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1 Introduction 
One of the main difficulties in proving the consistency of the BRST quanti
zation procedure [1,2] for systems with constraints, like Yang-Mills theories, 
gravity or strings, is to show that the cohomology of the BRST operator 
defines physical states [3, 4, 5], possibly with some additional restrictions 
on the ghost number of the states. In the latter case one is also faced with 
the problem of finding out which restrictions, c.q. which ghost levels are 
appropriate. 

A convenient and quite general procedure for solving the cohomology of 
a nilpotent BRST operator £2 has been proposed in the literature by several 
authors [6]-[l0]. It consists of choosing a complete or partial gauge condition 
for BRST transformations in the quantum mechanical ghost-extended state 
space in terms of a nilpotent co-BRST operator 'Q , with the property that 
the BRST laplacian A = Q 'ft + *Q ft is non-trivial. This prescription leads 
to the class of harmonic gauges, in which the physical states are simultaneous 
zero-modes of Q and *ft , and hence of A. 

Having obtained the solutions to the BRST cohomology, one has to show 
that the states in each cohomology class satisfy an appropriate set of con
straints dictated by the gauge-invariance of the theory, and that the physical 
state space has a positive-definite norm. BRST invariance of the Hamilto-
ni'xn then finally leads to a theory with unitary time evolution of physical 
states. 

One problem which arises immediately is to understand what are ap
propriate constraints for a quantum gauge theory. In a classical theory, 
the first-class constraint associated with a local gauge invariance selects the 
gauge-invariant functions on the phase space. In the quantum theory one can 
try to impose the constraints directly on the states, as proposed by Dirac; 
if this is possible, one obtains a gauge invariant set of states defining the 
physical Hilbert space. However, the existence of a complete set of such 
gauge-invariant states is not always guaranteed. Then a weaker form of the 
constraints may be appropriate, which only requires matrix elements of the 
constraints in the physical state space to vanish. This can be realized for 
example in the Gupta-Bleuler quantization scheme, in which the constraints 
are polarized in such a way that one set of complex linear combinations 
of the constraints still annihilates the physical states (the kets), whilst the 

1 



hermitean conjugate set annihilates the co-states (the bras). 
In this paper we discuss the BRST cohomoiogy and the harmonic gauge 

fixing procedure in a general context. Rather than assuming form the begin
ning positivity of the inner product on physical states and/or a Dirac real
ization of the constraints, as was implicit in some of the earlier literature, we 
allow a priori degenerate or indefinite metric spaces and Gupta-Bleuler type 
realization of quantum constraints; we also provide a non-trivial example 
taken from the theory of massless higher spin particles. 

Our paper is organized as follows. In order to make the paper self-
contained, we briefly review in sect. 2 the concept of BRST cohomoiogy and 
its relevance for defining physical states in a ghost-extended state space. In 
sect. 3 we introduce the co-BRST operator associated with a non-degenerate 
inner product on the extended state space (not necessarily positive definite) 
and show how it can be used tr find complete or partial explicit solutions 
of the BRST cohomoiogy, the harmonic states. We give a necessary and 
sufficiënt criterion for the harmonic states to be complete solutions of the 
cohomoiogy problem, and discuss what can be done if this criterion is not 
satisfied. 

In sect. 4 we prove that the existence of such complete harmonic solutions 
guarantees the Hodge decomposition theorem, even with an indefinite inner 
product, and in sect. 5 we show how the Hodge decomposition then gives the 
full structure of the BRST cohomoiogy. 

In sect. 6 we give an alternative characterisation of the cohomoiogy using 
the representation theory of the BRST algebra. This result is used in dis
cussing the question of positivity of the physical state space. The criterion of 
completeness of the BRST operator introduced in ref. [8| and the split pair 
mechanism described there are reformulated in terms of the representations 
of the BRST algebra. 

In sect. 7 we present an example of a system with a non-semisimple, solv
able algebra of constraints, which is realized in the theory of massless higher 
spin particles [11]. This theory requires Gupta-Bleuler type of quantum con
straints. We proceed to give its BRST-formulation in sect. 8, and find that 
in the Gupta-Bleuler realization the physical states donot appear at ghost 
level zero, but as a higher non-trivial cohomoiogy class. Our conclusions are 
presented in sect. 9. 
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2 BRST invariance and physical states 

In the mathematical description of quantum systems it is often advantageous 
- and for some purposes necessary- to use a pseudo-Hubert space of states 
fitxt which is larger than the physical state space HphyS- This is particularly 
true for systems with local gauge symmetries or, in Dirac's terminology, 
systems with first-class constraints. 

A standard way to keep track of these constraints on the physical states 
is by introducing a set of additional unphysical degrees of freedom (ghosts) 
[12]-[14] and an associated new rigid abelian symmetry, BRST invariance 
[1, 2], in such a way, that the physical states can be identified as the singlet 
representations of the BRST symmetry in the extended state space. 

The most important and characteristic property of BRST-transformations 
on the ghost-extended set of dynamical variables describing the system is 
their nilpotence. If Q denotes the (hermitean) generator of the graded BRST 
transformations: 

SBRSTA = [A,il}, (1) 

for an arbitrary dynamical quantity A, then fi satisfies the condition 

fi2 - 0. (2) 

Note, that the existence of a non-trivial hermitean and nilpotent operator Q 
requires the extended state space to have indefinite norm. This is achieved by 
assigning to the ghost degrees of freedom unphysical commutation relations. 
As a result the ghost-extended state space is a pseudo-Hubert space rather 
than a Hubert space proper. 

Due to the nilpotence (2^ the definition of physical states as BRST-
singlets is ambiguous: if any state V' is BRST-invariant: 

fi^ = 0, (3) 

we can find a (usually infinite) set of related states with the same property, 
given by 

4'' = 4> + nx, (4) 
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where \ is an arbitrary element of the extended state space. The reason is, 
that the nilpotence of ft leads to the existence of spurious solutions to the 
BRST-condition (3) of the form 

i' = ft \ . (5) 

These solutions are spurious in the sense that they have zero physical norm: 

j|ft,vl|2 = < ftX&X >= < \ ]f t 2 \ > = 0. (6) 

Clearly these spurious states are not physical, therefore the physical states 
are not to be identified directly with all solutions of the BRST-condition (3), 
but rather with the equivalence classes of solutions [3, 4] defined in by eq.(4): 

f ^i>' = ijf+ fi\. (7) 

In analogy with the usual terminology of differential forms and de Rham 
cohomology, the BRST-invariant states (3) are called BRST-closed, whilst 
spurious solutions of the form (5) are called BRST-exact. The physical states 
are then taken to be states which are closed but not exact: 

nphy, QH(Ü) = A'erft /ImQ. (8) 

#(f t) is called the BRST cohomology. 
In order to prove for a given system and BRST operator ft that the 

physical states are indeed given by the BRST cohomology (8), it is necessary 
to have a way of constructing explicitly representatives of all equivalence 
classes of states defined by H(Q). The situation is similar to the problem 
of finding solutions to Maxwell's equations in terms of the vector potential 
A„(x), which is only defined up to a local U(l) transformation shifting the 
vector potential by a pure gradient. A practical (though not fundamental) 
difference is, that in our case the BRST invariance is taken to act directly 
in the quantum mechanical state space, whereas the gauge invariance of 
Maxwell's equations is usually addressed at the classical level. 
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3 Inner products and co-BRST invariance 

Consider the extended state space Htxt including the sector corresponding to 
the ghost degrees of freedom. This space is equipped with a physical inner 
product (norm). Without any loss of generality we may assume that this 
inner product is non-degenerate: 

< x\y > = 0, V* 6 Hext *> y = 0. (9) 

The reason is, that if there were any non-trivial state orthogonal to all states 
in fitxt including itself, it would clearly be unphysical (zero-norm and or
thogonal to all physical as well as unphysical states); therefore it could be 
removed without harm to the physical state space. 

Suppose we have a BRST operator which is nilpotent in all of 7iext and 
let us choose an inner product (x,y) different from the physical inner prod
uct and again non-degenerate on all of 7itxt. First we consider the case in 
which the inner product (x,y) is also non-degenerate when restricted to the 
subspace ImQ: 

(n<f>,nx) = o,v<t>e?iext & nx = o. (io) 
The case in which the inner product is degenerate on ImQ is discussed briefly 
at the end of this section. 

Observing that a nilpotent operator in a space with non-degenerate inner 
product on its image cannot be seif-adjoint with respect to that inner product1, 
we define the co-BRST operator *fi as the adjoint of fi with respect to the 
new inner product {x,y)w. 

(Qx,y) = {x,'Sl y). (H) 

Like Q itself, the co-BRST operator is nilpotent: 

*fi 2 = 0. (12) 

Using the definition of *Q , condition (10) can be restated as 

1 Of course, ft is constructed to be hermitean with respect to the physical inner product 
on Titxt', that is why the new inner product cannot be the physical one. 
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'il Ü^' = Q & üi> = 0. (13) 

We infer that —provided the non-degenerate inner product exists— the co-
BRST operator may be used to impose a BRST gauge-condition 

•n i=o (14) 

on the classes of physical states defined by (3); states satisfying this condition 
are called co-closed. Indeed, for co-closed states a BRST transformation of 
the form (4) is no longer possible: 

•fi V ' = *H (4' + ft*) = 'ft to\ = 0 *» ft.\ = 0, (15) 

implying that ib' = ib. Hence the condition of co-BRST invariance (14) does 
indeed select a unique element out of each cohomology class, provided such 
a BRST and co-BRST invariant element exists at all. 

The question of existence of simultaneous solutions of eqs.(3) and (14) is 
addressed in the next section. Here we briefly discuss what can be said if the 
non-degenerate inner product on Hext becomes degenerate upon restriction 
to ImQ as a separate vector space. What changes in this case is that we 
can no longer infer the vanishing of &x as in eq.(15). Then in general there 
exists a class of non-trivial BRST transformations (4) of ib which respects 
the gauge condition (14). We conclude that we may still use the co-BRST 
operator to restrict the freedom of making BRST transformations (4), but 
the BRST gauge is thereby not fixed completely and a class of residual BRST 
transformations leaving this gauge invariant exists. 

We close this section with the observation that in principle many non-
degenerate inner products may exist on 7itxt, implying the existence of many 
different co-BRST operators. All of these co-BRST operators can be used to 
select a unique, but usually different, representative state from the BRST-
orbits. This just reflects a variety of possible BRST gauge choices. In the 
end the properties of the BRST cohomology are of course independent of 
the particular choice of inner product and co-BRST operator (i.e. the gauge 
choice). 
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4 B R S T harmonie states 

In this section we investigate the conditions for the existence of states which 
are simultaneously BRST and co-BRST invariant. Such states are called 
BRST harmonic. We prove, that they are given by the zero-modes of an 
operator A which is a BRST generalization of the Laplace operator. 

As before we assume the existence of a non-degenerate inner product on 
the extended state space. As a result the following property holds: given any 
subspace Hi C Htxt such that the inner product is non-degenerate on this 
subspace by itself; the orthoplement of Hi is defined by 

Ht = {z£Hext\(y,x) = 0-Vye'Hl}. (16) 

Then the inner product is also non-degenerate on H^ and these two sets form 
a unique and complete decomposition of the extended state space: 

W , n « i - = o, n1 + Ht=K«. (17) 

Thus any element of Hext can be written in a unique way as a linear com
bination of vectors in Hi and its orthoplement (16). Moreover, it follows 
that 

f X ) x = « , . (18) 

We now apply this result to the space of BRST-exact states: Hi = ImQ. By 
definition 

i> e (imü)L <* (flM') = o,v^. (19) 
We observe that, from the definition of the co-BRST operator and the non-
degeneracy of the inner product, this equation implies that 

i' e (ImQ)1 «• 'fi V = 0. (20) 

Thus the orthoplement of the set of BRST-exact states is the set of co-closed 
states (the kernel of the co-BRST operator): 

(ImSl)L = Ker'Q . (21) 
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It follows that we have a unique and- complete decomposition of the extended 
state space of the form 

Hezt = /mfl + A'er'ft . (22) 

Similarly the BRST-closed states are orthogonal to the co-exact states: 

(Im'ü )L = Keril, (23) 

and 

Kxt = Im'ü -r A'erfi. (24) 

As a result of the nilpotency of fi and *fi we also obtain the following 
relations: 

Imü C Kerü = (Im'Ü ) l Im'Q C A'er'ft = ( /mQ) x . (25) 

Therefore we can also write 

K*t = KerÜ + Ker'Q , (26) 

but in general the decomposition of an arbitrary vector in this way is not 
unique: there may exist non-trivial vectors which are both BRST closed and 
co-closed. By definition these are the BRST-harmonic vectors. 

In order to find the harmonic vectors we introduce the operator 

A = {fi,*Q } = H'fl + ' f i fl, (27) 

called the BRST laplacian. It commutes with the BRST and co-BRST op
erators: 

[A,n] = 0, [ A / f l ] = 0, (28) 

as a result of the graded Jacobi identity for the BRST operator algebra. 
Now we prove: 

Kerft D Ker'ü - A'erA, (29) 
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i.e. harmonic vectors are the zero-modes of the BRSÏ laplacian. In order to 
prove this, we first note, that eqs.(25) imply 

ImQ D Im'tt = 0. (30) 

Therefore any two vectors Q Vi and *Q '̂2 are linearly independent, and a 
linear combination of them vanishes only if the two vectors vanish separately: 

fi*'i = 0, •ftt '2 = 0. (31) 

Now A'erA is the space of vectors satisfying 

Av = fi*fl V + *nfU- = 0, (32) 

and because of the result (31) this implies 

fi'ft £ = 0 A •$! fltf = 0. (33) 

But then, from eq.(13) and its adjoint, we conclude that 

fi^ = 0 A # f i v = 0. (34) 

This proves the result (29). 
In combination witheqs. (22) and (24) we now find the following complete 

and orthogonal decomposition of Hext: 

next = A'erA -i- ImÜ + Im'ü . (35) 

This is the Hodge decomposition theorem for BRST cohomology. Note, that 
the only requirement we imposed on the inner product was its non-degeneracy 
on ImQ. In particular positive definiteness is not necessary. 

5 BRST cohomology 

In terms of state vectors, the Hodge decomposition theorem (35) states that 
any vector v £ Ti.ext

 c&n be written in a unique way as follows: 

4> = u/ + ft* + *fi <j>, (36) 
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where u> is a harmonic state: 

A- ; = 0 ** flo,' = 0 A ' f t * ' = 0 . (37) 

Note, that uniqueness here means uniqueness of Q \ and 'Q <z>, not of \ and 
0 themselves. The condition of BRST invariance of a state: 

n v = 0. (38) 

then implies 

fi'fi 0 = 0, (39) 

which by the adjoint of eq.( 13) leads to the result 

•ft 0 - O . (40) 

Therefore a BRST-closed state has the decomposition 

ï = w ~ ft\, (41) 

i.e. a BRST-closed state is a BRST-harmonic state modulo a BRST-exact 
state. As a result, the BRST cohomology is characterized completely by 
the harmonic states. If we choose as a representative of each cohomology 
class the harmonic state u/, this is equivalent to imposing the BRST gauge 
condition 

ft \ = 0, (42) 

which is the unique solution of the equation 

•ft « = ' f t ft\ = 0. (43) 

Thus we see again, that whenever the extended pseudo-Hubert space 7iext 

possesses a non-degenerate inner product, which is also non-degenerate upon 
restriction to ImQ, then the gauge condition (43) selects from each BRST-
cohomology class the unique harmonic state. 

Given a ghost-extended quantum state space and a BRST operator we 
can now investigate the BRST cohomology and its relation to the physical 
state space 'Hphyt- For the case of first-class constraints forming a compact 
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non-solvable Lie algebra this was done in ref.[10]; all possible solutions of the 
BRST cohomology were found and shown to be physical states in the sense 
of Dirac (i.e. gauge invariant states). In ref.[8] the Virasoro algebra was 
considered from a similar point of view. Note that when a non-degenerate 
product doesnot exist, the condition (43) can still be used to restrict the class 
of states among which the physical states are to be found, acting as a partial 
BRST gauge fixing. Finally it should be mentioned, that one may extend 
the BRST cohomology of states to a cohomology on the level of quantum 
operators. This problem was considered in ref.[9]. 

6 Positivity of physical states 

The Hodge decomposition (36) provides a useful classification of the states in 
the extended state space. A complementary characterisation of these same 
states can be given in terms of the representations of the graded BRST Lie-
algebra: 

ft2 = 0, * f i 2 = 0 , 

{£Vf t } = A, (44) 

[n,A] = o, [*n,A] = o. 
There are only two irreducible finite-dimensional representations of this al
gebra: 
1. singlets ip such that 

0 ^ = 0 , 'fH< = 0, (45) 

which are just the harmonic states; 
2. doublets (4>,<t>) such that2 

W> = J\\\<j>, 'Qcf>=-^=4>; (48) 

3Anothei teptesentation, called a quartet in tef.[lO] and containing four states with the 
same eigenvalue of A may be found, but it is reducible: if 4< is an eigenstates of A with 
eigenvalue A jt 0, and if the states 
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these states are eigenstates of A with eigenvalue A ^ 0: 

Ai< = *£lW> = \4>, A<t> = n*Q 4>= \<p. (49) 

From the representation theory we can now rederive the Hodge decomposi
tion: let A as defined above be a self-adjoint operator whose eigenstates span 
a complete basis for the extended state space; let in addition A be such that 
its only zero-modes are the harmonic states; then all non-harmonic states 
occur in pairs of BRST-exact and co-exact states of the type (48). 

Let us look in a little more detail into the properties of BRST doublets: 
a. They are the representations of the BRST algebra with non-zero eigenvalue 
A of the BRST laplacian A, eq.(49). 
b. They consist of pairs of BRST-exact and co-exact states; then with ft and 
*ft being hermitean with respect to the physical inner product, the doublet 
components which belong to ImQ, are all mutually orthogonal and have zero 
norm. The same result holds for the doublet components belonging to /m*ft . 
c. If two doublets belong to different eigenvalues A, they must be orthogonal 
with respect to the physical inner product; this follows from the hermiticity of 
A. We conclude, that a BRST-exact component of a doublet can have a non
zero inner product only with a co-exact component of a doublet belonging 
to the same eigenvalue A of A. 

One can now show, that a unitary transformation orthonormalizing the 
doublets in the subspaces of ImQ and Im'Q, belonging to a fixed eigenvalue 
A can always be found. Hence we may always take the non-harmonic states 
to be given by doublets (4',4>), as in eqs.(48),(49), which are orthogonal to 
all other doublets and satisfy 

all exist, then the transformation 

creates two doublets (4'',<t>) and (x, P1)-

12 

(46) 

(47) 



< i<\%> > = o, < 4>\4>> = O, 

1 (50) 
< <t>\i> > =< 4'\<t> > = —1= < V'I^V' > = ±1-

Note that a transformation 

X± = -j=(1>±<l>), (51) 

then creates a pair of positive and negative norm states: 

< X ± | X ± > = ± 1 . (52) 

In this way positive and negative norm states can be build out of unphysical 
zero-norm states in Im£l and Im*Q , and like these they alway occur in pairs. 

Finally we can now discuss which properties the BRST cohomology has 
to satisfy in order for it to have positive definite physical norm. Accord
ing to property b. above, the physical norm is completely degenerate as an 
inner product on /mfi. Let us now assume as before, that a second non-
degenerate inner product exists on Hext which remains non-degenerate upon 
restriction to ImQ. Clearly, the two non-degenerate inner products on Tiext 

are connected by a non-singular transformation g: 

{x,y)=< x\gy> . (53) 

Then the BRST and co-BRST operator are related by 

'fi =g-lQg. (54) 

It follows, that *fi is hermitean with respect to the physical inner product 
whenever 

[*W]=0. (55) 
We can always choose g to satisfy this relation; in particular, it holds trivially 
if g is a unitary operator. Note, that eq.(55) implies that gg* must be non-
singular on KerQ and Im'iï = TicxtlKerft separately. A corollary of the 
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result (54) is, that g provides an isomorphism between the kernel of *fi and 
the kernel of Q: 

/mfi = glm'Q . (56) 

This isomorphism is clearly equivalent to the pairing of BRST-exact and 
co-exact states in BRST doublets. 

Now the Hodge decomposition theorem implies that if the BRST co-
homology and hence Hphy, is to have positive-definite norm, all zero-norm 
states must be BRST-exact or co-exact. Thus they must appear in pairs 
transforming as doublets under BRST transformations. It follows, that in 
this case any negative-norm state in "Hext must be a linear combination of 
such a BRST-exact and a co-exact state: 

| |0 | i2<o => v = flx + *n 4> = n x + g-'nt', (57) 
where è' = g<f>, otherwise we could create zero-norm harmonic states by 
taking linear combinations of a positive-norm and a negative-norm BRST-
singlet. We stress, that these conclusions hold only if the inner product 
(53) is non-degenerate on ImCl. If not, the harmonic gauge doesnot remove 
all BRST-invariance and zero-norm harmonic states can exist, even if the 
physical state space is positive definite. Below we actually present an example 
of a quantum theory in which this condition is not met, and in which there 
are zero-norm harmonic states. 

We now compare our results with the analysis of ref.[8]. It was shown 
there, that KerCl has positive-definite norm if the BRST operator satisfies 
the condition of completeness; by this it was meant that ImQ exhausts all 
zero-norm states in A'erft: 

{^e KerÜs.t. ||V'||2 = 0} = Imü. (58) 

Clearly this requires that there are no co-exact states in KerQ, which is 
expressed in our case by eq.(23), which holds by virtue of the condition 
that the inner product (x,y) is non-degenerate on 7m£2. In contrast, when 
the inner product is degenerate on ImCl, we can still perform a non-trivial 
BRST transformation on a harmonic state, which leaves the state harmonic. 
By duality, we can also perform a co-BRST transformation leaving the state 
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harmonic. But this implies that there are co-exact states which are harmonic, 
and hence in A'erfi; therefore the completeness condition is not satisfied. 
Thus the condition of completeness and our requirement of the existence of 
the non-degenerate product (x,y) have been shown equivalent. 

The split-pair mechanism discussed in ref.[8] can also ben understood 
in the same terms. Namely, the BRST-exact and co-exact states appear 
in BRST-doublets; if all zero-norm states in KerQ, are BRST-exact, they 
are members of doublets, the other component of which is co-exact. Then 
completeness implies that this other component cannot be part of KerQ, i.e. 
the doublet is split. 

7 Dirac vs. Gupta-Bleuler quantization 

In the following we wish to apply the construction of the BRST cohomology 
given above to the case of a system with a solvable algebra of first-class 
constraints of the type 

[G,&] = Z, 
(59) 

[Z,G] = 0, [Z,G»] = 0 . 

We observe that Z acts as a kind of central charge, but being a first-class 
constraint it must be degenerate, and we have on the space of its zero-modes 
just the sum of a holomorphic and an anti-holomorphic algebra of first-class 
constraints defined by G and G', respectively. Of course, we may have more 
than one generator G and G' and correspondingly more than one generator 
Z, possibly forming an abelian or non-abelian algebra among themselves; by 
slight abuse of terminology we will also refer to such a set of generators Z as 
an algebra of central charges. 

With an algebra of the type (59) we must distinguish two situations. First 
if Z vanishes identically (Z = 0) as is well-known there are two possible 
formulations of a quantum theory implementing the constraints: the Dirac 
formulation, in which the physical states are zero-modes of all constraint 
generators (G,G*), and the Gupta-Bleuler formulation in which only G (or 
G') annihilates physical states (the ket states), whilst G' (or G) annihilates 
the corresponding co-states (the bra states). The latter possibility arises, 
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because the matrix elements of the constraint operators between physical 
states still vanish: 

<4>2\G\il>1> = <4>2\Gi\v1 > = 0 . (60) 

If Z does not vanish identically, the problem of quantization is somewhat 
more subtle. Of course, the physical states must still be annihilated by the 
first-class constraint generators (at leaji their matrix elements must vanish). 
For an algebra of real central charges like Z, we require the Dirac realization 

Z|V >= 0. (61) 

However if Z is not identically zero, there must be states in the pseudo-
Hilbert space which donot satisfy eq.(61) and which are obviously unphysical. 

A consequence of this situation is, that the state space may contain states 
of zero norm, even before introducing the ghosts. In fact, for the Gupta-
Bleuler quantization procedure this turns out to be necessary; namely, if 
physical states satisfy both 

G\ilf>=0, Z\4>>=0, (62) 

then we must have 

GGi\if>=0 (63) 

as well. We immediately infer, that 

< <?ty|Gty >= 0, (64) 

for all physical states ip. On the other hand, by assumption in general we 
have G^ip ^ 0 in the Gupta-Bleuler quantization scheme. Hence in this 
case we obtain zero-norm states by applying G' to an arbitrary physical 
state. If the norm < <f>\tp > on the restricted (ghost free) state space is non-
degenerate, this implies also the existence of negative norm states, by taking 
linear combinations of pairs of zero-norm states. 

We emphasize, that the Gupta-Bleuler quantization of systems with con
straints of the type (59) with non-trivial Z is perfectly consistent. To see 
this, we give a simple example realizing the constraint algebra (59) in the 
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Gupta-Bleuler formulation. Our example is a system with dynamical de
grees of freedom described by an operator P„, which may be interpreted as a 
momentum, and a set of harmonic oscillator variables (a^,a^) describing an 
internal degree of freedom (spin/polarization), with the standard commuta
tion relations 

(65) 

[J>,,«i„] = 0, [ P „ , a t ] = 0 . 

We obtain a set of operators realizing the algebra (59) by taking 

G = aP, G' = o* P, 
(66) 

Z = P2. 

If |0 > represents the oscillator vacuum: 

a M | 0 > = 0 , (67) 

then a general state may be written as 

l^>=£ ^ri-flk(pKl...alk\0>. (68) 
fc=o *• 

Imposing the constraints (62), the physical states in the Gupta-Bleuler real
ization satisfy the conditions 

P2 i^-^(p) = 0, PM| i^-^(p) = 0. (69) 

Hence this theory describes a gauge theiry of massless higher-spin particles 
(p2 = 0) with purely transverse polarizations (p • i' = 0), the on-shell gauge 
invariance being given by 

6il>»1 "*(P)= P{"1 X"2'"*>(?), (70) 

where the parentheses denote complete symmetrization over the indices en
closed, and where ,\"*"'*i*(p) satisfies the physical state conditions (69). G' 
now creates zero-norm states which are pure gauge transforms of the null 
state (cf. eq. (70): 
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G' H' >= £ h P(M' V'^'^HpX-a^iO >, (71) 
fc=o * • 

where again V'*12'""*(?) is * physical state. As a lesson of this discussion and 
the example given above, it is worthwhile to keep in mind that zero-norm 
states may appear already before the introduction of ghosts, without neces
sarily spoiling the consistency of the theory: they correspond to unphysical 
gauge degrees of freedom, and the physical state space itself can still be 
positive definite. We conclude that both the Dirac and the Gupta-Bleuler 
procedures may be viable quantization schemes for algebras of the type (59), 
even if Z is not identically equal to zero. As shown below, both realizations 
of the quantum constraints (if they exist) are actually contained in the BRST 
cohomology. 

8 BRST cohomology of holomorphic constraints 

The construction of the BRST cohomology corresponding to the algebra (59) 
starts by introducing a set of anti-commuting quantities, the ghost variables 
(0,7,7), one for each generator. The wave functions in the extended state 
space of the system are polynomials in the ghost variables: 

*(c ,7,7) = * ( 0 ) (7 ,7) + c* ( 1 ) (7 ,7) , 

(72) 

*("(7,7) = tftf + 7V-Ö + l41 + 774\\ i = 0,1. 
The BRST operator is denned by 

J2 = cZ + 7G' + 7Gf - 77—. (73) 
ac 

It is nilpotent because of the commutation relations (59), and hermitean with 
respect to the inner product on the space of ghost polynomials defined by 

C $ | * » = / dcdidï < * (c ,7 ,7 ) ,* (c ,7 ,7 ) > . (74) 
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Here the single brackets denote an inner product on the representation space 
of the algebra (59) with 

<G**,*> = <*,G*>, (75) 

which reduces to the positive definite norm in the case of physical states, and 
the bar denotes ghost-conjugation defined by: 

¥ = * ( 0 ) + c* ( 1 ) , 
(76) 

* ( , ) = i>$ + 7 ^ + i*S + 7-yifri?. 

Clearly, G and G* are also hermitean conjugates under the full inner product 
on the ghost-extended wave functions <C ^ | ^ > , whilst the ghost variable c 
is hermitean: 

<C$|c# > = < c $ | * » , (77) 

and (7,7) are hennitean conjugates: 

< $ | 7 * » = « 7 # | $ > . (78) 

From these properties the hermiticity of fi follows immediately. 
The inner product C ^ l * > introduced above is completely degenerate 

on ImCl. Therefore we define another inner product by 

(*.*)= £ £ < ^ 2 > - (79) 
i=0,l a,j3=0,l 

With respect to this inner product Q is not self-adjoint, hence its nilpotence 
doesnot imply ImQ to be a space of null vectors. To see this, note that 
though G and G' are again adjoints with respect to the new inner product, 
for the ghost variables we now obtain 

(*,c*)=(f,*), 
(80) 

(*,7*)=(fp»), (*,?*)= (ff,* 
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Then the adjoint of Q with respect to this inner product is the co-BRST 
operator defined by 

(*fl$,tf) = ($,ft¥), 

dc d*t #7 Ö7Ö7 

(81) 

Like the BRST operator itself, the co-BRST operator is also nilpotent, and 
hermitean with respect to the original inner product <C $ 1 * » . 

From Ü and 'ft we construct the BRST laplacian 

Ft Ft 
A = {fi,«n } = A + cB + T— + cE—, 

oc oc 
where the operators on the right-hand side have the explicit form 

d2 

A = C+ Z 
\ &Ï dl) 

+ 77 #7 #7' 

B = Gf— - G—, 
dï #7' 

r = 7G - 7Gf, 

1 _ 7A _ -A, 
97 07' 

with 

C = Z2 + GG* +G*G 

= Z2 + Z + 2&G = Z2 - Z + 2GGI 

The condition for harmonic states then becomes 

4^(0) + r ^ ( D _ 0, 

A * = 0** < 

This is equivalent with the conditions 

(82) 

(83) 

(84) 

(85) 
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ft¥ = 0, * n * = 0. (86) 

In components these last two conditions read: 
(i) for the state with all ghost levels empty, or its dual with all ghost levels 
filled (y£> with i = a = (0,1)) we get 

GtHl = GH'(:l = Z1>™ = 0; (87) 

(ii) for the states with one ghost level filled, or their duals with one ghost 

level empty (^jo a n d Wo\ ) w e 8 e t 

G41] + Gtyg> = -Z4>&\ 
(88) 

and similarly 

W{$ 

z<] 

GVi? + GtyJ? 

G l ^ - G^tf 

^ f f 

^ 

= 

= 

= 

= 

= 

— 

G^ff, 

Gtö>; 

-iC 

^ {? , 

-G'lft 

G<e 

(89) 

Now we observe, that our co-BRST operator *fi , eq.(81), doesnot fix the 
BRST-gauge uniquely. In particular, as can be seen from eqs.(88) and (89), 
we can still make BRST transformations which change the components ^oo 
and ipn

 m a n arbitrary way consistent with the first relations (88) and (89). 
As we have learned from our general discussion this must be because the 
inner product (79) is degenerate, which is a consequence of gauge invariance, 
i.e. the appearance of zero-norm states in the restricted (ghost free) state 
space. Indeed, taking for example a state * such that 
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we have 

and 

*(c,7,7) = <C 
(90) 

0 * = 7X, G?x = 0, (91) 

( f i $ , f i ¥ ) = 0, V*. (92) 

This confirms that the inner product (79) is still degenerate due to the zero-
norm states which we found in the analysis of the first class constraints (62) 
in sect. 7. 

To fix the residual BRST invariance a natural and convenient choice is to 
take the components ^ ^ and V'n to vanish: 

1$ = 0, Vi? = 0. (93) 

Then the remaining states in the BRST cohomology satisfy 

GV'S = Z^ = 0, 

Gty§ = Z^l = 0, i = (0,1). 

(94) 

Hence the first non-trivial BRST cohomology class (at the one-ghost level), 
and its dual, correspond to the Gupta-Bleuler quantization conditions, whilst 
we have seen in eq.(87) that the states at the zero-ghost level obey Dirac type 
of constraints. In all cases, due to the relations (84) the physical states are 
zero-modes of the quadratic form C of the contraints: 

CV' = 0, (95) 

for physical states in any cohomology class. 
For the example of the massless higher-spin particles described in sect. 7, 

in which the Gupta-Bleuler quantization is appropriate, we conclude that the 
true physical states are those which appear at ghost level one, rather than 
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zero. This is different from the case of Yang-Mills theories 10] and string 
theory [15]. 

9 Conclusions 

We have generalized the harmonic gauges for BRST transformations in the 
quantum mechanical state space of a gauge theory to state spaces with degen
erate or indefinite metric. A necessary and sufficient condition for the Hodge 
decomposition theorem to hold is that a non-degenerate inner product exists 
on the ghost-extended state space which remains non-degenerate when re
stricted to the subspace ImCl. Then the associated co-BRST operator can be 
used to impose the harmonic gauge condition *fi i' — 0 defining a complete 
and unique solution of the BRST cohomology problem. In the absence of 
such a non-degenerate inner product on ImQ we can still use the harmonic 
gauge, but residual BRST transformations leaving the gauge invariant exist 
and we obtain only incomplete solutions of the BRST cohomology problem. 

When the Hodge decomposition theorem holds, all states can be classified 
as BRST-singlets or doublets. Positive definiteness of the physical state space 
is guaranteed if all the negative metric states appear in BRST doublets. This 
condition is equivalent with the completeness condition of ref. [8j. 

The subtleties related to degenerate inner products are not irrelevant, as 
shown by the example of the solvable constraint algebra (59). This example, a 
realization of which is provided by the theory of massless higher spin particles, 
shows that zero-norm states in the restricted (ghost free) state space may lead 
to a degenerate gauge fixing procedure, even though the co-BRST operator 
*£2 is well-defined and hermitean with respect to the physical inner product. 

Finally this example also shows, that the BRST procedure does not only 
give rise to one particular realization of the quantum mechanical first-class 
constraints, but allows both Dirac or Gupta-Bleuler realizations as appropri
ate. However as is clear form the example different realizations are related 
to different ghost levels, and at present there is no procedure know to us 
determining in advance which cohomology class at which ghost number is 
appropriate for a particular problem at hand. Certainly it is not correct to 
assume the relevant physical states always to appear at ghost number zero. 
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