at which the droplet

can form in mechanical and chemical equilibrium.

The constraint A/* = O also implies a temperature Tmin below which there is

no coexistence. This simply reflects the fact that as a nucleus is heated up it does

not immediately begin to evaporate particles, and in an equilibrium configuration

will not form a surrounding vapor until T reaches Tmjn. Using the equation of

state (2.3) and the Gibbs-Duhem relation (2.13) we find Tmin = 0.29. Including

the corrections discussed in section 2.3 and using A0 = 100 lowers this to Tmjn =

0.12. This is below the temperature where we expect the equation of state to be

valid, so that practically Tm\D does not impose a limit on our calculations.

In Fig. 2 we plot both Tum and Tmax as functions of A for AO = 208. For

proper comparison we set 5 = 1 when calculating Tmax. As can be seen (and as

discussed refs. 1,16, and 17), requiring AA* = O severely restricts the temperature

below which nuclei will be formed. For temperatures above Tu1n(^o) the droplet

chemical potential is greater than that of the vapor for all values of A, and it

is impossible to have a phase transition in chemical equilibrium. However, it is

18



possible to have a transition in a saturated system. In fact, because the chemical

potential in the saturated system decreases with the size of the nucleus, it is

possible to have formation of large nuclei even when T > Tum. This is shown

also in the next section, where we discuss the yield curves.

Note that for a truly proper comparison between Tmax and Tu1n as computed

in the previous works, we should compute Tmax at the smallest pressure for

which some nucleus can first form in mechanical and thermal equilibrium with

the vapor. At high temperatures this occurs at saturations S > 1 and results in

an even higher maximum temperature. However, the curve shown in Fig. 2makes

the point and was much simpler to calculate.

Next we consider the effects of charging the vapor. The changes in the lim-

iting temperature were first studied in réf. 17. There Jaqaman found that the

vapor charges increase TiJn, by about 4 MeV. Our work verifies this for Tu1n, but

finds just the opposite effect on Tmax. To understand this consider the chemical

potential and pressure. Charging the protons in the droplet adds a large energy

to the chemical potential of the liquid phase, and makes the requirement A/i = O

impossible to satisfy except at low temperature. Charging the vapor as well adds

energy to the gas phase and makes it easier to reach chemical equilibrium. Thus

vapor charges raise the limiting temperature- there is not so large a change in

energy when a droplet condenses. In determining Tmax, however, we are con-

cerned only with the pressure, not the chemical potential. Since charging the

vapor increases the pressure in the droplet (through the droplet-vapor Coulomb

interaction, #£"), it is more difficult to equalize the pressures and 7max decreases.

This effect- which in fact is not very large- is shown in Fig. 2, where the dashed

lines give îjjm and Tmax as calculated using an uncharged vapor.

We can thus summarize the above discussion. Temperature restrictions ap-

pear when we put a constraint on the path which the system can follow during
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a phase transition. Requiring the pressures in each phase to be equal imposes

a slight restraint, requiring T < Tma*. Above this the droplet surface and the

vapor are no longer able to contain the repulsion of the protons in the droplet.

Requiring the chemical potentials to be equal as well restricts the temperature

to T < TiJm- Above this the added energy of the clustered protons makes further

accumulation of nucléons energetically unfavorable. However, at large pressures

it is still possible to form large clusters at temperatures above T\jm.

3.2 FRAGMENTATION YIELDS

We move now to a discussion of the yield curves and a study of the effects

of temperature and saturation on the formation of nuclei. Using the procedure

described above we calculated the droplet density and pressure at a given temper-

ature and saturation. The equations of the section 2 then gave us the difference

in chemical potentials, and through eq. (2.2) the yields. The normalization was

calculated explicitly for each system using the constraint on baryon number.

In the work of réf. 20 no Coulomb energy was considered. This was partially

corrected hi refs. 1 and 16, which included the Coulomb energy of the droplet but

neglected the charges in the vapor. In refs. 1,16, and 17 the curvature correction

was left out. So we begin by looking at the Coulomb and curvature effects.

We start with the curvature energy. This is expected to be important only

at high temperatures. In previous works, where the limiting temperature was

only one-half or two-thirds of the critical temperature, the curvature could safely

be ignored. In this work our temperature limit is much higher, so we could

not be sure that the curvature energy would not play a role. However, we find

that it is relatively unimportant even at f = 0.9, where requiring mechanical

equilibrium already prohibits the formation of nuclei with A > 50. Although we

have included it for completeness, the curvature energy will not be important to
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the interpretation of our results.

The effects of charging the vapor are much more significant as well as straight-

forward. If the vapor is left uncharged, then the Coulomb contribution to Ud

greatly increases A/I and causes an exponential drop in the yield curves. At

high temperatures large nuclei become completely unstable. Charging the vapor

reduces A/x and stabilizes the large nuclei, so the appearance of droplets with

A w AO in the fragmentation regime is evidence of the effects of the protons in

the vapor. This agrees with the conclusions of refs. 10 and 15, in which the yields

were calculated using a maximum entropy formalism.

Fig. 3 is representative of the behavior of the yields with and without a

charged vapor. A comparison of the three curves plotted shows that, while the

each separate part of the Coulomb energy is by itself very important (compare

the dashed and dash-dotted lines), when taken as a whole the different pieces

tend to cancel each other. The final result is that yields calculated using the

complete Coulomb energy do not differ greatly from those calculated using no

Coulomb energy at all.

Next we look at the effects of temperature and saturation. In a system

without corrections all the physics is in the equation of state (2.3). Increasing

the temperature reduces the nuclear binding, and it becomes more difficult to

form large nuclei, i.e., as the temperature increases the formation of large nu-

clei decreases. Including the corrections introduces two competing temperature-

dependent tendencies. On the one hand the surface energy promotes creation

of large nuclei, and this promotion becomes weaker at higher temperatures. On

the other hand the Coulomb energy inhibits formation of large nuclei, but this

effect also becomes weaker at higher temperatures (where p& — P9 decreases). At

low temperatures we expect the surface energy to dominate and the yields to

increase with droplet size. As the temperature increases the surface energy goes

21



to zero as (1 - T)3/2, whereas the Coulomb energy goes as (fa -pg) ~ (l — T)1/2,

and so eventually the Coulomb effects must dominate. Thus, increasing the tem-

perature should decrease the number of large droplets (and conversely increase

the number of small droplets), for yields calculated both with and without the

corrections.

These expectations are borne out in Fig. 4. Here we plot the fragmentation

yields as a function of mass number, at the lowest pressure for which a nucleus

of any size is in total equilibrium with the vapor. As the temperature increases

there are greater numbers of small nuclei produced. There is also a drop in

the number of large nuclei, but because of their greater baryon content and

relatively large production the drop cannot be seen on this plot. The one surprise

is the narrow range of temperatures over which the majority of the temperature

dependence is exhibited. The difference between the solid and dashed lines is only

0.03T. Yet from the dashed-line value of f — 0.33 to the limiting temperature

the yields change very little in shape, remaining relatively fiat. (Compare the

dashed and dotted lines.) Most likely the interplay between Coulomb and surface

energies changes rapidly in the narrower interval. However, incorporating the

previously mentioned improvements into this model (particularly the asymmetry

term) might spread the change over a wider temperature range.

The features of Fig. 4 compare well with other models used to calculate
AC

fragmentation in an equilibrated system. Percolation models produce yields

such as those shown in Fig. 5. Here we plot the results of site percolation on a

cubic lattice for occupation probabilities p = pc, 0.45, and 0.7. (pc is the critical

probability for a lattice, for cubic lattices it is 0.311. The particular values chosen

here, when applied to lattices of linear size 8, 7, and 6, respectively, each result

in a system of approximately 154 nucléons.) At the critical probability the yield

obeys a power-law. For p > pc the yields evolve to a U-shape and finally become
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peaked at large A. This behavior is also seen in the model of Gross et al., who

use a grand-canonical mean-field model in which entropy is maximized. In that

work the yields evolve with temperature, changing from an increase with A to

a U-shape to a decrease with A as T increases. Relative to these other works,

the model presented in this paper does tend to overproduce large nuclei, so that

it gives only the U-shaped and increasing yields. This might be corrected by

allowing for asymmetric nuclei. The heavier nuclei would be richer in neutrons

and have a larger neutron chemical potential, suppressing somewhat the large-

A yields. Since they would contain fewer protons, the suppression would be

mitigated by a decrease in the Coulomb energy of the large nuclei. Given the

small influence of a correctly calculated Coulomb energy, the overall result would

probably be a net drop in the production of large nuclei.

Of equal importance to the temperature is the saturation of the system. In

Fig. 6 we plot the yields which form at coexistence (part (a), no saturation) and

at the vapor spinodal pressure (part (b), maximum saturation) for T = 3/4. The

dotted lines, calculated without corrections, show how nucléon-nucléon binding

(as represented by the equation of state) changes with saturation. At coexistence

the uncorrected difference in the chemical potentials is by definition zero, and

the uncorrected yields are correspondingly flat. Increasing the saturation of the

uncorrected system beyond the coexistence point increases the difference between

the droplet and vapor densities; from eq. (2.13) A/J decreases, resulting in more

large nuclei. In fact, the number of large nuclei is greatly increased in super-

saturated systems, and at high saturations the yields are dominated by A « AQ

nuclei even well above the limiting temperature. (Note that T = 3/4 is above the

limiting temperature. We also point out that at this temperature 5max is only

1.25, so that we are in fact not considering a very great saturation.

Including surface and Coulomb corrections somewhat inhibits the production
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of large nuclei, but not the effects of saturation. The corrected yields continue

to show a qualitative and substantial change when the saturation is increased,

and in particular there are still many more large nuclei produced in saturated

systems. However, a glance at the dashed lines shows that this statement is only

true when the complete Coulomb energy is used. If the vapor is left uncharged

then even maximum saturation will not result in the formation of large nuclei.

This again shows the necessity of including the vapor charges when calculating

the Coulomb energy.

One consequence of the occurence of saturation is an additional complica-

tion in the experimental extraction of system temperatures. This is because a

hot, saturated system may mimic the behavior of a cooler, unsaturated system,

both cases resulting in fragmentation yields which increase with mass number.

Thus it may be necessary for one to determine the degree of saturation when

trying to extract temperature from the yields. A clue to the saturation may lie

in the transverse momentum distribution of the fragments, which may indicate

the pressure hi the system. This would be particularly useful once we have better

determined the nuclear compressibility. In the other direction, a reliable determi-

nation of temperature should allow one to unambiguously determine whether or

not the system is saturating, and hi combination with the transverse momentum

may shed light on the compressibility. One might try changing the parameters

OQ and 03, since these determine the compressibility of our equation of state. It

would also be interesting to investigate the importance of our particular choice

for the equation of state by redoing the calculations with other choices. Since

we use the equation of state to determine the densities as well as the equilib-

rium conditions, this would be a somewhat involved change. For now we feel

safe in concluding that one should not neglect the possibility of saturation when

extracting parameters of the system.
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4. Final Remarks

la this paper we have used nucleation theory to investigate the fragmentation

process in hot nuclear systems. Nuclei form when all or part of a vapor of

nucléons condenses into liquid drops under thermal and mechanical equilibrium.

In order to calculate the chemical potential we used an equation of state based

on a virial expansion and related to the Skyrme potential. This equation also

gave us the density as a function of pressure and temperature for an infinite,

uncharged system. The coexistence and spinodal lines delimited the possible

range of saturation in the system. Surface corrections were included through a

temperature-dependent surface energy as well as a Fisher-type curvature term.

Coulomb corrections were calculated by approximating the vapor and droplet as

uniform charge distributions of different densities. The curvature was found to be

unimportant at all temperatures at which mechanical equilibrium was possible.

The Coulomb and remaining surface corrections were substantial, though they

had opposite effects on the yields and were partially offsetting.

The constraints of mechanical and chemical equilibrium restrict the allowed

temperature of the system. Of the two, chemical equilibrium is the more re-

strictive and imposes a limiting temperature of about 8 MeV, the exact value

depending on the size of the liquid phase. Removing this constraint raises the

allowed temperature to approximately 11 MeV. Between the two limits the sys-

tem can exist in mechanical and thermal equilibrium only. However, we found

that in saturated systems there can be substantial formation of large nuclei even

at these high temperatures.

In accordance with previous studies, we found that it is necessary to include

the contributions of the charges in the gas phase when calculating the fragmenta-

tion yields. If they are not included the yields will be incorrectly biased towards

very small nuclei. We also found that increasing the temperature reduces the
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number of large nuclei. In this respect the model is not unique, comparing favor-

ably with some other models of fragmentation. However, in this model most of

the change takes place over a narrow range of temperature, a feature which may

not survive the addition of other important terms in the energy. Also, nucleation

theory as presented here does tend to predict a greater abundance of large nuclei.

Again, refinements to the model will probably change this, and shift production

more towards smaller fragments.

À new aspect of this model is that it allows for the possibility of saturated

systems. It was found that the level of saturation is a principal factor in deter-

mining the yields. As the saturation increases the production of large nuclei is

greatly enhanced. This is true even when the maximum possible saturation is

not very large. In the most saturated systems large nuclei can be produced at all

temperatures at which mechanical equilibrium is possible. Hot, saturated sys-

tems seem to mimic the fragmentation curves of cooler, less saturated systems,

so saturation may complicate the experimental extraction of system parameters

such as temperature, it may be fruitful to investigate the sensitivity of satuiation

phenomena to the parameters of the equation of state, as well as to the actual

choke for this equation. To summarize our results we would say that supersatu-

ration, if it occurs, has a profound effect on the behavior of hot nuclear systems,

and may allow for the formation of larger nuclei at higher temperatures than

previously considered.
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FIGURE CAPTIONS

1) Phase diagram for nuclear matter in terms of the reduced quantities P/Pe

and pIPCI given by the equation of state (2.3). The dashed line is the

coexistence curve, along which the two phases are in chemical equilibrium.

The dash-dotted line defines the metastable region; below it KT < O and

the system is unstable. For a given temperature these curves delineate

the allowed region cf nucleation pressures. The solid line is an isotherm.

The (B (at PN) mark a set of uncorrected supersaturated transition points;

the open point (at P'd) is the result of a negative correction to the droplet

pressure. This is further discussed in the text. Several quantities referred

to in the text are indicated along the axes.

2) Maximum and limiting temperatures described in the text as functions of

droplet mass. The upper lines are Tmax, the lower lines Tu1n. The calcula-

tion was done for a system of AQ = 208 nucléons, however, the results are

insensitive to the value of AQ.

3) Fragmentation yield for AO = 100 and T = 2/3 at an intermediate sat-

uration. When the vapor is left uncharged (dashed line) the yield drops

exponentially with A. Charging the vapor (solid line) results in the for-

mation of large nuclei. In this case the system resembles that when no

Coulomb effects are included; charging the vapor largely offsets charging

the droplet and renders Coulomb effects much less important.

4) Fragmentation yields as a function of droplet size A, at the minimum pres-

sure at which a droplet can exist in equilibrium with the vapor. Yields

were calculated using the full corrections discussed in the text at reduced

temperatures of T = 0.3 (solid line), 0.315 (dash-dotted line), 0.33 (dashed

line), and Iïjm (dotted line). Almost all the temperature dependence of the

yields is found in the range represented by the first three lines.
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5) Fragmentation yields given by percolation on a cubic lattice at p = pe =

0.311, p = 0.45, and p = 0.7. A comparison with the results of nucleation

theory is given in the text.

6) Fragmentation yield as a function of droplet size A at minimum (a) and

maximum (b) saturation, for T = 3/4. The dots were calculated without

the inclusion of surface or Coulomb effects, the solid lines include ail the

corrections discussed in the text. The dashed lines show the effects of

neutralizing the vapor; in this case even maximum saturation does not

result in the formation of large nuclei.
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