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Abstract 

The set of riemannian three-metrics with positive Yamabe constant defines the space of 
independent data for the gravitational field. Th* boundary of this set is investigated, and it is 
shown that metrics close to the boundary satisfy the positive-energy theorem. 
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1 Introduction 
In an attempt to prove that all compact, without boundary, riemannian manifolds could be 
conformally transformed to ones with constant scalar curvature, H. Yamabe [1] in 1960 intro
duced a new invariant of a compact manifold (M, g), which I call the Yamabe constant. In three 
dimensions the Yamabe constant is defined as 

y W - " j f — r j * * p / » — ( 1 1 ) 

where 12 is the scalar curvature. 
The Yamabe constant is a conformal invariant. In particular, this allows one to conformally 

decoupactify the manifold and obtain an asymptotically fiat manifold with the same Yamabe 
constant. However, one has to change the definition somewhat and consider only test functions 
of compact support (or suitable decay at infinity). 

y(ff)-ei?4> rjetoji/»—• («) 
This is very similar to the Sobolev constant [2] of an asymptotically flat manifold, defined as 

«.*- hrf SiWdv ( . 
Si9)-elll~Ue*dvy/* ( u ) 

except that in one case the numerator naturally arises from the Laplacian and in the other case 
from the conformal Laplacian (V 2 - gÄ). 

The original motivation for introducing the Yamabe constant was that the function which 
minimizes it (if such a func jn exists!) satisfies 

v2t-\Rt = -ce (i.4) 
where C is a constant. It is related to the Yamabe constant Y via 

Y = C[J?dv}7'3. (1.5) 

If a regular, everywhere positive, solution to (1.4) exists then the scalar curvature of the metric 
9 = ?9 is [3] 

R - C4R - %~6V2Z -8C = constant, (1.6) 

thus satisfying the original conjecture. 
Yamabe's original work turned out to be flawed, and the proof of the Yamabe conjecture 

has proceeded in stages, with each stage depending on .he value of the Yamabe constant of the 
manifold under consideration. In 1968 Neil Trudinger [4] first showed the error in the Yamabe 
'proof, and showed that it could be made correct if the Yamabe constant was either negative 
or zero or small and positive. 

Tierry Aubin [5.6] extended this and showed that if the Yamabe constant is less than 

Y<3[-4) M 
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then equation (1.5) has a regular positive solution. This number has a deep significance, it is 
the fiat-space Sobolev constant (as defined by (1.5)). It is achieved by the test-functions 

• = ( t f + ,»)»/»' < L 8> 

where a is any constant. 
Of course, the fla* space Sobolev constant equals the fiat-space Yamabe constant (R = 0). 

The Yamabe programme was completed by Richard Schoen in 1984 [7]. He showed that the 
Yamabe constant of any manifold satisfies (1.7), except for manifolds which are conformally 
flat. 

2 The Yamabe Theorem and Initial Data for General Rela
tivity 

The phase-space of general relativity is defined by a pair (#>, A'*-7) where gt} is a riemannian 
three-metric and K*' is a symmetric tensor. They are not independent, they must satisfy the 
constraints [8] 

R-Ki>Kii + (hkK*? = 0, (2.1) 

V i £ * ' - V - j t f = 0. (2.2) 

On asymptotically flat manifolds, it is standard to impose the maximal slicing condition 

gabKai = 0. (2.3) 

Then the constraints reduce to 
R-K^Ki^O, (2.4) 

«*#•* = ViK* = 0. (2.5) 

Clearly, a consequence of (2.4) is that the scalar curvature is non-negative. If we look at 
(1.2) it is clear that any nntric with non-negative scalar curvature must have positive Yamabe 
constant. The usual way of solving the constraints is by means of a conformal transformation 
(see [9]). Since the Yamabe constant is a conformal invariant, it does not change under a 
conformal transformation. This means that the base-metric must be chosen to have positive 
Yamabe constant. 

The rest of the independent data consists of a transverse-tracefree tensor (see (2.5)) vhich 
generates the extrinsic curvature. These TT tensors are isomorphic to the tangent space of 
the space of conformal geometries. The conformal factor • is found finally by solving the 
Lichnerowicz equation [10], 

8 V 3 * - Ä * - M - > l * - 7 = 0, * > 0 , * - l a t o o ; (2.6) 

where R is the scalar curvature of the base metric and A is the chosen TT tensor. It turns out 
that one can always solve the Lichnerowicz equation for a well-defined conformal factor • on 
an asymptotically flat manifold with no restriction on A so long as the base metric is in the 
positive Yamabe class. In other words the space of the independent degrees of freedom of general 
relativity for maximal, asymptotically flat initial data consists of conformal three-geometries 
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with y > 0 and its tangent space. Adding sources (so long as they satisfy the weak energy 
condition [11]) makes absolutely no difference, we still need Y > 0 and nothing else. 

In the compact, without boundary, case we get essentially similar results. For maximal 
initial data (with or without sources) we need Y > 0 with no restriction on A. For moment-
of-time-symmetry data (with K s 0) with positive sources again we need Y > 0. The only 
exception is the vacuum moi^ent-of-time-symmetry when the constants reduce to R = 0 we 
need Y = 0. In the asymptotically flat vacuum moment-of-time-symmetry case we require 
Y > 0. The difference between these two situations can be seen by comparing (1.1) and (1.2). 
In (1.1) we ran use 6 = constant as a test function which means Y = 0. In (1.2) the test 
functions must go to zero at infinity which means that their gradients cannot vanish and Y 
must be positive even when R = 0. 

3 Positive Mass and the Yamabe Theorem 
The first indication that the Yamabe constant plays a deep role in General Relativity and is 
intimately connected with the total energy (among other things) arose in Richard Schoen's [7] 
completion of the Yamabe theorem. This result depends vitally on the positive mass theorem [12] 
of general relativity. The obvious way to show that the Yamabe constant satisfies an inequality 
such as (1.7) is to find a test function to substitute into (1.1) or (1.2). 

To fix our ideas let us consider an asymptotically flat manifold with Y > 0 which is flat 
outside a region of compact support. Since Y > 0 we know that this can be conformally 
transformed to one with zero scalar curvature (this was first demonstrated by Cantor and Brill 
[13]). This means that there exists a positive solution w to 

8V 2 # - Ä# = 0, # -> 1 at oo. (3.1) 

This would be a nice test function to use except that • does not satisfy the boundary conditions. 
The test-function that Schoen uses consists of using $ (or rather /?•, where ß is some constant) 
in the interior and using one of the flat space Sobolev functions (1.8) in the exterior flat region. 
Therefore we draw a surface of radius r 0 in the flat region and use 

0 = ß* r<r0 

a (3.2) 
S (o + r»)Va f > r ° -

We match the functions and their first derivatives at r = TQ, knowing that 

M 
* ~ > 1 + 2 r ' w i t h - w > ° - (3.3) 

We immediately get 

. ' ,M «.„-uti^KV"1 

«•=-•$, * « " " [! + £ ] ' • (3.4) 
It is clear that the positivity of mass is vital for this matching. 

The interior integral can be written as 

ß2 / { (V*) 3 + \R*2)dv = ß2l *$*-d?-ß7 [ * [ V 3 * - \R*)dv = ß2l *V# dl (3.5) 
J " JTBTQ J 8 Jrzfo 
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The exterior integral similarly gives 

l(Vufdv=l uVuda- r uV2udv. (3-6) 
J Jr=ro Jr=ro 

If I add both together, the surface integrals cancel (u, /? • and their first derivatives are matched 
on r = r 0 ) to leave the numerator of the Yamabe functional with this test function 6 as 

N{%) = - r «V 2udv. (3.7) 

Now the function u satisfies 
V2t» = - 3 « 5 , (3.8) 

(this is the analogue for the Sobolev constant of (1.4)). So then we immediately get 

tf(e) = 3rV<to. (3.9) 

This can be integrated to give 

*w-«{?-*(5)M?-f(sn- (3io) 

The denominator ca I be bounded by 
,1/3 

Therefore 

D{e) < If" u*dv] . (3.11) 

We clearly get the desired result 
2/3 

• • • ( * ) 
Y(g) < 3 \jj (3.13) 

with equality only when the mass is zero. The positive energy theorem [12] tells us that the 
mass is zero only for flat space. Therefore this completes the proof of the Yamabe theorem. 

This argument is not quite complete as it stands. Various adjustments need be made to 
accommodate, for example, the fact that $ is not spherically symmetric, that (3.3) is only 
approximately true. Also one would wish to relax the condition that the metric is <-~t outside 
a region of compact support. These changes can be made without changing the fundamental 
outline of the argument, and, particularly, without changing "he final inequality (3.12). These 
are laid out in detail in [14]. 

4 The Yamabe Constant and Positive Mass 
In the previous section I showed how the positive mass theorem was used to prove the Yamabe 
theorem. In this section I would like to invert that relationship and investigate the detailed 
connection between Yamabe constant and the mass, especially as the Yamabe constant goes 
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towards zero. In Section 2 I argued that the space of independent data of the gravitational field 
was the set of metrics with Y > 0. Thus by looking at metrics with small Y we are investigating 
(at least part of) the boundary of this set. Therefore, let us consider a smooth sequence of 
asymptotically flat metrics g\ with positive Yamabe constant, which go to a metric go with 
r(ft>) = o. 

All the metrics g\ can be conformally transformed to asymptotically flat metrics of zero 
scalar curvature. In other words, a positive solution • exists to 

8V 2 * - R* = 0, • - 1 at oo (4.1) 

for each g\. At go, however, Y = 0, which means that the manifold can be conformally com-
pactified to a compact manifold with zero scalar curvature. This means that there exists an 
everywhere positive solution 9o to 

8VJJ0O - Äo©o = 0, 9o - • 0 at oo. (4.2) 

(We only need Trading» [4] for this.) Farther, WP know that, asymptotically, 

e „ - > — with JBO 7*0. (4.3) 

Otherwise the compactified manifold would not be regular at the 'point at infinity'. 
It is easy to see that solutions to (4.1) and (4.2) cannot co-exist. Let us assume the opposite, 

that at go a regular solution $o to (4.1) exists, i.e. 

8V2* 0 - Äo*o = 0, #o - • 1 at oo. (*.4) 

Now multiply (4.2) by $o and (4.4) by ©o and subtract, to get 

8(0oV 0*o - *oVge 0) = 0. (4.5) 

The Green identity now gives 

/ ( 6 0 f *o - *o^0o) • dS - 0. (4.6) 
•Zoo 

The first term is zero, but the second term gives 4%Bo £ 0! Hence $o cannot exist as a regular 
solution to (4.4). 

To find out what happens to * as </A approaches go, let us repeat this calculation at a metric 
g\ £ go. In other words, let us add together 

8 0 O V 2 * - 0oÄ* = 0 (4.7) 

- 8 * ^ 0 0 + *Äo0o = O (4-8) 

-S*V*Qo + $*V2eo = 0 (4.9) 

to give 
8 / ( 0 O V 2 * - *V30o)<fo = / *{8(Vg - V 3 ) 0 o + (R - Ro)&o)dv (4.10) 

The left-hand-side, just as (4.6), gives 32*B0 (a constant). The right-hand-side is bounded 
above by 

(max*) / |8(Vg - V2)G0 + (R- Ro)Bo\dv. (4.11) 
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The term inside the integral sign in (4.11) goes to zero as g\ approaches go- This means that 
the maximum of • must become unboundedly large as g\ -+ go. Thus 

max • -+ oo as gx -* go- (4-12) 

However, i satisfies a linear elliptic equation (4.1) and this forces not only max $ to blow 
up, but all of *. In turn this allows us to extract a number of easy results about the behaviour 
of the R ~ 0 solutions which can be generated by the conformal transformation g = &g. These 
are: 

(i) The mass must become positive close to go. 

(ii) The mass becomes unboundedly large as g\ -* go. 

(Hi) All these R = 0 manifolds must have trapped surfaces. 

(iv) The mass scales like l/Y as Y -* 0. 

I will only prove (i). The fundamental mathematical result I need is the Harnack inequality 
[15}. This states that if one has a positive solution v to a linear elliptic equation on a ball B, 
then 

sup U<CH inf tt. (4.13) 
B B 

Let us now restrict our sequence of metrics somewhat. Let us assrme that each member 
satisfies two conditions: 

a) The mass surface-integral vanishes for each of them, and 

b) each of them has zero scalar curvature outside a region of compact support. 

Each of these can easily be implemented. 
Let us choose a surface 5 which surrounds the non-zero scalar curvature region and which 

we hold "fixed". The maximum of • cannot occur outside 5 because (4.1) reduces to 

V 2 * = 0 (4.14) 

there. Therefore it must occur in «de. Choose a number a which is larger than the Holder 
constant of the surface 5 for all the members of the sequence. Now when max # exceeds a, the 
minimum of * on S must exceed 1. * -• 1 at oo and satisfies (4.14) in the region between 5 
and oo. The min-max principle now guarantees that * > 1 in this region. In turn this forces 

M 
* -* 1 + — + ... near infinity (4.15) 

with Af > 0! This can be regarded as a strong-field positivity result. The mass becomes positive 
as y - • 0, i.e., far away from flat-space. 

(ii) The mass becomes large as Y -* 0. This follows directly from the positivity argument 
above. The value of • on S becomes unboundedly large and this drives up the value of 
the mass. This ratio between the value of * on the surface (the 'voltage') and the value 
of the mass at infinity (the 'charge') is just the capacitance of the surface S. 
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(iii) Proving that trapped surfaces appear is more complicated. Naively, one can see that 
as the mass becomes large, the ratio of M/2r at a surface of fixed radius can become 
unboundedly large. For the Schwarzschild solution M/2r = 1 is the horizon. Therefore 
M/2r large should signal the appearance of trapped surfaces. This simple argument has 
been made precise and will appear in a forthcoming article with Robert Beig [16]. Many 
of the ideas mentioned here have been developed in conjunction with him. 

(iv) The way the mass scales with the Yamabe constant is discussed in detail in Ref. [14], and 
in an earlier article [17]. 
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