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ABSTRACT 

The quasi-classical approach, in which particles are regarded as extended 

periodic excitations of a classical nonlinear field, is here for the first time applied 

quantitatively in the quantum domain. It is shown that the twofold intrinsic 

"spin" degree of freedom possessed by an electron can be interpreted in a purely 

classical way, and that the Lorentz covariant incorporation of this degree of 

freedom requires that the spacetime evolution of an electron excitation in a 

prescribed external field be given by the Dirac equation and hence, in the 

nonrelativistic limit, '->y the Pauli or Schrfldmger one-particle equations. 
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1. INTRODUCTION 

For some years the author has been attempting to develop a unified theory 

of classical and quantum physics, without the ad hoc "quantization" nostulate 

which, in conventional theory, creates a schism between these two domains. The 

approach(-) is to regard elementary particles not as points but as macroscopically 

extended periodic excitations of a universal classical field x(x), the mass of a free 

particle being defined absolutely as the angular frequency of the corresponding % 

disturbance in its rest frame. The smooth evolution of a system of particles - that 

is, its behaviour in between observations of the system - is regarded as a problem 

of classical nonlinear field theory, the extended particles interacting with each 

other via their coupling to massless excitations of the x field exchanged between 

them. It has to be assumed, however, that, when a particle is detected, the 

irreversible processes associated with detection cause a physical collapse in which 

the particle abruptly shrinks to a disturbance of much smaller (but still finite^2)) 

size; since it is not yet known whether this collapse can also be explained in terms 

of the behaviour of nonlinear classical fields, the approach is regarded for the 

time being as "quasi-classical" rather than fully classical. 

Up to now, the quantitative development of this picture has been largely 

confined to the behaviour of particles in the classical limit - that is, to situations 

where the spatial sizes of the disturbances in % are small compared with their 

separations, but not so small that there is appreciable dispersive spreading -

allowing a simple description of particle behaviour (e.g. deflection by an external 

field, Aharonov-Bohm(3) phase shifts) merely in terms of the phase patterns of 

particles in spacetime. In this limit, the "quasi-classical" theory (QCT) has been 

shown to be not only consistent with the main dynamical laws of classical physics 

but in fact also to imply them: thus the absolute mass defined above does indeed 

have the inertial property of the "mass" in Newtonian mechanics, and the 

description of interaction in terms of changes in phase patterns leads almost 

uniquely to the whole of Maxwell electrodynamics^) and, in the case of 
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gravitation, implies^4) the existence of the spacetime curvature required by 

Einstein's General Theory of Relativity. 

But we must now return to the original aim of this approach: to see to what 

extent it can account for the quantum domain, that is, for systems and processes 

conventionally treated by quantum mechanics and, ultimately, by quantum field 

theory. In this paper we restrict ourselves to the simplest such problem - the 

behaviour of a single particle interacting with an external source of interaction 

which is "prescribed" in the sense that we ignore the "back-reaction" effect of the 

particle on the source. In particular, we specialize to the behaviour of an electron 

(charge q = -e, mass m) in a prescribed electromagnetic field. 

In what follows, we choose units of time and length such that the speed of 

light c = 1; Planck's constant h is not set equal to 1 but, because of our absolute 

definition of mass, does not enter the equations^1) unless one wants to express 

mass in terms of the standard kilogram or charge in terms of the standard 

Coulomb. We use the Minkowski metric r\a^ = diag (1, -1, -1, -1). 

2. QUALITATIVE DISCUSSION OF ENERGY AND ANGULAR MOMENTUM 

QUANTIZATION 

The most prominent feature of quantum, as distinct from classical, systems 

is that bound states occur only for certain discrete, or quantized, values of the 

energy. It is easy to see qualitatively that this bound-state energy, or frequency, 

quantization follows simply from the assumed spatial extension and periodicity of 

a particle, without any need for a special "quantization" hypothesis. A particle 

confined to the interior of a potential well and undergoing reflection at the 

"walls" of the well will travel repeatedly throughout the same volume and so, 

occause of its periodic nature, will suffer destructive interference everywhere 

wiihin the well except for certain discrete values of frequency, at which it forms 

standing wave patterns - the only allowed "stationary stales" of the particle. 
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This illustrates the quasi-classical viewpoint that the difference between 

classical and quantum systems is merely one of degree: quantum phenomena (in 

this case, energy quantisation) appear when the spatial scale of the system being 

considered (e.g. the distance in which the potential changes appreciably) 

becomes comparable with the de Broglie wavelength of the lightest of its 

constituent particles. 

An approximate expression for the quantized frequencies can be obtained 

for the simple case of a nonrelativistic particle moving in one dimension in a 

potential well V(x) in the "semi-classical" limit, where we suppose the de Broglie 

wavelength to be small compared to the spatial size of the well but not so small that 

classical physics applies. Consider a monochromatic wave with fixed frequency o 

= m + £ (t is the usual "energy" of nonrelativistic quantum mechanics: £ < 0, l£ 1 

« m) moving with an x-dependent phase speed v , and assume that, as for a 

particle with speed v in the classical limit. 

v„to = ~h: = ' — • < i) 
p v(x) ' V m [ £ " V ( x ) 1 

As this wave moves to and fro in the well, it can avoid destructive interference 
only if the time taken to travel from an arbitrary point x = x and back to x after 

making two reflections from the opposite ./ell boundaries at x = a, b is equal to an 

integral multiple of the period (2it/ca), i.e. only if 

Jdt = j ^ = 2 J d x A / 1 ^ -V001 = n £ - n ^ (2) 
' J \ ' V m © m 

P a 

which is just the Bohr-Sommerfeld quantization condition^5). 

Extending this semi-quantitative "standing-wave" argument to three 

dimensions, wc anticipate that for an atomic electron moving in a central 
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potential well (due to, e.g., a proton or a closed-shell positive "core" in a Na or Ag 

atom) there would be three conditions for achieving constructive interference - a 

"radial" condition like that in the one-dimensional case, characterized by the 

number n' of radial nodes, and two "angular" conditions arising from the compact 

nature of the angle coordinates (6,$), characterized by the integers I = 0,1,2, ... and 
m-= -t t-l, I which label the spherical harmonics Y t m (6,$) and are related to 

the magnitude and orientation of the orbital angular momentum. If a magnetic 

field were applied to the atom to break the spherical symmetry, each of the (21+1)-

fold degenerate energy levels associated with a particular (n\/) should give rise to 
a multiplet containing an odd number of distinct energy levels labelled by 

(n',/,m.) - thus exhibiting the quantization of orbital angular momentum as well 

as energy. 

But, as was discovered many years ago in atomic spectroscopy and atomic 

beam experiments, the degenerate levels of a "one-electron" atom are decomposed 

by a magnetic field into an even numher of states; in particular, the 

inhomogeneous magnetic field of a Stem-Gerlach apparatus splits a beam of Ag 

atoms into just two diverging beamsW, Empirically, therefore, we find that there 

must be an extra twofold intrinsic degree of freedom associated with the electron, 

and this implies that the % field, of which the electron is a typical excitation, must 

be a multi-component object. 

In the remainder of this paper it will be shown that the Lorentz covariant 

incorporation of this "two-ness" into the quasi-classical description implies that 

the x field for an electron must evolve according to the Dirac equation^7) and so, 

in the nonrelativistic limit, the one-particle SchrOdinger equation^8) (or, in the 

presence of a magnetic field, the Pauli equation^)). 
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3. THE MATHEMATICAL NATURE OF % 

We now investigate the mathematical nature of the mukicomponent x Held, 

using only the empirical observation of the twofold behaviour of an electron in 

the presence of a magnetic field, plus Lcentz covariancc. In particular, we do not 

assume from the outset, as is done in conventional quantum mechanics, that this 

bahaviour is due to an intrinsic "spin" angular momentum^10) of a point-like 

particle which must be treated (**) as a Hiltxrt space operator according to the 

standard "quantization" prescription; in fact, it will be seen that, from the quasi-

classical viewpoint, the concept of a "spin angular momentum" has a somewhat 

restricted meaning. 

3.1 Twq-spjnors 

Let us begin by assuming that the electron disturbance is represented by 

two complex c-number fields Xi(x.^ and X2^x'1) o r « m o r c compactly, by the column 

vector x = (Xi-X?) formed from them. The physical difference between Xj and %i is 

that, in the presence of a magnetic field B , their frequencies are shifted in 

opposite senses from the zero-B frequency by an amount proportional to the 

magnitude of B, that is, the time component of the generalized potential g° (due to 

whatever electrostatic field is acting on the electron) is changed by an amount 

f ACO1 r x 

Ago=±alBI = ( A „ 2 for [ ^ (3) 

where a is a constant (which will be determined later). This is simply a direct 

expression of the energy shifts observed in the Zeeman effect; while, if there is a 

spatial gradient in IB I, the resulting gradients in Ag°, and therefore in the 

spacings between equal-phase hypersurface?, will cause deflections like those due 
to an electrostatic ficld^2), but with the Xi a r | d Xi disturbances deflecting in 

opposite directions, as observed in Siern-Gerlach experiments. 
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The problem is to express these frequency changes in a Lorentz covariant 

manner. First, consider rotational covariance; we need to write the changes in 

terras of a scalar product involving the 3-vector B itself, rather than its modulus. 

Let us rewrite Eq. (3) as 

(4 ) 

3 
the right-hand side of which can be written formally as aB.cr x >f we choose the x 

axis in the direction of B and introduce a set of three (2 x 2) frame-invariant 

matrices cr = (a , a , o ), with the matrix in Eq.(4) defined as a . We now need to 
1 7. 

choose the matrices o and o and the rule for the transformation of x under 

rotations such that B.a % transforms in the same way as y itself; we could then 

consistently add such a term to the term qA°x representing the effect of an 

electrostatic potential A 0 on the electron. 
t 2 2 

Since we are later (in Section 6) to interpret X X = 'Xj' + 'X2' ^ a 

probability density, which is invariant under rotation, the transformation of x 

under rotations must be unitary, and therefore in an infinitesimal rotation 

X -» x' = (1 + 'G)x, where G is a Hermitean (2 x 2) matrix whose components depend 
on the axis of rotation n and the infinitesimal angle of rotation 6. In order that 
Jd x X + X remain constant in time for the simple case of a par«icle in constant B in 

the classical limit, satisfying idx/dt = (m + qA° +aB.cr)xin its instantaneous rest 

frame, all the matrices o' must be Hermitean, and we therefore expand G as a 

linear combination of them: G = c'o1, where c ,c and c are real functions of 8 

and n. Our requirement that B.o % transform like %, i.e., 

Jc Jc-. /1 . :„k_kMji_L B'Vx' = (5 r + Ge... n k) BV(1 + ick o*)% = (1 + ic l co l c)B ,o 1x 

for arbitrary x* then implies that, to first order in infinitesimal quantities, 
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1 ( 0 e ' O 2 f ° -^ 1 o = l*-[* o J , cr = [ i e * * 0 J 

cJ [aV] = e ni i£ j j k a k . 

This can be satisfied if [ c \o J ] = i X e-, o and c 1 = 6 ntyX, where k is a scale factor to 

be determined. Given the definition of o , a little algebra shows that the 

commutation relations fix the scale factor X as 2 and determine the Hermitean 
1 2 

matrices a and a to be of the forms 

(5) 

where $ is an arbitrary real number related to the (still arbitrary) choice of 

directions of the x and x axes; the choice 4> = 0 yields the standard Pauli matrices. 

We thus find that the quantity B.ax transforms like % provided % itself transforms 

under finite rotations according to 

Q 
X->X' = exp(i^n.o)x (6) 

and the a 1 satisfy the algebraic relations 

[oKJ] = 2ie i j k a k ; { a V } = 25 £ j . (7) 

The transformation of the 2-spinor % under boosts of the coordinate system 

has to be treated in a different way, because the probability density x X 's the 0-

component of some 4-vector "probability current" j a and, since this is not 

invariant under a boost, the transformation of % cannot be unitary. We specify 

the velocity change v to the new coordinate system by the rapidity r = v (artanh 

Ivl/lvl) because (like the angle 6) Irl is additive under successive transformations 

with respect to a fixed direction and so lends itself better to extension from 
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infinitesimal to finite boosts. Under a finite boost r. j° *= X X transforms according 

to the Lorentz transformation 

XfX -+ X'̂ X = j*° = coshlr!j° - (sinh!rl/lrl)rj (8) 

where the 3-vector j has yet to be specified. The (2 x 2) matrix V expressing an 

infinitesimal boost % -> %' = Vx must differ from the unit matrix by a matrix 

linearly dependent on the components of r; if wc write V = 1 +jir.a, i.e. for a finite 

boost x' = cxp(jii .c)x, where u is a real number to be determined, then, using Eq.(7), 

X*X -» X'V = X* [«p (ur.cr)]2 % = cosh(2ulrl)xtX + (sinh(2nlrl)/lrl} r.x+ox . 

Comparing with Eq.(8), we see that there are two possible kinds of 
transformations^12): with the choice ji = + r we obtain the "right-handed Weyl 

spinor" XR w 'th transformation matrix exp(rr.c) and 3-current j = - X R ° " X R and 

with M̂  = "7 the "left-handed" spinor %^ with matrix exp(- x r-°") ^d j = + xL<JXL . 

Under combined rotations and boosts, the Weyl spinors undergo the 

transformations: 

XR - X'R = exp[ |a . (en - i r ) j x R 

Z L -»X' L = expl^o.(6n + i r )Jx L 

(9) 

and the associated probability 4-currents may be written 

o t .a .a t a / i n x 

JR = *R° X R . J L = X L o X L ( 1 0 ) 
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where a a « (1, a) and o • (1, - er) In group-theoretical language, Xi and XR 

generate the simplest non-trivial irreducible representations D 2' and D '2 of 

the proper Lorentz group^13); we have derived them here from first principles to 

emphasize the fact that the need for them arises directly from the two-fold 
behaviour of an electron in a magnetic field, without reference to the "spin r* of a 

supposedly pointlike particle. 

3.2 Four-spinors 
We now make the further requirement that the evolution of an electron 

under electromagnetic interaction should not have a "handedness" - that is, the 

theory should be covariant under extended Lorentz transformations including not 

only "proper" but also "improper" transformations incorporating space inversion 
(x -> -x). Under the latter it is found that %-. behaves like a right-handed spinor 

and XD like a left-handed one, so in order to obtain objects which are "closed" 

under the extended Lorentz group we must take % to be a four-component 

object^ 1 2) - a Dirac spinor - ch of whose elements is some linear combination of 

the Weyl spinor components X L I . X L 2 * * R 1 ^ *R2 " t n a t *s' a n °^J c c t w n ' c n 

generates the representation D 2 ' © D '2 

Wt therefore write 

X = 
*2 = K = K *L2 

*R1 
(11) 

where K is some arbitrarily chosen unitary (4 x 4) matrix, and rc-express the 
earlier 2-spinor equations in terms of the 4-spinor %. The probability currents j 

and jL(Eq. 18) transform as 4-vectors; therefore so will their sum 
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(aa 0^ 
j " + £ = XfK - ^ x - i f x . (12) 

K L \0 d*) 

where the four matrices 

7 a E K 0 a j K t ( 1 3 ) ( v ; ) K t 

satisfy 

{ 7 ° ^ } = 2r, aP 1 (a,p= 0,1,2,3) (14) 

and we have defined the adjoint spinor % = XT • 

Using X'X- and l n c Dirac matrices y a , ;t is possible to construct other 

Lorentz objects, and to write covariant equations, in a form independent of the 

choice of K. For example, the effect of a proper Lorentz transformation is 

•[• i s * H i' - «*> - i ' „ / ' i C5) 

where ca^ = ~Z i [YX,T] and en1 = - T eiik eik* e0i = ** ' w m , c u n d c r s P a c c inversion % 

-» Y°X- It is then easily verified that XX and Xya^aX a r e 4-scalars and that ya^aX 

and Y°A x ( A a = arbitrary 4-vector) transform in the same way as the 4-spinor x 

itself. While the matrix K, and therefore x and the y matrices, can be arbitrarily 

chosen, the arbitrariness is completely absorbed in all equations involving % or 

Lorentz objects built from % with the help of the y a , so that we can perform 

calculations with any one of an infinite number of representations of the Dirac 

matrices; this "K-invariance" will be referred to again later when we discuss the 

physical interpretation of the theory. 

Th? twofold internal degree of freedom displayed by the electron plus the 

need for extended Lorentz covariance thus imply that x must be represented by a 
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classical Diruc 4-spinor field (if we ignore the possibility of still higher-

dimensional representations of the Lorentz group). Ihcre is nothing "quantum" 

about this use of a spinor object; all we are saying is that % is a set of four c-

numbers at each spacetime point which transform in a certain way under 

rotations and/or boosts of the coordinate system. The use of classical spinors is, in 

principle, no more mysterious than the use of, say, a 4-vector field A a - although, 

of course, it is harder to visualize the effects of transformations in a simple 

geometric way. 

4. THE DIRAC EQUATION 

We now want to develop a general equation expressing the evolution of % in 

the presence of the electromagnetic field produced by a prescribed electric 
current source J (x). In previous papers, where we have dealt exclusively with 

particles in the classical limit, the local spacetime variation of X within a particle's 

curving world tube has been represeu'ed by the ansatz^ 

X(x) = X ( O ) 00 cxp f- i{ mU°(x) + g°(x) } x l (16) 

where U a ( t ) is the local 4-velocity at proper time t. x^ 0 ' is a slowly varying, non-

oscillatory "envelope function" which is non-zero only within the world tube, and 

g a , the "generalized potential", is a 4-vector field giving a covari?nt description of 

the departure of the panicle's phase pattern from that appropriate to a free 
1 2 2 ° 

particle - that is, its off-mass-shcll shift: m -» (mil + g) = m + 2mg.U + g~. As has 

been shown previously'2^, spatial and/or temporal gradients in g a ciuse a 

curvature of the world tube given by the Lorentz-forcc-like equation 

£ (mUa) = (aagP - Aa) Up - ,17) 
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Equation (16) has been very useful in the treatment of classical phenomena 

but, of course, is not a general evolution equation for %; it is, rather, an 

approximate representation of a particular solution of the desired general 

equation in the classical limit. What is required is a differential equation for % -

something more general than the Lorentz force relation in that it describes the 

local effect of interaction on % in terms of a 4-potential g a but without reference 

to quantities (such as U a ) denoting a particular solution of the equation. 

In seeking such an equation, we are guided by two main considerations. 

First of all, we require the equation to be Lorentz covariant; the development of 

QCT has been relativistic right from the start, and we maintain this requirement 

in going from the classical to the quantum domain. Secondly, we must take into 

account the fact that, as discussed in the previous section, % is a 4-spinor - a result 

which itself arises from the description of the twofold behaviour of the electron 

in a Lorentz covariant manner. Taken together, these two requirements severely 

restrict the possible forms of evolution equations for % - a fact sometimes used in 

alternative quantum theory derivations of the free-particle Dirac equation^12). 

We begin by noting that, if we ignore the x dependence of X • U a , and g a 

in comparison with the rapid oscillatory variation in the classical limit ansatz, 

Eq.(25), it satisfies the equation^) 

G3 a - g°) fi3 a - g a ) X - m 2

X = 0 . (18) 

which can be obtained from the free-particle Klein-Gordon equation 
(d a 9 + m )x = 0 by making the "minimal interaction" replacement 

i 3 a ^ i 3 a - g a . (19) 

We now adopt this replacement as the general local, differentia! definition of the 
generalized potential g , whether or not the conditions of the classical limit 
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apply; in other words, g is the 4-vector that must be subtracted from i3„x/X t° 

describe the local change in spacing between the (in general curved) zero-phase 

hypersurfaces that results from the effect of interaction on the particle. 

Equation (18), however, does not meet our requirements because it treats all 

four components of % in exactly the same way and therefore cannot account for 

the experimental observation (for example, in the Stern-Gerlach splitting of a 

beam of silver atoms) that the various components sometimes behave in different 

ways in an electromagnetic field. Moreover, since in the general case we cannot 

ignore space or time derivatives of g a , there is ambiguity in applying Eq. (19) to a 
second-order equation: should the first (id a ) in Eq.(18) act on the second g as well 

as on x? 

We therefore need to find another free-particle equation for x which is 

consistent with the Klein-Gordon equation (that is, with our arts at z for a free 

particle) but which, with the replacement specified by Eq. (19), does not have 
these defects. The ambiguity can be avoided if the equation is of first order in 

(id ) and, as Dirac first showed^7), the spinor and Y-matrix algebra (Eq.(14)) allows 

us to "factorizc" the Klein-Gordon equation: 

0 % + m 2 ) X = (Tl a p 3 a 3 p + m 2 ) X = - 0 ? % + mXi^dp - m)X 

which vanishes, as required, if x satisfies the free-particle Dirac equation 

( i Y 0 ^ - m)x = 0 . (20) 

Substitution of Eq.(19) then leads to the first-order equation 

[ Y a ( i 3 a - g a ) - m]x = 0 (21) 
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where, because the different components of x are coupled by the Dirac matrices, 

they can in principle behave differently in response to electromagnetic 

interaction. This can be seen explicitly by pre-multiplying Eq.(21) by the matrix-

differential operator j ya (ida - g a ) + m l to give 

( i 8 a - g a ) ( i 3 a - g a ) X - j a a P f o p Z - m 2

 X = 0 (22) 

where f o e 3 g„ "^fi^a' c o m P a r c < * Vf'1^1 Eq08), there is an extra t e r m - - o a ^ f o 

which couples the components of % m a ga-dependent way. We also note that, 

although Eq.(22) is second order in ( i 3 a ) , there is now no ambiguity in the 

application of the first ( i3 a ) operator; by the very way this equation was derived 
from Eq.(21), it must act on the second g as well as on x-

Equation (21) is determined uniquely as the simplest evolution equation for 

a multicomponent % field which is Lorentz covariant and incorporates the 

observed twofold behaviour of an electron in an electromagnetic field. It is, in 

effect, a "group-theoretical" definition of j a which is a natural generalization of 

the definition implied by the ansatz of Eq.(16); and, in order to give the equation 

dynamical content, we must now relate g a to the prescribed source of the 
interaction, the current J (x). 

In the classical limit, it was shown^2) that, if the electromagnetic 

interaction is characterized by a dimensionless coupling constant (the fine 

structure constant a = e /4JT = 1/137.036 ...), then dimensional and covariance 

arguments almost uniquely require that the electromagnetic potential A a ( x ) , 

defined by A a = g a /q, must satisfy the inhomogeneous Maxwell equations. Since 

that argument concerns the local form of a 4-vector field and is independent of 

whether the point x lies inside the world tube of a "well-separated" particle, with 

approximately plane zero-phase hypersurfaces, or inside the more complicated 

disturbance corresponding to a particle in a strongly varying potential, there is 
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no reason to change it in the general case we are now considering. We therefore 

conclude that the fundamental equations describing the spacetime evolution of x 

are 

JY* (.80 - qA0) - m j x = 0 (23) 

the Dirac equation for a particle in an e.m. potential A a , and the inhomogeneous 

Maxwell equation 

P s (24) 

relating A to tbr prescribed source J . 

The Dirac equation is the generalization and counterpart of the Lorentz 

force equation (Eq.17) but is much more complicated. In order to appreciate this 

we choose 

K = ^ ( ' -V) i j 
e. % = 

*2 
*3 

J_ 
<2 

*L1 + XR1 
*L2 + *R2 
XL1 " X R1 

^*L2 " Z R 2 > 

(^ 

i*D 

(25) 

which leads to the familiar "standard representation" 

f- {(„' .°,).(V.)} 
and write out the Dirac equation for the 2-spinors XJJ ^^ Xp 

(26) 

i a o x U = ( m + ^ A °^U " a ( i V + ^ A ) x D (27a) 
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i 9o*D = " <m " «lA O)XD - <KiV + q A ) X u . (27b) 

Even if A = 0 , there is a coupling of the time evolution of the "upper" components 
XTT to the spatial derivatives of the "lower" components Xrv and vice versa. If A a * 

0, we see that while A° enters directly into the time evolution of each component. 

the 3-vector A (responsible ultimately in the classical limit for the v x (V x A) 
term in the Lorentz force) exerts its influence only via the coupling between %D 

and Xjj-

5. REDUCTION FROM FOUR TO TWO COMPONENTS 

We now ask: what is the relation of the four components of the Dirac spinor 

to the twofold degree of freedom of the electron that is required by experiment? 

5.1 The Classical Limit 

First of all, consider an electron moving in a static electric field (A = 0) in 

the classical limit, so that it can be represented by a localized disturbance with a 

well-defined velocity U a ( t ) , and use the standard representation. If we select 

some point in its world tube and Lorentz transfonn to the instantaneous rest frame 

at that point, then Vx - 0 (de Broglie wavelength -> ») and Equation (27a) becomes 

i3QX 1 2 = ( m + qA°)Xj 2 • w ' m m e simple solution Xj 2 = X i 2 e x P[- i ( m + qA°)t] for 

the upper components of %. This corresponds to a rest-frame oscillation with local 

period 2rt/(m + qA°); a spatial gradient in A° across the particle's world tube will 

then cause the world tube to curve in spacetime according to the Lorentz force 

relation (Eq.17), as discussed in earlier papers^1,2). 

But the lower components, which from Eq.(27b) satisfy 
id X3 4 = - (m - qA°)x 3 4 , have a quite different behaviour; the corresponding 

solutions X3 4 = X-i 4 exp(i(m - qA°)t] have two unusual features. First, since in all 

ordinary application lqA°l « m, they are "negative frequency" solutions. Second, 

whatever physical interpretation is to b; placed on negative frequency, the 
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period of the corresponding oscillation (which is independent of the sign of the 

frequency) is 2n/(m - qA°), different from that of the upper components. And 
this implies, in turn, that a potential gradient making the Xi 2 components deflect 

in one direction will cause the £3 4 components to curve in the opposite direction; 

that is, we would get the unphysical result that a uniform electric field would split 

a beam of electrons into two beams deflected in opposite directions. 

We conclude that, for an electron instantaneously at rest in an electric 
field, the two lower components X3 and %. must be identically zero. One can 

readily extend this result to the case A * 0, and express its content in an arbitrary 

frame. If we assume that all four components have positive frequency and evolve 

within a single world tube with 4-velocity U a = U^x) and envelope functions 

proportional to a single function r ° ' (x ) , 

X(*) = 

a l 

v a v 
f<°>(x) exp {-i[mUa(x) + qA a (x)]x a } (28) 

where the a are complex functions of the proper time t, then substitution in the 

Dirac equation (Eq.23) yields the (representation-independent) relation 

Y aU ax = X (29) 

This gives y x = X ' n t n c instantaneous rest frame, i.e. going to the standard 
representation, X3 = X4 = 0 a s w c found before; while in an arbitrary frame it can 

be rewritten as a pair of homogeneous linear equations connecting Xit and Xrj : 

' (U°- l ) l -U.o-
U.a - (U°+l ) l 

= 0 (30) 
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so that the lower components can be expressed explicitly in terms of the upper 

ones, and vice versa: 

U.g 
*D = 

U.q 
U°+l *U (31) 

We can therefore express % in terms of two arbitrary x-dependent coefficients a. 

and a-,: 

xw = ( . ,»„, + h « 0 2 )«to) W c - io»u+qA). (32) 

where the u's are the familiar positive energy "standard Dirac spinors" 

(normalized to unity for arbitrary U ) : 

^ U ° + l 

'Ul 
V2U°(U°+1) 

\ ( 

U U2' 
\ 2U°(U°+1) 

\ 

U ^ i U 2 

, -« 3 J 

(33) 

So, while all four components are necessary for the covariant expression of the 

time evolution of an electron disturbance, two of them are, in a sense, redundant; 

it is seen that in this case the electron really has only a two-fold internal degree 

of freedom. 

We note in passing that the Dirac equation, Eq.(23), with no change in sign 

of q or m, also has negative-frequency solutions, characterized by Xi = XT = ^ m 

the instantaneous rest frame, which, as we have seen, are deflected by a given 

field in a direction opposite to that taken by electrons, that is, behave as though 

they had charge (-q). It is tempting to identify these solutions with positrons, but 

we prefer to postpone the question of antiparticles, pair creation and 

annihilation, etc., to later papers as it lies beyond the scope of "one-particle" 

equations. 
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5.2 JJi£ Nonrelativistic Limit 

We now consider the reduction from four to two components in the 

quantum domain - that is in the context of differential equations rather than 

"classical limit" ansatze. The reduction technique here is well-known*14), but we 

briefly outline it in the interests of completeness; unfortunately it is applicable 

(unlike the classical limit case) at present only in the nonrelativistic limit. 

Consider a positive-frequency solution of the Dirac equation in the limit in 

which the local frequencies associated with the electron are close to its free rest-

frame frequency m (i.e. low velocity, weak A a ) , and use the standard 

representation. The time variation of both XIJ ^d* Xr> W'H ! h c n (despite first 

appearances in Eq. (27b)) be dominated by an e" i m t factor, so we write 

X = 
'*u| {* ^ 
*D K* J 

e - , m i (34) 

where the 2-spinors H* and il vary relatively slowly with time. Using Eq. (27b) and 
ignoring id Q and qA°3 in comparison with 2mQ, we get an explicit expression 

for the small (but important!) spinor Q in terms of Y: 

a- - ^ o - O v t-qA)'? 

and substitution in Eq. (27a) gives, using B = V x A, 

idQV = ~ ( i V + q\)2V - ̂  o\B¥ + qA 0* (35) 

the well-known Pauli equation*9) for the 2-spinor *P. We see that this equation 

has the term of form aB.oH' anticipated in our earlier use of the twofold behaviour 

of an electron in a magnetic field to motivate the introduction of spinors, and in 

fact Lorcntz covariancc requires that the value of a be (-q/2m). To the next order 



2 1 

of approximation in powers of m" , this approach leads^15) to an "improved Pauli 

equation" incorporating spin-orbit coupling. 

Finally, if A = 0 the Pauli equation reduces to the 1-particle nonrelativistic 

SchrOdinger equation 

i ^ = -7r-V2f + qA 0* (36) 
o 2m M 

obeyed by both components of ¥ , and valid in the general "quantum" case where 

the electron is close to, or overlaps, the source current and so the potential A° can 

vary appreciably within a de Broglie wavelength (in contrast to the earlier QCT 

derivations^) f o r a particle well separated from the source). Our method of 

deriving the Schrodinger equation via the Dirac equation may appear a somewhat 

elaborate procedure, but it seems to be essential in the quasi-classical approach, 

where we have to be guided by general principles like Lorentz covariance and 

cannot appeal to ad hoc prescrip.ions such as the quantum mechanical recipe for 

"quantizing" a Hamiltonian point-particle formalism. In particular, we see that 

the origin of the first-order time derivative in the SchrOdinger equation may be 

traced back to the need to incorporate a two-fold "intrinsic spin" degree of 

freedom in a Lorentz covariant manner. (It is interesting that this inverts the 

argument of Dirac( 7), who sought a relativistic equation which, like the 
nonrelativistic SchrOdinger equation, was first order in d Q . ) 

There is, as is well-known,an alternative way of systematically eliminating 

the lower components, - namely the Foldy-Wouthuysen transformation^17), an 
Aa-dependent, and therefore spacetime-dependent choice of the matrix K = K p w ( x ) 

such that the lower components vanish everywhere. One could regard the field 

defined with this choice of K as the "physical 2-spinor field" which incorporates 

everywhere the twofold intrinsic degree of freedom of the electron without 

reference to the other two redundant components. It is unfortunate that, since 

the Foldy-Wouthuysen transformation cannot be expressed in an exact, closed 
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form, it does not seem possible to write down a fully relaivistic evolution equation 

for the physical 2-spinor % Held itself. 

Such an equation is not, however, needed to carry out practical calculations 

because the K-invariance of the Dirac equation allows us to work either with no 

choice of K or, if desired, with a global choice of K such as the standard 

representation. This freedom of choice is reminiscent of gauge in variance in 

electrodynamics, where we can do calculations using a potential A , a = A a + d t,, 

where A a is the "physical" potential directly related to the off-mass-shell phase 

shift( 2 ) and £(x) is an arbitrary function. But, despite the mathematical 

convenience afforded by K-invariance and gauge in variance, there are in the 
quasi-classical approach unique "preferred" choices of K(= K p w ) and gauge 

function h, (=0) in which the spinor % and potential A a have the simplest and most 

direct physical interpretations. 

6. PROBABILITY INTERPRETATION AND COLLAPSE 

We now depart from the "smooth evolution" situation and ask what happens 

when we make an observation of some kind on an electron which, up to the time 

of observation, has been systematically evolving according to the Dirac equation. 

According to the quasi-classical viewpoint, the detection process causes a physical 

collapse^) of the disturbance in %, usually to a disturbance of much smaller 

volume; and, while the description of the collapse lies outside the formalism of 

"smooth evolution" (as it does in conventional quantum theory) we should try to 

characterize it as far as possible in a quantitative way. 

First, we need a probability interpretation for x - a generalization of the 
2 postulate that, for a "single-component" field, lx(*,t)l ox is the probability that, on 

detection at time t, a macroscopically extended particle will be found to collapse to 

a small (but finite) volume ox at the spatial point x. A natural generalization, as 

anticipated in Section 3, is to take this probability density as 
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4 

I bcr(x,t)l2 = xVfcOO = X(x)Y°X(x), (37? 
r=l 

noting that it is positive definite and is the time component of a 4-vector j a • XTttX 

which, using the Dirac equation (whether or not A a = 0) is found to be conserved: 
3 ^ = 0. 

What about the probability interpretation of individual components of %1 

For simplicity, we suppose that a Foldy-Wouthuysen transformation has been 
applied, so that we can restrict our consideration to the "physical" components %. 

and %~- In conventional quantum theory, Xi a n c * XT a r c regarded as component 
2 2 

wave functions with the interpretation that lxj(x,t)i dx and b^** 1 )' dx are the 

respective probabilities of finding the (point) electron in the infinitesimal 

volume dx at x at time t with its spin component "up" or "down" with respect to an 

(arbitrary) quantization axis. In QCT we of course replace "probability of finding 

a poiilt in dx" by "probability of a collapse to Sx" (as above); but, in addition, we 

have to define what is meant by spin "up" or "down" in terms of a specific 

empirical procedure. 

All measurements in physics amount, in the last analysis, to the 

measurement of the positions of objects as a function of time; we must therefore 
devise an experimental arrangement which makes the spacetime behaviour of %\ 

different from that of %-• The simplest such arrangement is provided by a Stem-

Gerlach apparatus. Consider a beam of silver atoms entering its inhomogeneous 

magnetic field: according to the Pauli equation, the existence of the field causes 
the "valence" electron's Xi and X? components to have slightly different energies, 

with the direction of the field providing the x axis with respect to which the 2-

spinor % is defined, while the gradient of the field creates oppositely directed 

transverse forces on the two components. The disturbance corresponding to each 

incoming silver atom (the core being "carried along" by the valence electron) 
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therefore divides into two diverging disturbances, the Xi component moving (say) 

"up" and the %o component "down". 

Suppose that two detectors, 1 and 2, aie placed so as to intersect the 

"up" and "down" beams, respectively. If, say, detector 1 is triggered, this initiates 

a physical collapse in which the atomic disturbance disappears everywhere 

except within a small volume located in detector 1, and thereby becoues a pure 

"spin up" disturbance of Xi type. The collapse is viewed as a purely spatial affair, 

taking place across the spatial pattern of diverging disturbances established by 

the differing smooth evolutions of x , and %i W I l h ' n and beyond the Stcrn-Gerlach 

magnet; there is not a "collapse" of the spin as such to the "up" state - rather, the 

spatial collapse to detector 1 makes the disturbance vacate the region of space 

where the "spin" could be "down", i.e. where rx,' was non-zero before detection. 

By removing detector 1 and allowing the upper beam to emerge, one has a 

beam of silver atoms which (because of their prior trajectories in the Stem-

Gerlach field) have to have "spin up", and one can then perform further 

experiments on that "prepared" beam: for example, passing it into a second Stcrn-

Gerlach magnet whose field is oriented in a different transverse direction 

(whereupon each atom splits into two disturbances with relative amplitudes 

dependent on the angle of orientation), dynamical "spin precession" in an 

arbitrarily oriented constant magnetic field (causing oscillatory variations of the 

Xj and %2 components), and so on. 

In all cases, the smooth evolution (before detection) of each atom's valence 

electron is governed by the Pauli equation giving Xi and %~ as functions of space 

and time; when detection takes place, the probability of collapse at time t to a small 
2 2 

volume 5x at x is {IXi(*,t)l + 'Xo^*'1)' }8" - and if, because of the experimental 
2 2 

arrangement, IxJ and \%~\ have different spatial distributions at the time of 

detection, one can speak of the study of "spin-dependent effects". 

T o what extent do such experiments constitute measurements of the 
1 1 1 

electron's "spin component" S (defined as + r for x . and - ^ for x 3 )? In QCT, ihe 
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term "measurement" has to be used with special care; in the quantum domain the 

observation of a particle often amounts more to the preparation of the particle in 

a known ("measured") state than the determination of some property the particle 

had before the observation took place. Consider, for example, the "measurement" 

of "position". If a particle is emitted from an isotropic source, and therefore, 

before detection, is represented by an expanding spherical wave packet, the 

detection process causes a collapse which prepares a new, much smaller wave 

packet with fairly well-defined position (and momentum); the term "the position 

of the particle before detection" simply has no meaning. It is only in the classical 

limit, where particles can be described by world tubes with negligible spreading, 

that the term "measurement" takes on its usual meaning and we can, for example, 

study the laws of physics by measuring the approximate positions of particles as a 

function of time. In the quantum domain the laws of physics manifest themselves 

in a different way - by controlling the evolution of % and thus determining the 

probability distribution for collapse to various possible positions when the 

particle is detected. 

Similar remarks apply in the case of spin component "measurement". 

When, in our Stern-Gerlach experiment, the "up" detector is triggered, this does 

not tell us that the spin prior to detection was "up", i.e. that the electron was in a 
pure Xi state; on the contrary, the electron disturbance was, before detection, 

split into two spatially separated disturbances corresponding to the different 
trajectories of the Xi and %- components, with spin "up" and spin "down". Even in 

the classical limit (which, in effect, applies to the Stern-Gerlach experiment) one 

cannot "measure" the spin component in the same sense as one can measure the 

particle's position; what one can do (for example, with a Stern-Gerlach apparatus 

whose x axis can be rotated about the beam) is to determine whether the 

electrons in a beam from some external source are "polarized" by interactions 
2 2 

within the source - that is, whether IxJ * IXi' " a n <^ l ° s t"dy the dynamical 
changes in the relative proportions of Xi and X? resulting from spin-dependent 
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interactions (e.g. precession in a magnetic field). But one is. in such experiments, 

"measuring" the spin component only in a statistical sense - observing, for 

example, in spin precession experiments that the ensemble average 
•» 1 ? 2 

< S J > = < r {rxjl - lx 2 l } > behaves like the 3-componcnt of a classical magnetic 

moment. In no case can one speak cf measuring the spin component an 

individual electron had prior to detection - except in the trivial case where the 

electron is prepared in a pure %. (or %2^ s t a t c a n < * t D e r e IS l n c n n o need to 

measure it. 

7. DISCUSSION 

This is the first paper in which the quasi-classical approach has been 

applied to the quantum domain, that is. to microscopic situations where the 

disturbance in % representing a particle is so close to the source of interaction 

that it is strongly distorted from a simple "world tube" form. The results have 

been encouraging: tae main relativistic and nonrelativistic equations governing 

the evolution of an electron in an externally prescribed field havr been derived, 

and have proved to be the familiar Dirac. Pauli and Schrodinger one-particle 

equations; and it has been possible to treat "intrinsic spin" in terms of classical 

concepts. We have therefore provided a basis for the quantitative treatment by 

QCT of all the "one particle in a potential" problems (hydrogen atom, etc.) dealt 

with by conventional quantum mechanics - but without requiring the ad hoc 

prescription of "quantization" of a classical point-particle theory. Moreover, our 

approach avoids the interpretative difficulties, such as those associated with 

"Zitterbewegung", which arise from the attempt to identify the "velocity operator" 

of an assumed point-like particle. 

Within the scope of "one particle in a potential" problems, it is clear that 

the difference between "classical" and "quantum" situations is simply one of 

degree: as the separation between the particle and the source increases, ihc 

solutions of the Dirac or Schrodinger equations go over smoothly and 

continuously to world-tube solutions whose evolution in spacciimc is governed by 
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the Lorentz force equation. The most striking difference between the two 

situations occurs when the particle is trapped by the potential in a microscopic 

bound state and the periodicity of the extended x disturbance requires that, in 

order to avoid destructive interference, the frequency of the disturbance can be 

only one of a certain discrete set of values, i.e. is quantized - as was shown semi-

quantitatively in Section 2, and may be treated more precisely by finding 

stationary-state solutions of the Dirac or SchrOdinger equations. 

There is, of course, still a long way to go before it can be shown that the 

quasi-classical approach provides a comprehensive alternative to quantum theory 

- even within the scope of the systems with a fixed number of immutable particles 

that are treated so successfully by nonrelativistic quantum mechanics. The main 

hurdle ahead here is to relate the N-particle wavefunction, which is defined in 

3N-dimensional configuration space, to the behaviour of N overlapping % 

disturbances moving in ordinary three-dimensional space - and to incorporate 

the antisymmetrization of the wave function specified by the Pauli principle. 

And, beyond that, there is the problem of the processes treated by quantum field 

theory in which particles can be created and annihilated, where it will be 

necessary to deal with the massless excitations of the % field directly instead of 

burying their dynamical behaviour in an effective "potential". It is hoped that 

these questions will be tackled in future papers; in the meantime, encouraged by 

finding that still more of the familiar equations of physics follow naturally from 

an initially qualitative picture of particles and their interactions, we continue our 

attempts to extend the quasi-classical approach as new applications of its ideas 

become mathematically tractable. 
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