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Particles simulations have been made of an infinite plasma slab, bounded by absorbing

conducting walls, with a magnetic field parallel to the wails. The simulations have been

either 1-D or 2-D, with the magnetic field normal to the simulation plane. InitiaLly, the

plasma has a uniform density between the walls, and there is a uniform source of ions and

electrons to replace particles lost to the walls. In the 1-D case, there is no diffusion of

the particle guiding centers, and the plasma remains uniform in density and potential over

most of the slab, with sheaths about a Debye length wide where the potential rises to the

wall potential. In the 2-D cue, the density proKle becomes parabolic, going almost to zero

at the walls, and there is a quasineutral presheath in the bulk of the plasma, in addition

to sheaths near the walls. Analytic expressions are found for the density and potential

profiles in both c.mms, including, in the 2-D case, the magnetic presheath due to finite

ion Larmor radius, and the effects of the g_fiding center diffusion rate being either much

less than or much greater than the energy diffusion rate. These analytic expressions are

shown to agree with the simulations. A 1-D simulation with Monte Carlo guiding center

diffusion included gives results that are in good agreement with the much more expensive_

2-D simulation.

• * Present address: Lawrence Livermore National Laboratory, University of California,

Livermore, CA 94550
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I. Introduction

Particle simulations can be a useful tool for studying the formation and steady state

behavior of sheaths near the boundaries of plasmas. To be certain of including all relevant

physics, such simulations would have to be fully three-dimensional, but 3-D simulations

are very expensive, and it is completely impractical to make extensive sets of 3-D simula-

tions with varying parmneters. Even with 2-D simulations, large numbers of runs can be

impractical, especiAny if the phenomena being simulated depend on resonances involving

only a mali class of particles, or on the interraction of physics on different time scales,

since in these cases a lar_ number of particles will be needed to reduce noise to a low level,

or a large nu_r of time steps will be needed. One-dimensional simulations, on the other

hand, are very cheap, and it is easy to make many runs with many time steps and parti-

cles, but 1-D simulations often leave out important physics that is present in two or three

dimensions. If it is possible to modify a 1-D simulation in such a way that the essential

two or three dimensional physics can be included, without doing a fully two dimensional

run, then e. great deal of computer _ime can be saved. At the very least, 1-D runs can

then be used to explore parameter space, and to determine an optimum set of parameters

for making a few 2-D runs, which may be used to verify that the two-dimensional physics

is being treated correctly in the 1-D runs.

To illustrate this, we show, in Fig. 1, the potential profile _(z) and electron density

profile he(z) for a 1-D simulation and, in Fig. 2, for a 2-D simulation, of a plasma slab

bounded by floating conducting walls at z - +Rp, with a uniform magnetic field B0 in

the z direction, paratlel to the walls and perpendicular to the simulation space. Models

related to this one can be used to describe the interface between the closed field-llne region
and the scrape-off layer in tokamaks. 1

The simulations were done using the electrostatic two-dimensional particle simulation

code ES2. s This code is of the explicit type, in that it includes full electron and ion

dynamics, and simulates plasma behavior on the time scale of the electron dynamics. 3

The simulation plane is periodic in the V direction with periodicity Lr, and is bounded

at z = Rp by a floating, perfectly condut_ing wall, which absorbs all particles. Inversion

symmetry 4 is imposed at z = 0 (so that in effect there is another wall at z = -Rp), _s well

as the boundary condition _ = O. A uniform ionization source is simu!ated by creating

ion-electron pairs at random positions mad times, and with random mad uncorrelated initial

velocities (with a maxweLUan distribution). For the 1-D simulation, Ly w_s set equal to
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0, eliminating the 9 dimension. In both simulations, the mass ratio rrz_/rrzewas 40, the

ion and electron temperatures were initisdly equal (and remained about equal) the thermal

..... ion Larmor radius was about 0.2Re, and the thermal electron Larmor radius was about

0.03P_. In the 1-D simulation, about 6000 particle_ of each species were present at a given

time, and the Debye length was 0.03R_. For the 2-D simulation, about 25000 particles

of each species were present at a given time, in a simulation area of 4R_, and the Debye

length was 0.06R e. The 2-D simulation was run for 1000 ion gyroperiods, at which time it

had reached a fairly steady state. (The 1-D simulation reached a quasi-steady state within

one ion gyroperiod.)

Before considering the obvious differences between the 1-D and 2-D simulations, we

note that in both cases the plasma has a potential that is negative with respect to the wall,

by a few times the ion temperature _, with most of th,e change in potential occuring in a

narrow sheath near the wall. Transport across a magnetic field is more rapid for ions than

for electrons, so in steady state the plasma must develop a potential that is negative with

respect to the wall, to make the ion and electron loss rates equal. This is in contrast to

the case where the magnetic field is perpendicular to the wall, which results in _ positive

potential with respect to the wall. (When the magnetic field is at an oblique angle 0 to

the wall, unless 0 is extremely small the flow of electrons to the wall alon E the magnetic

field will be much greater than the trausport of ions across the magnetic field, and the

plasma will have a positive potential with respect to the wall, of a magnitude that is almost

independent of 0.s,s)

There is another important difference between cross-field sheaths and sheaths devel-

oping along a m_gnetic field (or in an unmagnetized plasma). While it is possible to make

a collisicnl_s sheath model along a magnetic field, which may be modified when collisions

are included, it is not possible to model a cross-field sheath without collisions (or effective

collisions of some kind) to give cross-field transport. The form of the sheath will depend

very much on the details of the cross-field transport used in the model. (Daybelge and

Bein 5 calculate the prof-de of a collisionless sheath in the limit 0 _ 0 by assuming that

the ion and electron distribution functions are zero in the r_gions of phase space where

• particles go the wall, and maxweUian everywhere else. But their calculation, which gives

results quite different from our simulations, does not describe a self-consistent steady state

" on the time scale of cross-field transport, and has no relevance to the late time behavior

of our simulation models.)



The differences seen in the 1-D and 2-D simulations shown in Figures 1 and 2 are

due to the differences in cross-field transport. Initially, ions and electrons _ uniformly

distributed in =, the potenti_ @(z) is flat, and those pm'tides whose guiding center pofition

z_c -- = + vy/fl is within a Larmor radius v±/f_ of the wtJl can be lost immediately,

without any transport in zgc. (Here i_ is the gyrofi-equency, either f_ = eBo/rnic, or

fie - -eBo/r,_ec, and v± --- v_ + v_.) Since sn ion Larmor radius is greater than an

electron Larmor radius, more ions _.han electrons can be lost, and the plasma will develop

a negative potential. If the iov. plasma frequency w# is much greater than fii, then the

p.lasma will build up a negative potential @0of a few times T_/e when only a small fraction

of the ions within a thermal Larmor radius of the wall have been lost, triz. when those

ions within a few Debye lengths of the wall have been lost, and after this the ion losses

will almost cease. At this time the plasma is quasineutral with uniform density, and the

potential profile @(=) is fiat, except in sheaths a few Debye lengths wide (or an electron

Larmor radius wide if that is greater than a few Debye lengths) near the wails. All of the

rise in potential occurs in these sheaths, which have much lower density than the rest of the

plasma. In the 1-D simulation, there are no forces in the y-direction exerted on particles,

so there can be no change in a _particle's z_c, which is the y-component of its canonical

momentum. The potential and density profiles therefore remain in this state, as is seen

in Fig. 1. Actually this is not strictly speaking a steady state, since particles can diffuse

in energy, as a result of collisions with other particles in which part of the z-component

of momentum is exchanged. Even a particle with z0c not within a Larmor radius of the

wall can be lost, with no change in its zsc , if it diffuses up far enough in energy s¢ that

its Larmor radius becomes greater than the distance from z_c to the wall. The further zgc

is from the wall, the longer this takes. Eventually, the plasma density profile will evolve

to a narrow peak equidistant from the two walls, but if the width of the slab 2P_ is my cb

greater than a thermal ion Larmor radius p_ then the plasma will take an exponentially

long time to reach this state. For any reasonable number of time steps in the simulation,

the plasma density and potential will be essentially flat except in narrow sheaths near the

wall, _s seen in Fig. 1.

s

In a 2-D simulation, on the other hand, particles can change their zgc, as a result

of forces in the y-direction, either due to binary collisions with other particles, or due

to interraction_ with waves which have a finite y-component of wavenumber, ky. If the

ions have a characteristic collision time vi, then the time required for an ion to diffuse
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1. Potential and electron density profiles for a 1-D simulation with no diffusion of z_c.

Debye length and thermal electron Larmor radius are both 0.03Rp, and thermal ion Larmor
radius is 0.2Rp.
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to the wrAl will be on the order of R_/p_v_, and the electrons will diffuse to the wall in

a characteristic time P,_,/p_v,. Since the flow to the wall must be ambipolar, the species

with the shorter diffusion time, usually the ions, will be held back by an electric field, and

both species will diffuse to the wall in a diffusion time characteristic of the more slowly

diffusing species, usually the electrons. After a time longer than this, the density profile in

the quaaineutral region, away from the sheaths near the walk, will be determined by the

balance between diffusion in =8= and the source S(z)

dane
D.-_ + S(=) = 0

where D. _ p,2v, i8 the _ eoe_ci_at in eb.t:tron guiding center position. We have

neglected the effect of the electric field on the electrons. If D, and S are independent of

z, then the density profile will be parabolic, with a maximum in the center of the slab,

at z -- 0, and going to zero at the walls. The potential profile in the quasineutral region

will depend on the ion energy distribution, which in turn will depend on the balance

between _ion and loss of energy, and spatial diffusion, but in general the potential

will have a logarithmic dependence on density in this region, which is analogous to the

Bohm presheath 7. Near the wails there will be sheaths about a Debye length wide, with

a Debye length defined not by the density in the center of the plasma, but by the much

lower density near the wall, at the beginning of the sheath. Hence, for the same central

density and temperature, the sheaths in this case will be substantially wider than in the

1-D case. For a parabolic density profile, the sheath width will be approximately

=

where _/_ is the Debye length in the center of the plasma. Figure 2 _hows that the

density and potential profiles of the 2-D simulation are in approximate agreement with this

picture, although there are details, such as a macroscopic vortex structure resulting from

the nonlinear development of a Kelvin-Helmholtz instability, s that cannot be described by

spatial diffusion and an effective collision rate.

The fact that the density profile in the 2-D simulation is described fairly well as a

parabola go'rig to zero at the wall, suggests that much of the 2-D physics, which makes

the 2-D simulation look very different from the 1-D simulation, could be included in a

1-D simulation by artificially putting in a coefficient of diffusion in zgc, uniform in space.

This diffusion coefficient would incorporate all of the 2-D processes, such as ion-electron
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2. Potential and electron density profiles for a 2-D simulation, with central Debye length

0.06P,_, edge Debye length 0.12Rp, and thermal ion Larmor radius 0.18Rp.



collisions, Kelvin-Helmholtz instabilities, 9 and lower hybrid drift waves, 1° which cause

diffxmion in z_c, and would allow al! of the bulk properties of the 2-D simulation (although t

not, of course, such details as the Kelvin-Heimholtz vortex structure) to be reproduced

in a much cheaper 1-D simulation. A nontrivial check of such a notion would bc to see

whether the shape of the potential profile _I'(z) could also be reproduced, since this profile

depends on the interraction between energy diffusion and drag, which already sre present

in the 1-D simulation, _d spatial diffusion.

In See. II, we find the potential and density profiles that would be found in the 1-D

case, with no _ion in zgs, when the plasma has reached a quasi-steady state, with

further chsng_ (due to diffi_mionin energy) being exponentially slow. These profiles sre

compared to thee, seen in Fig. 1. In See. III, we calculate analytically what the density

_d potential profiles should look like with uniform ion and electron spatial diffusion

coefficients, considering first the limit where the ion spatial diffusion rate is much _ower

than the energy diffzmion rate. ThivJ limi_ is the appropriate one for the 2-D simulation

whose results are shown in Fig. 2, at least for z not too close to the wa_, since it involves

only one species of ions. Because collisions between like particles cannot result in any

diffusion in zgs, although they can result in diffusion or loss in energy, the ion spatial

diffxtsion rate in this simulation is due only to collisions with electrons, or to interractions

with waves, sad is consequently much lo_-_erthan the energy _on rate. It is shown that

the potential profile in Fig. 2 is in good quantitative agreement both with the analytic

expression (a simple Boltzmann relation between ion density and potential), and with

the potential profile of a 1-D simulation in which a weak spatial diffusion rate has been

artificially included. Near the wall, however, the simulation results sre not in such good

agreement with the analytic expression for the potential, because the ion spatial diffusion

rate is greater than the energy diffusion rate. If there is more than _one species of ion

present, as there often is at the edge region of tokamaks, due to impurities, them this limit

can also apply further from the wall. An analytic expression for the pozential profile is

derived in this limit, and is shown to agree well with 1-D simulations in which a strong

ion spatial diffusion coefficient has been artificially included.

The analysis in Sec. III does not include finite ion Larmor r_dius. This is appropriate

for simulations, such as the 2-D simulation shown in Fig. 2, where the ion Larmor radius

is less than or comparable to the Debye length at the beginning of the sheath, and indeed

this tends to be marginally true in the scrape-off layers of tokamaks. At higher density,



such that wp_ >> nl at the beginning of the sheath, finite ion Larmor radius must be

taken into account, and there are modifications in the potential within an ion Larmor
t

radius of the wall, even when this is much greater than a Debye length; this region, which

is quasineutral, has been called the "magnetic presheath" by Chodura. e In Sec. IV we

calculate the potential and density profiles including the effect of finite ion Larmor radius,

and show that, in the limit that the ion spatial diffusion rate is much greater than the

energy diffusion and loss rates, fimte ion Larmor radius has no eft'ect; the potential profile

found in Sec. III in this limit is exactly valid for arbitrary ion Larmor radius. In the

case where the ion spatial diffusion rate is less than the energy diffusion and loss rates,

there are some modifications to the potential in the magnetic presheath, within an ion

Larmor radius of the wall. However, most of the drop in potential still takes place in the

much narrower non-neutral Debye sheath, of width comparable to a Debye length, near

the wall. (A similar calculation was done by Holland, Fried and Morales, ix who also found

a Debye sheath and a magnetic presheath, but not a Bohm presheath because tSeir source

was located at m --, "oy rather than being distributed throughout the plasma.) This is

confirmed by 1-D simulations, with spatial diffusion artificially included, and with different

values for the ion Larmor radius. An argument is given suggesting that this would not

be true in a 2-D simulation, where ion-electron collisions and current-driven instabilities

might be expected to broaden the Debye sheath, resulting in a potential profile whose

scale length near the wall is not a Debye length, but an ion Larmor radius. We have not

been able to do a 2-D simulation to confirm this conjecture, since such a simulation, with

wpi _ fli, would require many more particles than the simulation shown in Fig. 2, and

would be very expensive. A summary and conclusions are given in Sec. V.

' II. 1-D Modei Without Diffusion

Suppose the ions and electrons are initially maxwelli_m and uniformly distributed in

Xgc

fi(_.Xgc)= nomiT_-lexp(-,/Ti) (I)

f.(e.x,c)= nomeT_-_exp(-e/T.) (2)

o

where, for the ions

+v

,xg_.= x + v_/fh (ab)
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and for the electrons

, = _.(',,,._+_) - ,,_(-) (4_.) .

ii: - z - vi/N, (4b)

Eqs.(1) and (2) may be written as

.f_ = nomi Ti- lexP(-e_( z ) /T_ )exp(-m_vf2 /2T_ )exp(-mlv_ / 22] ) (5)

f,= nom,,Tj_exp(+e'_(z)/T,,)exp(-m,v_/2T,)exp(-m,v_/2T,,) (6)

and the ion and electro, densities are

(7)
= 2/2T. ),_.(_) ,',o,_.TJ'_,q,(+.'_(.)/T.) d,,._p(-,_.,,_./2T.) d,,_,_,(-._.,,_

(8)
Poisson's equation

d2

" _ I = 4_',(li. - ri_)

determines @(z), which in this case is equal to 0, initially. Within a gyroperiod, particles

with _ and zlc such that v, > 0 at z = :t:R_ will go to the walls and be lost. The condition
for this is

1

> _m,(,,,o -R,)_n_ + e,I,(R,,) (9)

for ions, and
1

, - ,)n_-- e<i,(n,,) (IO)> _,',,,(x,o Rp "- "-

for electrons. At this time, before any diffusion in e has taken place, the distribution

functions will just be maxwellians truncated in this region, cii(z) will no longer be equal ,

to zero everywhere, but will adjust so that Poisson's equation is satisfied with these new

distribution functions. Changing variables from va and vy to ¢ - m_v_/2Ti and _ =

(m_v_/2T_) 1/1, the new ion density is

,_,(_) _-_,_oT;_xp(-_,_iT_)f_:':,_p(__,) f _'.:= dC ¢-i/ee-_ (11)
,#0

where Omr, is the ¢ at which an ion can get to the wall, from Eq.(9) '.

0,... = (½_,[(_,,=__)2 _ (:,.<__,)_]n_+_[<I,(_)-<I,(_,)])/_q (_2)
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or, expressed in terms of _

• tb,n.. - (2m_lTi)l/2121(_,_.. - _)(R_ - =) (_3)

• and _m.= is the _ at which _b,n.= = 0

(Rp-=)n, + (14)= (2miTi)l/2(Rp - =)i21

Similar expressions hold for tlhe elect_'ons, but with e replaced by -e in the second term

of the expression for _,.u, and with 121, T_ and mi replaced by fie, T. and me. The ni

appearing in Eels.(13) and (14) is really INil, so does not change sign when replaced by li.

in the electron expressions.

The _ integral in Eq. (11) is

" = (15)¢-1/2e-_b

Assuming, as will be shown a paste_, that the potential drops by more than Ti le from

the wall potential in a distance much less than a thermal ion Larmor radius from the wall,

we find that ¢.,.. >> 1 (in whi_ case _(,__..) _ 1) unless R_ - = << (T,/m_)l/_/n,,

which cue ¢,,,.. _ ,,[<t(R_)- <I>(=)]/:a. in _th_ c_

,rf(_) _,rf (_['(R_) -'(_)])_/']T,

independent of _m.®. Then, i}rom Eqs.(ll) and (15)

Ti Ti (16)

The assumption that the potential drops more than Ti/e in much less than an ion Larmor

radius from the wall also implies that _,_a= >> 1 for any _. Then, from Eq.(16),

ni(=) = n0exp T, err " 9'] (17)

This expression applies at a time on the order of an ion gyroperiod after the particles are

• initially loaded with uniform density, but before any diffusion in energy has taken place, so

the ion energy distribution cuts of sharply at the maximum energy given by Eq.(12). After

9



a fewenergydiITusiontimes,thisshm'pcutoffinthedistributionfunctionwillDesmoothed

out,and the dimtributionfunctionwillgo linearlytozeroat themaximum ener_, rather

thsn_oin_tozerocUscont_mloumly.This situationmay be modelledby using

inmte_ of F._q.(17).Tltimwillhsve onlya minor effecton the potentialprofilewe will

calculate,boforsimplicity_ willtm_theoriginLlex_reuionforn_(z),Eq.(17).

Fortheelectrons_when z ismore thana few electronLarmor radiift-orethewail,then

_',,,_,::_1 mad _,,,u::_'1,so

rt°exP 1-4-e@(z)T, ) (19)ne(_)

butwithina few Larmor radiiofthewallV_,_,,isingeneralneitherlaxsenorindependent

of_m,,,,and we must use

(20)
where

The potential@(z) may now be found by puttingEqs.(17)and (20)forNi(z)and

n,(z)intoPoimnon'sequation.We willnotsolvefor@(z) exactly,but willcomment on its

qualitativebehavior.Inthecasewhere theDebye lengthismuch greaterthan an electron

Larmor radius,Eq.(19)may be used forthe electronswhen Rp - z isgreaterthan or

comparabletoa Debye length,and Poisson'sequationbecomes

Inthiscasethepotentialdropsfrom O(Rp) down to _o, which isa drop ofa few times

7_/e,in_ sheath_bout a Debye lengththick,and incloseto@0 inther_-stoftheplasma.

Nothingspecialhappens when /_- z iscompaxablcto on ion Larmor radius.When

10



Rp - z is comparable to an elect,_n Larmor radius, we mt:st use Eq.(20) for he, and _,z

is positive, approaching 0 as z approaches the wall. The electron density is reduced by a

factor of 2 in this region, but over this short distance the reduction in electron density has

little effect on the potential. In the opposite limit, where the Debye length is much less

than an electron Larmor radius, Eq.(20) must be used for the electron density throughout

the sheath, and _ would be very negative if the potential dropped more than Te/e in a

distance much less than an electron Larmor radius. In this case ne from Eq.(20) would be
r

exponentially small thro_g_hout the sheath, and Pois_on's equation could not he satisfied.

Eence the potential cannot drop by T,/e over a distance much less than an electron Larmor

radius from the wall. This will mske _,_, _ -1 in the sheath, which will be about -_.n

electrun Larmor radius wide, and allow Poisson's equation to be satisfied.

In summary, in the case of a 1-D simulation with no dif_us_ , in z0c we expect that

the potential will be nearly flat in most of the plasma, anei will rise up to the wall potential

(a few Ti/e) in a sheath of width comparable to the greater of the Debye length and the

electron Larmor radius. This is exactly what isseen in the I-D simulation result shown in

Fig. I. A series of I-D simulations with different values of _he Debye length 12 shows that

the sheath width scales with the Debye length.

Eli. I-D Model With Diffusion

The ion and electron distribution functions are fi(e, z_e) and fe(e, zsc)_ where e is the

energy and zsc is the guiding cen_er position. In steady _tate dfe/dt = 0 and df_/dt = O,
sO

O_O_fi a o o o aD..i az,, . _Vifl 4- _eeD,.i'_efi 4- "_e ifi -b Si -- 0 (23)

ao aOz'-'-_eD . ,. f. -6 Vef . + -_eD . ,. _e f ,, + _ Ge f e "6 S e "-0 (24)

where (for each specie-) D= is the spatial diffusion coefficient, V is the radial flow velocity

due to a force in the y-direction (which may occur, as a result of collisions or instabilities, in

2-D, and could also be imposed artificially in l-D), D, is the diffusion coefficient in energy,

G is the energy loss rate, and S is the source. The coefficient_; Dffi, V, D_, G, and S are all, in

general, functions of e and ego. If the sources are locally maxweUian and (when integrated

• over energy)independent of z, then S, will be proportional to exp[(-e- e'_(z))/T,] for

e > --e,I_(z) and zero otherwise, while Si will be proportional to exp[(--_ + e'_(z))/Ti] for

• e > e@(z), and zero otherwise. (Although z has a complicated dependence on xgc and e

near the walls, where @(z) has a scale length less than or comparable to a La.inor radius,

11



the sourceterms are not important in these regions, whereas far from the walls z _. zgc.)

We have set the radial dr_ft terms _ and _ equal to zero in our 1-D simulations, since we

have found that it is not needed to reproduce the re_ts of the 2-D simulations, although,

for reasons given in Sec. V, such a term may be needed to reproduce 2-D simulations at

higher density.

We first consider the case where the energy diffusion and energy loss rate for each

sI_cies is much greater than the _ion rate in zinc for that species. This is appropriate

for the 2-D simulation shown in Fig. 2, since there is only one species of ions, and there

is no contribution to ion spatial diffusion from ion-ion collisions, only from ion-electron

collisions (which have a collision rate that is lower than the ion-ion collision rate by the

mass _mtio) and perhaps from interractions of ions with waves. Ion-ion collisions can,

however, cause energy diffxmion. The dominant terms of Eqs.(23) and (2,_) are then

a of ' ogD,,, a, + ge,/, = o (25)

_ab _as, _aa8e "'Be +& "/'=° (20)

subject to the boundary conditions/i,,(e, =ge) -'+ 0 as e -. 0o. The source terms have been

neglected, since, in steady state, they must be equal to the losses, which are due to spatir_l

diffusion and flow, which have been assumed to be small compared to the energy diffusion

and energy loss terms. The energy diffusion and energy loss terms for the electrons are

dominated by Coulomb collisions with electrons, and the energy diffusion term for the ions

is dominated by Coulomb collisions with ions. Unless T, _: Tj, the energy loss term for

ions is also dominated by Coulomb collisions with ions. If we neglect finite Larmor radius,

so that zgc _ z, then the energy diffusion and energy loss terms at a given z0c depend

only on the distribution function at that =ge. Eqs.(25) and (26) then imply zs that the ion

and electron distribution functions at a given =_c are maxwell;an

n'(='C)exp(-_ + e_(z'c)) for_> e'(z,c)

= o for _< _(=9_) (27)

'_'(=_)(-_- _¢(_'_))lo,_> -_,(=g_)
= 0 fo,.' e < -e4'(zgc) (28)

la"j



where we have used the approximation q,(z) _ #(z_c). The densities and temperatures

are determined by the spatial diFmsion and source terms in Eqs.(23) and (24) which were

neglected in Eqs.(25) and (26). If we integrate Eqs.(23) and (24) over e, then the dominant

terms, the energy diffusion and energy loss terms, vanish, because the Coulomb collison

operator conserves particles. This yields one equation for ni(Zse ) and Ti(z_c) and one

equation for n,(z,c) and T,(=,c). The source term may be neglected for the ions, since

it is equal to the electron source term, hence comparable to the electron spatial diffusion

term and much less than the ion spatial diffusion term. The remaining ion term, the spatial

diffusion term, may then be integrated over zsc , giving

de D,,ie-('-'*)/r' _ + Ti d.z_e +

( _: ) ni dTi - const (29)

The constant on the right hand side of Eq.(29) is equal to zero if the plasma slab is

about z. The electron equation is

(£ ) )d de D,,,,e -('+"_)/T" ( dh,, en, d#
dz,---_c,+ \ dzgc T, dz,e +

(£ ) £d de(e+ _ - T,)D,.,e-('+'_)/T"n, ciT, (,+,,)/2".
,. T_, dz,c t- ,_, de See- = 0 (30)

Another pair of equations for the ion and electron temperatures and densities may be

obtained by multiplying Eqs.(23) and (24) by e and then integrating over e. This again

causes the dominant energy diffusion and energy loss terms to vanish, since the Coulomb

coUision operator conserves energy, and we neglect transfer of energy between ions and

electrons, which we assume takes place on a time scale even longer than the electron

spatial diffusion time. We integrate the resulting ion equation over z_¢, and subtract e_

times the left hand side of Eq.(29), to obtain

(z- )< )de (e -- e_)Dz,ie -('-'4')IT_ 1 drt_ erti d_
,_ Ti dzgc _" T_ dx,gc +

. (le: de (e_ e#)(e- e@- T_)D,:,,e_(,..,_,)/T,)T ani _-ggcdTi-0 (31)

while the electron equation is

(L" )(d de (e + e#)D,.,e -('+'_)lr" 1 dh, en, d_,. T, - +
13



d de (_ + e@ - T,,)(e + e_)D=,ee -('+e_')/T" Td' d=.,+

/_"1 de (e e@)5',e -('+'_)/T° -0 (32)

Note that the two equations for the ions, Eqs.(29) and (31), may be written as

T_ dzgc + A12"'-'- - 0 (3_a)dz_c

A,, + T, + =0 (33b)
where the A_j's are various energy moments of the diffusion coefficient D=,i. Then, unless

AIIA_- AI2A21 happens to vanish (and there is no reason why it should),

d_ en_ d@
+ = 0 (34)

• _g_ Ti d=g_

and
dTi

=o (35)
In other words, the ion temperature is the same everywhere, and the ion density is related

to the potential by a Boltzmann relation. This simple result does not depend on the details

of the collision operator, but only on the fact that D=,i :_ D=,_, so that the ion source

term Si, which is equal to the electron source term Se, may be neglected compared to

the ion diffusion term. Physically, the reason for this result is that the potential adjusts

itself to make the ion particle flux nearly vanish (so that it can be equal to the electron

particle flux), by making the d@/dz contribution to the ion particle flux nearly cs_ucel the

dn_/dz and d_/dz contributions. This makes the convective part of the ion heat flux

nearly vanish, but there is also a conductive part of the ion heat flux, proportional to

dT_/dz, which in general will be comparable to one of the terms in the convective part,

hence much greater than the convective part. Since there are no sources or sinks of heat

for the ions, other than the sources and sinks of particles, the conductive heat flux will

rapidly make the ions isothermal, wi:h a temperature Ti equal to the mean kinetic energy
of the ion source.

No suchsimpleresultcan beobtainedfortheelectrons,sincetheelectronsourceterm

iscomparablctotheotherterms.However,a major simplificationoftheelectronequations

may be obtainedifwe assume thatT_ ismuch greaterthaneO. Since,asfollowsfrom the
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ion Boltzmann relation, Eq.(34), e_ will be comparable to T_, this approximation will hold

if the mean energy of the electron source is much greater than the mean energy of the ion

' source. Then the d@/¢_, term in Eq.(30) may be neglected and Eq.(3O) may be written

. + =o (36)

where D.,. and _. are averages over energy. In general D.,. will depend on the electron

density ne and temperature Te, which must be found self-consistently from Eq.(32), which

represents a balance between the electron source, convective and conductive heat flow,

and sink at tl-e walls. D=,e may also depend on the ion density and temperature, and

perhaps on turbulence as weil. If we make the crude assumption that _=,eis independent

of z,c, take Se independent of z0c (as was done in the simulations) and use the boundary

conditions ne -- 0 at z "- _R_, then Eq.(36) gives a parabolic electron density profile.

This was true to a good approximation for the 2-D simulation, which suggests thatthe

assumption of uniform diffusion coefficient b,,, is not a bad one. This is consistent with

the evidence, reported previously, s that the electron diffusion in the simulation is not due

primarily to Coulomb collisions, but is dominated by turbulent convective cells, which

might be expected to _ all electrons at about the same rate.

The ion density and potential may be related to the electron density, which is now

assumed to be fixed, by Poisson's equation. For z more than a Debye length from the wall,

this means that the plasma is quasineutral, r_i _ r_,. The potential _(z) in this region, the

Bohm presheath, may then be found from the ion Boltzmann relation, Eq.(34). We find

¢I,(x) -- 4,(0) - Tiln(1 - x2//_) (37)

The potential does not really become infinite at z = -4-p_, of course, since the density does

not quite go to zero at the wall, but is a low value such that the ion flux to the wall is equal

to the electron flux to the wall, and the potential at the wall is generally a few times T_/e.

(An accurateexpressionforthewallpotentialcannotbe foundusingEqs.(29)and (30)as

a startingpoint,eveniftheionsourceterm isincluded,since,aswillbe discussedbelow,

theionspatialdiffusionrateisnot smallcompared to_heenergydiffusionand energyloss

" rates near the wall, and the Boltmann relation for the ions, Eq.(34), is not valid there.)

Figure 3 shows the potential @(z) for a 1-D particle simulation using the PDW1

' code, 14 with spatial diffusion artificially added by including random scattering from fixed

scattering centers, in Monte Carlo fashion, by both ions and electrons. This Monte Carlo
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3. Potential profdes from a 2-D simulation, from a 1-D simulation with Monte Carlo

diffusion of zgc, with similar Debye length and ion Larmor radius, and from Eq.(37).



collision frequency was made small enough so that the spatial diffusion rate was less than

the energy diffusion and energy loss rates (which were due to Coulomb collisions with

• other charged particles in the simulation). The simulation has been allowed to run for

10,000 time steps, corresponding to 250 ion cyclotron periods, 8 ion collision times, and

* 1000 electron collision times' An implicit electron mover was used, so that the time step

could be set equal to an electron cyclotron period; in effect only the electron guiding center

positions were followed. During the run, about half of the particles went to the wall and

were replaced by source particles. The potential from this 1-D simulation is compared to

the theoretical @(z) from Eq. (37), and to @(z)for the 2-D simulation shown in Fig. 2.

The potential profile from the 1-D simulation is in good agreement with the 2-D simulation,

the main difference being a feature in the potential profile of the 2-D simulation caused by

a Kelvin-Helmholtz vortex, which of course we would not expect to reproduce in the 1-D

simulation. The potential profile from Eq.(37) differs from that of the 1-D simulation by

less than 15% throughout most of the plasma, but the two become significantly different

as z gets close to the wall. This difference is not due to the breakdown of quasineutrality

within a Debye length of the wall, since quasineutrality is still a very good approximation

in the region where Eq.(37) and the 1-D simulation start, to differ, but to the failure of the

ordering that the ion diffusion time to the wall, (z - R_)2/D_,_, is much greater than the

energy diffusion and energy loss times. This means that the ion distribution function is no

longer locallymaxwenian,but isreducedatenergiesabove e(_(R_) - @(z)),theenergy

atwhich an ioncan reachthewalland be lost.Then theiondensitywillfallmore rapidly

withincreasing_ than itwould ifthe Boltzmann relation,Eq.(34),were satisfied,and

_(z) willnot be ashighasone would expectfrom Eq.(37).Inthisregion,@(z) may be

" found by solving Eqs.(23) and (24) in the opposite limit, where the energy diffusion and

energylossrateforeachspeciesismuch lessthan thezgcdiffusionrateforthatspecies.

We now consider that limit, taking it as true throughout the slab. (However, we

will still assume the ion energy diffusion rate is greater than the electron spatial diffusion

rate, otherwise the potential q_(z) will be nearly flat, varying much less than Tj across the

plasma, to avoid having the confinement time of the coldest ions be greater than that of

• the electrons.) This is also an appropriate Limit for the edge region of a tokamak with a

moderately large impurity density. Spatial diffusion for hydrogen ions will be dominated by

- collisions with impurity ions, but such collisions will not cause much energy diffusion if the

impurity ions are much more massive than the hydrogen. As before, we take'F_ = V_ - 0

16



in Eqs.(23) and (24), and we assume that Te >> T_, which allows us to neglect the effect

of the potential (which will have variations across the plasma of order T_) on the electron

flux. The electron distribution is the_ given by

02

Df,,,-_f,(e,=) + S,(e) = 0 (38)

If Se(e) goes like exp(-e/T,,), and D,,,, is uniform and independent of e, then h has the

same dependence on e. Integrating Eq.(38) over e then gives the electron density profile,

where no = 1_$/2D=,,, S is the source S_(e) integrated over e, and we have used the

boundary conditions he(Z) =0 at the walls, z = :t=Rp. Equation(39) is valid for z more

than a few electron Lm-inor radii from 21, , where z_e _ z is a good approximation.

To find the potential _(z), the ion diffua/on equation is used to find n_(z) in terms of

• (z), and then Poisson's equation

d2
_-_ @ = 4_'e(ne - n_)

and Eq.(39) for n,(z) are used to solve simultaneously for (I,(z) and ni(z). This procedure

is considerably simplified if z is more than a few Debye lengths from the wall. Then

Poisson's equation implies r_Cx) _. n.Cz).

Since we are assuming that the ion energy diffusion rate D,,iT( "2 and energy loss

rate GiT( "t are much less than the radial diffusion rate D.,iR_ -2, and since D=,i >> D.,.,

ions with energy greater than the confining potential e0(R_) will be lost in a time short

compared to the average ion loss time (which in steady state must be equal to the average

electron loss time), hence fi(e,z,.) _ 0 for e > e0(R_). Ions with energy less than

e.t.= -= e0(R_) will never be lost until they diffuse in energy up to e,_a=, at which time

they will be lost almost immediately. The ion loss flux will then be equal to

0

evaluated at e = e,na= and integrated over x. This loss flux must be equal to the electron

loss flux and to the source S integrated over z. If, as is reasonable, Gi < D,,iTi -1 and

De,iT( -2 >> D©,eRp-2, then enta= will have to be a few times _, so that the ions are lost
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when they are far out on the tail of the distribution /_(e,z, _), which will be roughly

maxwellian at energies well below e._u. For ions with e < e_as, which are almost all of

' the ions, the radial diffusion term willbe much greater than the other terms, which may

be neglected. Then Eq. (23) becomes

o_----;_z_,,, I_(_,,,o): o (40)/
/
/

Equation(4O)maybeint_r,atedoverz_:,usingthefactthat (bysymmetry)OI_/Oxg:_0
at rag:= 0 .(wherewemaytake_._ zg:). Then

sO

f, Ce,z,c) = F(e)

independent of z_:. To find F(e) it would be necessary to solve a differential equation

which includes the energy dif[usion, energy loss, and source terms, integrated oyer the

range ofz_c for which e_(zgc) <e (since radial diffusion takes piace on a much faster

time scale than the energy diffusion and energy loss), subject to .the boundary condition

F(_,,,,,) = 0. Since the source term at least will depend on q_(z_c), which is not known

yet_ and depending on the details of the model the energy diffusion and loss terms may

depend on F(e), it could be a difficult numerical problem to find F(e). Instead, we will

assume that

F(_)= e_(-_Im_)-_xp(-_,_:,Im,)for_< _,_,
= 0 for e > e,n.. (42)

which ;s qualitatively reasonable, and is probably exactly right for some model of energy

diffusion and loss. The ion gmiding ,':_-nterdensity n_(zgc) may then be found by integrating

F(_)from_(_o) to_.,. we rind
1

[ ( ][ ( ) ]' ni(m_c) --n0 e -e4'/Ti ], +em:= -eC_'_e__,,,,,.®/T , 1 - 1 "4" e.._ma.__ze_,,,,,.®/T i

,(43)
" Taking mac _ m and setting the fight hand side of Eq.(43) equal to the electron density

n,(z) gives the potential ¢I'(z) in the Bohm presheath. Although q(x) is the solution to a
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transcendental equation which cannot be expressed in closed form, we can express z as a

simple algebraic function of _

T, ] (44) •

Figure 4 shows a plot of 4_(z) and n(z) for e,ns=/_ = 3, using Eqs.(39) and (44). The

plot would look identical to the naked eye for any e,_,z/T_ > 2.5. This 4_(z) has infinite

slope at the vrall, but of course it is valid only for z more than a few ion Larmor radii away

from the wall, where xsc _ z is a good approximation, and for z much more than a Debye

length from the wall, so that n, - n_ is a good approximation to Poisson's equation.

Fig_u-e 5 shows the potential @(z) for a 1-D particle simulation with spatial diffusion

artificially added by a Monte Carlo coUision operator, as in Fig. 3, but in this case the

Monte Carlo collision frequency was made great enough so that the spatial diffusion rate

was much greater than the ¢_ergy ditfusion and energy loss rates. For comparison, the the-

oretical @(z) from Eq. (44) is also shown. The theoretical 4_(z) is in good agreement with

the simulation result, except within a few Debye lengths of the wall, since the theoretical

@(z) did not include finite Debye length, but assumed quasineutraiity everywhere. The

densities he(z) and n_(z) found in the simulation are virtually identical to the parabolic

profile given by Eq. (39), except within a Debye length or so of the wr_ll, where they are

both much lower, especially r_(z). (The relevant Debye length here is not the Debye length

in the center of the plasma, but the edge Debye length 5z -(/_/2)1/3A_ 3, for which the

Debye length is equal to 8z at a distance gz from the wall.)

IV. Finite Ion Larmor Radius

We now consider how _(z) will be modified for z within an ion Larmor radius of

the wall, in the "magnetic presheath." The equations of motion for an ion in a uniform

magnetic field B0 _nd a potential 4_(z) axe

dr= e d_
d--T= (45)m_ dr

dv_
d'-'t-= -v=f_i (46)

where f_i = eBo/mlc and vz = dz/dt. Integrating Eq.(46) over t gives

., = (47)
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Eq.(44). Forthe simulation the central Debye length is 0.018P_, the edge Debyelength i_

O..055Rp,and the thermal ion Larmorradius is O.18P,q,.



Putting Eq.(15)into Eq.(45), and integrating over x yields

, 1 d_ 2 _:,1 _2a2_ e _(z)+--- (48)

• In other words, the motion of:_an ion in • is described by an effective potentiM energy

O,(' ,_)= _m, Cx,c - x):_fl_ + ce(x) (49) }i,fi
%¢

Ions a_e lost to the wall when_ they,,reach theloss boundary in (e, xgc) space, given by "_,,

(50),

This loss boundary is a parabola with its minimum at z_c = Rp and e = e,_,= (defined as

in Sec. II), shown aa a solid curve in Fig. 6. In the limit that diffusion of ions in xg_ is

much more rapid than diffusion in _, which we consider first, the ion distributi0nfunction

li(e, zgc) must go nearly to zero at e = _,_.=, the lowest _ to, intersect the loas boundary. In

the opposite limit, f_(e, zgc) would go to zero at the loss boundary. In addition to the loss

boundary, there is another significant boundary in (e, zgc) phase space, the boundary of the

non-physical region where particles cannot go because their effective potential energy Q(z)

is greater than their total energy e for ali _. This non-physical boundary e = e,,itL(zgc) is

shown by a dashed line in Fig. 6. It is calculated by simultaneously solving the equations

½mi(x - _. 2 e_(x) -- 0 (51a)

d_
m,(x - xgc)a_ + e_(x) ---0 (51b)

for the two unknowns e,,,,_ and x. (The curve for e,ni,_(xgc) shown in Fig. 6 was computed

using the O(z) satisfying Zq.(44), which as we will show a poate_ is correct even when

finite ion Larmor radius is taken into account, in the limit that the ion spatial diffusion

rate is much greater than the energy diffusion rate. In the opposite limit, the 4,(a_) given

by Eq.(37) has to be corrected for finite ion Larmor radius, so an iterative procedure would

have to be used to find _,,_i.(zg,), but it would still qualitatively resemble the curve plotted

in Fig. 6.) Ions in the loss region of Fig. 6 are lost to the wall in _. gyroperiod. Ions in

= '_ the confined region, between the two curves, are confined for a radial diffusion time if they

have e > e,,,_. (which is equal to 3T_ in Fig. 6), and for a (much longer) energy diffusion

time if they have e< e,_a=. Ion orbits for the points ii: phase space labelled A, B, and C

in Fig. 6 are shown in Fig. 7.
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7. Ion orbits for the points in phase space labelled A, B, and C in Fig. 6.
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The ion density n/(z) is given by

f += f.._® ;'_(_,z,,,) '= ]_® .. (52)dg_ ,,.{=)_ _
In the case we are considering, with ion spatial diffusion rate much greater than energy

_on rate, a reasonable gue_ for the ion distribution function which is valid even for

zgc within a Larmor radius of the wall is

.f,(,_,_,)= F(,0 (53)

whereF(_) is stiUgivenby Eq.(42). BecauseYiC_,=,c)has no explicitdependenceon

Zlc , the zgc integral in Eq.(20) can be put inside the e integral, with the lower limit of

the e integral replaced by limits on the :gc integral, z - [2(e - e_I')/m_]I/2fl_ -I < zg_ <

z + [2(e - e4,)/m_]'/afl_". The z,c integral is then oi"the form f_+:dx,_[=l_- a]-'/' = _,

with no dependence on e, and Eq.(52) j_mt red.ucee to Eq.(43), the expression we used for

ni(z) neglecting finite ion Larmor radittl. In other words, Eq.(43) for n/(z) and Eq.(44)

for cI,(z) are valid to ali orders of finite ion Larmor radius, in the Limit that the ion spatial

diiTtmion rate is much greater than the energy di_xlsion rate, so that fi(e, zgc) has no

explicit zgc dependence.

In the other limit, where the ion spatial diffusion rate is much less than the energy

diffusion and 1o_ rates, a rmmonable guess for fi(e,z_c) is

,li(e, zsc) = exp(-e/Ti) -exp(-Q(R_,)/Ti) (54)

for e < Q(R_), and fi(e, zgc) = 0 for e __ Q(R_,). Here Q(P_), which is a function of zg¢,

is given by Eq.(49). For z - z0¢ mo:e than a few thermal ion Larmor radii from the wall,

Q(R.p) _ T_, so, to excellent approximation, fi _ exp(-e/Ti). For z more than a few

thermal ion Larmor radii from Z_c, the lower Limit of the e integral in Eq.(52) is much

greater than Ti, so these zu¢ do not contribute _ignificantly to ni(z), and it follows that

for z more than a few thermal ion Larmor radii from the wall, fi _ exp(-e/Ti). Then

fi(e, zgc) has no explicit zgc dependence, and the expressions we derived before for ni(z)

and q_(z) are valid. Within a few ion Larmor radii of the wall, the zg_ dependence of

fi(e,z_c) must be retained. Then, for z near R_, but many ion Larmor radii from -R_,

, r_,(_) = d.¢,_c de exp(-e/T_)-exp(-Q(Ph')/T_) (55)
' s,,.c._+½,.,,c:-:,,<',, [_- _¢>(x)-½,,,,,(x-_,,<)_fl_']_/__D Icl °°i
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where z,,_a= is the zgc at which the upper and lower Limits of the e integral are equal

1 _[_(_)- _(ffi)] (5_)" _'" = _(_+_) + ,._n_(_ - _)

. Then, doing the e integration,

er,_ _

(-,c.cR.)-T, ")) r,- ) 2. a CR.- - ",ot7)

The integral is nearly equal to 1 when the argument of the err is much greater than 1,

since in this case the err is nearly 1, and the second term in the integral is exponentially

small. This is true to excellent apprcmmation whenever z is more than a few Larmor radii

from the wall, and in this case n_(z) is hardly affected by finite ion Larmor radius. Even

if z is within an ion Larmor radius of the wall, but much more than a Debye length from

the wall, the argument of the err will not be much less than 1, because cI,(z) will be at

least T_ below the wall potential (since most of the rise in po;ential takes piace within a

' few Debye lengths of the wall). In this case, the integral will not be reduced by more than

a factor or 2 or so, so n_(z) will be within a factor of 2 of the value that it would have,

at that cI,(z), if finite _on Larmor radius were neglected. Hence the self-consistent <I,(z) in

this region, including the effect of finite ion Larmor radius, will only be a fraction of T_

above the value it would have if finite ion Larmor radius were neglected, and it will still

. be true that most of the rise in potential (which we assume is a few times T_) will occur

within a few Debye lengths of the wall. The width of the sheath, where most of the rise

in potential takes pl_,ce, might be increased by a factor of 2 or so as a result of finite ion

Larmor radius, but it will still be comparable to a Debye length, even if a Debye length

is much narrower than an ion Larmor radius. The magnetic presheath will only ha_e a

modest effect on the potential profile, raising it some fraction of Ti within an ion Larmor

- radius of the wall.

In Fig. 8 we show the potential profile q,(z) for two simulations with the same Debye

" length but with ion Larmor radius difl'ering by about a factor of 2. In one case the thermal

ion Larmor radius was 0.082P_ and in the other case it was 0.154Rp. The Monte Carlo
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8. 1-D simulations with Monte Carlo diiTusion in zgc, for two different values of the thermal

ion Larmor radius, 0.154Rp and 0.082Rp. For both simulations the central Debye length

is 0.022Rp and the edge Debye length iu 0.065Rp.



ion collision frequency is great enough to make the spatial diffusion rate greater than

the energy _ffusion rate, mad, sz expected in this limit, the potential profile is nearly

- independent of ion Larmor raditm. The potential profiles do not differ by more than 0.2T_

at may z, despite the factor of 2 difference in ion Larmor radius. The small differences

" that do exist in the potential profile (due to the fact that the energy diffusion rate is not

completely negligible comps_'ed to the spatial diffusion rate) are greatest within an ion

Larmor radius of the wall, the region of the magnetic presheath. In order to show that

the scale length of the potential near the wall is comparable to tna Debye length, we show

potential profiles for two simulations with Debye length ditfering by about a factor of 2, in

Fig. 9. The Debye lengths in the center of the plasma are 0.018Rp and 0.037Rp in these

two simulations. In this case, in contrast to Fig. 8, there is dramatic difference in the scale

length of the potential near the wall, with the scale length being comparable to the edge

Debye length, 6z - (P_/2)l/sA_ s in each simulation.

In a fully 2-D simulation, as Opposed to a 1-D simulation with a Monte Caxlo collision

operator, there is reason to believe that the scale length of the sheath at the wall will

be ma ion Larmor radius, rather than a Debye, if wv_ >> f/_, i.e. if a Debye length is

much less than an ion Larmor radius at a distance of an ion Larmor radius from the wall.

Unfortunately such a 2-D simulation would be very ezpensive, because of the great number

of particles required, and we have not done such a simulation. The 2-D simulation shown

in Fig. 2, for example, has Debye length comparable to ion Larmor radius at a distance of

one ion Larmor radius from the wall, although the Debye length would be much less than

this at the higher densities in the middle of the plasma. This conjecture has therefore not

been demonstrated.

The reason for this expectation is the drag force Fy in the y direction which can occur

in a 2-D simulation, mad which would cause particles to drift at a velocity eF_/cB0 in

the z direction. Such a drag force can result either from collisions or from a two-stream

instability when the ions and electrons have different drift velocities in the y direction. It

can also result from a Kelvin-Helmholtz instability 9 when the drift velocity of the ions in

the y direction _xies too sharply with z, or from a lower hybrid drift instability I° when

the density gradient is too steep.

" The electrons at a given z will have a mean vy (if we neglect finite electron Larmor

radius) of

_ 1dh
c d_ v_ (58)
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while the ions will have a mean v_ that depends on a weighted average of d_/dz and dn/dz

(ms wellashigher derivative) within an ion Larmor radius of z

o,;- f- ,= - ='° (59)• = .c.)+;.,,c.-.,.).,,: -
i

As shown previously, the potential _(z) obtained using a Monte Carlo collision model for

radial transport (ignoring drag in the y direction) rises on a scale length small compared

to an ion Larmor radius when z is much less than a Larmor radius from the wall. The

density given by Eq.(39) also hu a scale length much shorter than a Larmor radius when z

is much less than a Larmor radiua from the wail. This means that ue will be much greater

than the ion thermal velocity vl = (Ti/mi) 1/2 when z is much less than a Larmor radius
,

from the wall, due to both the d_/dz and dn/d.v, terms in Eq.(58). The ion drift "relocity

ul is of course never much greater than r_. This difference in the local drift velocities u,

and ai would give rise to a collisional drag force Fy (and perhaps a much greater drag

force due to modified two-stream instability I, of eq_al and opposite sign on the ions and

electrons, which would cause both the ions and electrons to drift toward the waLlwith a

velocity eFy/cBo. About an ion Larmor ra,_lus away from the wall or a little more, the

local ion drift velocity ai(z) wiU be greater than u,,(z) because the ions would pick up a

contribution from the very steep d_/d_ near the wall, while the electrons wiU oaly see the

local d_/d_. In this region the drag forces will be in the other direction, and will cause

both the ions and electrons _o drift away from the wall. These radial drifts should be

included in the terms _ and V, which appear in Eqs.(23) and (24). The result will be to

modify n(z) and _(z) is such a way ns to decrease the drag forces.

Although the drag forces make equal contributions to V, and _, the contribution to

lie will have a much greater effect on fe than the contribution to _ will have on f,,, because

the dominant terms in Eq.(23) are much greater than any of the terms in Eq.(24). If the

contribution of the drag force to V, is competitive with the electron spatial diffusion and

source te.rms in Eq.(36) or (38), then n(z) and _(z) will be substantially modified, and _

the drag forces substantially reduced. But at this magnitude of drag forces, the terms

in the ion equation, Eq.(23), will hardly be affected by the drag force contribution '.3 l/_.

• It follows that the drag forces will never have much effect on the ion equation, because

they will be self-consistently limited in magnitude by their effect on the electron equation.

' Equation (23), and the equations that follow from it, such as Eqs.(34), (43), and (57), will

still be valid if there are drag forces present, but Eq.(39) will be modified.
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We consideran artificiallysimplemodel fordragwhich illustratestheeffectithason

n(=) and @(=), and how this e_ect may be calculated. We suppose that the drag forces

are infinite if _@/dz 2 exceeds some critical value

'_'_ " (60)d,--'-"ff > _,._

and zero otherwise. If we take @c,dt to be of order T_/ep_, then this is roughly what would

be expected from a two-stream instability that turned on suddenly when lue - u_ I > vi,

although the real condition would involve a complicated integral functi,onal of ¢I,(=) rather

than just the second derivative. With this model, there must be an =0 such that d2@/dx 2 <
II

_c_t for I=1 < z0 and d2@/dz 2 "= _c_t for I=1 > z0. Both _(=) and d_/d= are continuous

across = = ±z0. For Izl < z0, the drag force is _ero, and Eq.(38) is still satisfied. Equation

(39) is generalized to
Sz 2

n(=) =no 2D,,, (61) '

which still satisfies Zq.(38). It is no longer true that no - P_pS/D_.,, because E_1.(38)

is no longer satisfied ali the way to the wall, only out to z = -t-=0, but no will be close

to R_S/D=,, if z0 is close to the wall, and Eq.(39) will he a good approximation to n(z)

for ,7_, -I=l>> Ph, - z0. In this region q_ is still given in terms of n by Eq.(57), or by

Eq.(34) which is a good approximation to Eq.(57), or by Eq. (43). Note that the resulting

expression for _(z) will involve two unknowns, n0 and e,,_=, whichwill not necessarily be

the same as in the case where there is no drag force, because the electron loss rate is not

the same. For Izl > z0, _(z) is given by

d_[ 1= - + _(1=1-- ,2_,, (62)• (=) _,(=o)+(1=1=o)_ ==lo -oi _o,,,,

wh,_.,#(=o)andd#/d_,_u_t,d at = = _o_ givenbyth, _olutionin th, r_gion
,-h_r_I_1< =0.Th_d_ity n(_)i_th_,,zi,r_r_byEq.(57),ormore_implyandtogood
approximation, by Eq.(34), or by Eq.. (43). The drag force on the electrons, which can have

any value between zero and infinity when d2@/d= 2 = ¢bc,.it",adjusts itself so that Eq.(24)

is satisfied with this n_(=). The required drag force will be such that the additional term A

in Ve due to the drag force makes the V_ term comparable to the other dominant terms in

Eq.(24), v/z. those that have been kept in Eq.(38). The two unknowns, n0 and em_., may

be found by sol_dng two equations, or.e equating the electron loss rate with the integrated

source, and the other equating the ion loss rate with the electron loss rate. If =0 is near the
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wall,asitwillbe ifR_ >>piand O" _ Ti/ep_,thenno and e,,_,willbe closetothevalues

theyhavewhen thereisno dragforce.To illustratetheeffectofrbedragforceon n,(z)and

" = IOOT_/eR_• q_(z), we have plotted these quantities in Fig. 10 for the case where cI,c_t

(appropriate for p_ _ 0.1R_), assuming that enta= and no are unchanged by the drag force,

' and using Eq.(43) to relate _(z) to n(z). The curves for _(z) and zt(z) in the absence of

drag force are shown as dashed curves in Fig. 10, for comparison; these axe identical with

the curves in Fig. 4. For these parameters, we find

Zo = 0.83R1,

q_(z0) = 0.93T_/e

__ 3.5T (63)

The effect of the drag force is to broaden the sheath (decreasing dq_/dz near the wall but

increasing it just to the right of z0), and to decrease the density in the region z0 < z < Rp

where the drag force is present due to a marginal two-stream instability. The scale length

of the rise in potential near the wall is now on the urder of p_. This would be true even if

the drag force were due to collisions, rather than to a hypothetical instability which turned

on at a certain value of af2_/dz 2, as long as the collision frequency were at least as great

asthethefrequencyofcollisionscausingthespatialelectrondiffusionD=,_.(Sucha model

would make thecalculationmore difIicult,ofcourse.)

V. Summary and Conclusions

ImportantdifferencesexistbetweenI-D and 2-D simulationsofmagnetizedplasmas,

and thesedifferencesh_ve been illustratedforthe caseof a plasma slabina uniform

magneticfieldinthe z direction,bounded by conductingabsorbingwallsat x = +Rp,

sothatthe magneticfieldisparallelto thewalls.Thismodel has some relevancetothe

edge regionofa tokamak.I Ifthe simulationstartswith a uniformdensityofionsand

electrons,theninitiallyparticleswithina Larmor radiusofthewallcan be lost,and there

aremore ionsthanelectronsinthisclass.Thisalmostimmediatelyresultsintheplasma

potentialbecoming negativewith respecttothe wall,in orderto holdin ions,and the

• electricfieldislimitedtonarrow sheathsnearthewall_with widthscomparabletoeither

theDebye lengthortheelectronLarmor radius,whicheverisgreater.Ina I-D simulation

' there are no forces exerted in the y direction, so there can be no changes in the x guiding

center position of a particle. The plasma then remains in this state, with nearly uniform
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Figure 10
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density except in the sheaths. Further losses of particles to the walls are possible only

if particles can diffune up in energy so that their Larmor radius is comparable to Rv,

" and this proc¢_ will be exponentially slow if the thermal ion Larmor radius is much less

than R_. In a 2-D simulation, by contrast, particles can diffuse to the waUs as a result

• of collisions, or interractions with waves, whiCh change zgc. The density profile wiU be

governed by the diffusion of the more slowly diffusing species, electrons in our case. If the

electron difftmion coefficient is spatially uniform, whiCh seems to be a good approximation

in the 2-D simulations we have done, then the density profile will be parabolic, going

almost to zero at the walls. The eft'ect of this diffusion can be incorporated in a 1-D

simulation, without the expense of a fully 2-D simulation, by adding a phenomenological

Monte Carlo diffusion of x_c for 'the particles. When this is done, the I'D simulation

evolves to an equillbrium that is in excellent agreement with the 2,D simulation, although

a 2-D simulation is still needed in order to examine the details of the Kelvin-Helmholtz
J

turbulence which is principally responsible for particle transport, s An analys;.s has been

made of the potential and density profiles that should evolve in these simulations, in

different limits of the parameters. The ion density profile is also nearly parabolic, since

the plasma must be quasineutral except in the sheaths near the walls. In the quasineutral

Bohm presheath region, the potential follows a Boltzmann expression, given by Eq.(37),

in the limit that the ion energy diffusion rate is muCh greater than the spatial diffusion

rate to the wall. In the opposite limit, whiCh would apply within an ion Larmor radius

of the wall, and even further from the wall if there were more massive impurity ions

causing enhanced collisional transport, the Boltzmann relation is somewhat modified, and

the potential profile is given by Eq.(44). The non-neutral Debye sheaths near the walls,

where much of the rise in potential occurs, have widths comparable to the greater of the

Debye length and the electron Larmor radius, as in the 1-D model without diffusion. This

is true even though the sheath width is much less than an ion Larmor radius. Equation

(44) is correct in the limit for which it was derived, even when finite ion Larmor radius

is taken into account. The potentieJ profile given by Eq.(37) would have to be modified

slightly, within an ion Larmor radius of the wall (the magnetic presheath regionS), but

the potential profile still h_ the same qualitative appearance. These analytic results have

• been confirmed by 1-D simulations with Monte Carlo diffusion of zge. In addition to the

diffusion in zge that occurs in a 2-D simulation, there is another 2-D effect thag should

' be important if the plasma has high enough density so that tapi >> f_i at a distance of an
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ion Larmor radius from the wall. This eft_ct is the drag in the y direction that would be

exerted by the ions on the electrons within an ion Larmor radius of the wall, as a result

of c_Uisional drag or modi_ed two-stream instabilities. This drag causes the electrons and

ions to flow away from this re, on, until the scale length of the potential rise near the wall

has been broadened to about an ion Larmor radius. We have not been able to confirm

this conjecture with a 2-D simulation, because the simulation would have to have a large

number of particles and would be very expensive. 'In any case wpl is typically not much

greater than F_ near the edge of a tokamak , so this effect may not be important.

This drag force does not have much effect on the overall confinement time, because

the instability (or collisions) causing the drag force is only important at the very edge

of the plasma, within about an ion Larmor radius of the wall, while the source extends

over the whole plasma. The drag force merely reduces the density in the narrow region

where the instability is present, effectively moving the edge of the plasma in by about an

ion Larmor radius from the waLl, while the interior of the plasma is hardly affected. The

situation would be different if the source were localized to the region, near the wall where

the instability was present. This might happen if the source were dominated by ionization

of neutrals coming from the wall, which could not penetrate more than a few ion Larmor

radii into the plasma. In this case the equilibrium density in the interior of the plasma

would be substantially reduced as a result of the drag force, or the source term (and hence

the flux to the wall) would have to be substantially increased to keep the interior density

the same as it would be without the drag force. There is evidence that the improved

confinement during H-mode in JET is associated with a lower level of edge fluctuations, is

although these were probably microtearing or ballooning modes, not Kelvin-Helmholtz
modes.

By using 1-D simulations with phenomenological Monte Carlo diffusion of z0c , and

perhaps phenomenological flow of zoe as weU, it should be possible to reproduce the the

macroscopic behavior of a 2-D simulation, much more cheaply. Such 1-D simulations could

be used to make surveys of parameter space, and a few fully 2-D simulations could then be

made to confirm the validity of the phenomen,Aogical terms, and to determine such details

as the turbulent wave spectrum. This procedure should be applicable not only to the cross-

field sheath in a plasma slab, but also to other physical situations that may be of more .

direct relevance to tokamak edge phenomena. It is likely that realistic modelling of tokamak

edge transport will require 3-D models, which allow instabilities to have a spectrum of
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parallel wave numbers kit. At kllVe > _, where ve = (Tcm,) 112 is the electron thermal

velocity and te is the wave frequency, Kelvin-Helmholtz instabilities and lower hybrid drift
i

instabilities are supressed, but electron drift w_ves (including t° the universal instability,

trapped electron instabilities, temperature gradient instabilities, and related dissipative
@

instabilities) can be unstable at arbitrarily small density gradients. Finite kllVe/_ also

plays a role in the saturation of the rippling mode, 17 a resistivity gradient driven mode

which is thought to be important in tokomak edge regions characterized by high ne and

a low Te which is a steep function of radius. The details of the density, temperature and

current profiles at the plasma edge should determine the relative importance of such 3-

D effects compared to the 2-D instabilities appearing in the particle simulations we have

described. Analytic models will be especially important in interpreting 3-D models of cross-

field transport, because 3-D simulations are too expensive to allow extensive variation of

parameters.
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