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1 Introduction 

Classical electrodynamics of spinless point particles is described by Maxwell's 
equations1 

d„F^ = - j M , (1) 
e0c

2 

supplemented by the Lorentz force law 

mXfi = qF^iy. (2) 

Here xM is the covariant 4-velocity, the dot denoting a derivative with re
spect to the invariant proper time T. The macroscopic motion of charged 
particles in static, homogeneous or slowly varying fields is to a large extent 
in agreement with these equations. However, when applied to small-distance 
phenomena the equations lead to paradoxes, for example an infinite electro
magnetic mass and pre-acceleration. In this regime quantum effects become 
important. 

Electrons, muons and other charged particles with spin are not described 
completely by equations (1), (2) even in the classical limit. The reason is, 
that these particles carry a magnetic moment due to their spin. The Lorentz 
force law (2) then needs to be modified, because magnetic moments are 
sensitive to gradients in the fields FM„. In addition, it is necessary to specify 
an equation of motion for the spin degrees of freedom. 

Equations of motion for classical spins (magnetic moments) and modifi
cations of the Lorentz force law have been proposed in the literature [1, 2, 3]; 
for an alternative approach see [4]. In contemporary literature one often en
counters classical theories involving anti-commuting c-numbers to describe 
the spin-degrees of freedom [5, 6, 7, 8]. Such models are very helpful in un
derstanding the mathematical structure and quantization of spinning particle 
theories [9, 10, 11, 12]. 

In this paper we consider the electrodynamics of spinning particles. In 
the first part of this paper we construct and analyze a simple model for 
classical particles with an electro-magnetic dipole moment. We assume that 

'Throughout this paper we use the Pauli metric with imaginary time-components for 
4-vectors and tensors; as a result we donot distinguish between upper and lower indices. 
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these particles are point-like, have a mass m and intrinsic angular momentum 
(spin) s, whilst carrying an electric charge q, a magnetic moment /? and pos
sibly an electric dipole moment d. We also take the magnetic moment to be 
proportional to the spin, with a non-anomalous constant of proportionality2: 

jl = — s. (3) 
m 

Under certain conditions it is possible for the electric dipole moment of the 
free particle in the rest frame to vanish at all times, as is the case for real 
(quantum mechanical) Dirac fermions. Then our discussion applies to clas
sical electrons, muons and other charged point-like fermions. One can con
sider more general models [2, 3, 13], but with the above restrictions a direct 
comparison with the Dirac theory, and hence an extension of our results to 
quantum mechanics, becomes possible. This is the subject of the second part 
of this paper. 

2 Spinning point particles 

The motion of a spinning point-particle of mass m and charge q is decribed 
in four-dimensional Minkowski space-time by its position X^(T), denning the 
particle's worldline; its 4-velocity uM = x„, which is tangent to the worldline; 
and its polarization tensor D^(r), an anti-symmetric 4-tensor which com
bines the intrinsic magnetic dipole moment (a pseudo 3-vector /?) with the 
intrinsic electric dipole moment (a real 3-vector d) at a given point of the 
worldline 

Dtj = -SijkPk, -iDiA = di, (»,J,fc) = 1,2,3. (4) 
c 

The intrinsic dipole moments are found from the values of /T and d in the rest 
frame of the free particle, that is in the absence of external fields. For reasons 
explained in the introduction, we are particularly interested in particles which 
have no intrinsic electric dipole moment in the rest frame of the free particle. 
This can be expressed by the Lorentz-invariant condition 

D^,xv = 0. (5) 
2 At the classical level. 
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However, before we can discuss the implementation of this condition we first 
need to have equations of motion for the particle and its electromagnetic 
dipole moments. 

It is often useful to relate the polarization tensor to an underlying intrinsic 
angular momentum tensor S^ (spin). For the particles considered in this 
paper these two tensors are proportional: 

Aw = — S**- (6) 
mc 

Equation (5) then becomes 

Zp = S,u, iv = 0. (7) 

When this relation holds, S^ is space-like with only 3 non-zero components 
in the rest frame of the free particle (denoted by a naught): 

Sy = ei}ksk, Sjf> = 0. (8) 

Because of this property, a convenient and equivalent way to describe spin is 
in terms of the Pauli-Lubanski vector J^{T) defined by 

Ic 
By construction this pseudo 4-vector satisfies the covariant relation 

Jx = 0, (10) 

from which it follows that its time-component vanishes in the rest frame. 
Indeed when ii = 0 for i — 1,2,3 we have 

Jl0) = \eijksW = 3„ 4o) = 0. (11) 

In this way the pseudo-vector J'°' can be identified with the 3-dimensional 
spin pseudo-vector i'in the rest frame. Comparing with eq.(3) and eqs.(4),(6) 
the magnetic moment in the rest frame is then given by 

^») = i - j ( o ) . (12) 
m 
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Therefore in a constant homogeneous magnetic field B the spin should precess 
at a rate 

at m 
At the same time the translational motion of the particle in constant and 
homogeneous fields should be given by the Lorentz force law (2). These 
requirements define the starting point for our relativistic generalization of 
the equations of motion to include spin and arbitrary (non-constant and 
inhomogenous) fields. 

A remark about the notion of classical spin is in order here. We have 
introduced the classical spin somewhat indirectly, via the electro-magnetic 
polarization tensor. We have chosen to do so, because the empirical meaning 
of classical magnetic and electric dipole moments is clear. Moreover most 
results in this paper could be formulated entirely in terms of the polarization 
instead of the spin. Nevertheless we have also introduced the intrinsic angular 
momentum, because it can be given an independent classical meaning3. We 
briefly return to this point in the last section of this paper. 

3 Classical electrodynamics of spinning par
ticles 

In view of the homogeneous Maxwell equation 

K F»\ + dvF^ + dxF^ = 0, (14) 

the only relativistically covariant modification of the Lorentz force law which 
gives a linear coupling of the spin to the gradient of the fields and does not 
involve the 4-velocity is of the form 

mïp = q FpV xv + K d^F„\ Sv\. (15) 

In addition we must specify an equation of motion for the spin tensor SM„ 
which reproduces eq.(13) in the appropriate limit. The only candidate for a 
linear and covariant law not involving the 4-velocity is 

3See for example refs.[13] and [14], especially chapter 5. 
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S^ = K'[F,Slu, (16) 

where the square brackets denote the matrix commutator of f^ and 5M„. 
Using the relation (6) between spin and polarization, and requiring the cor
rect non-relativistic limits such as the law of precession (13), we must choose 
the constants K and K' in these equations as: 

"Ï-S- «»> 
From the definition (4) we then find upon using the Schouten identity 

~r~ = — Ftw J* ~ ~.—7~ EHI>K\ Sp,, SK\ dvFpo, (18) 
ar m 4m2c 

which agrees with eq.(13) for weak constant and homogeneous fields in the 
rest frame. 

Similarly the vector Z„ defined in eq.(7) obeys the equation of motion 

= — FpV Zv + -—- 5M„ SK\ d„FK\. (19) — rfu, iiv T 
dr m 2m2 

Therefore in constant fields, the requirement Z„ = 0 is consistent with the 
dynamical equations. However, in inhomogeneous fields the last term con
tributes and Zp cannot remain zero at all times, unless S,a,SK\ is totally 
anti-symmetric in the indices [f*Aj; in this special case the gradient term 
becomes proportional to the homogeneous Maxwell equations and therefore 
vanishes identically. The anti-symmetry of the product of spin-tensors can 
actually be achieved if one constructs the spin-tensor as an even element of 
a Grassmann algebra generated by anti-commuting variables rpu: 

S»„ = -iM*. (20) 

This is precisely what happens in the supersymmetric spinning particle mod
els of refs. [5]-[12j. For such theories one can also find a Lagrangian which 
produces our equations of motion. However, its interpretation is less direct: 
the classical action mostly serves to construct a quantum theory for Dirac 
particles either by canonical quantization or path-integral methods. Never
theless it is intriguing that we seem to have here a vestige of the spin-statistics 
connection in an otherwise essentially classical context. 
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From equation (16) we immediately infer that the total spin S2 = S^S^ 
is a constant of motion: 

^ - = 2 5 _ V = 2-?-Tr(S[S,Fj) = 0. (21) 
dr m 

Another constant of motion is the world-line Hamiltonian 

H = ^- (P. ~ 9-4J2 - J - S ^ , (22) 
lm lm 

where as usual the momentum is defined by 

pM = miM + qAp. (23) 

One can prove the conservation of H in a straightforward way by direct 
derivation with respect to proper time: 

" - * • < » > 

We observe that the equations of motion (15,16) follow from the Hamiltonian 
by postulating the following Poisson-Dirac brackets: 

(25) 
{S^u, SK\} = SMKSU\ + 6u\SnK — S^\SUK — 6unS»\-

Indeed with these definitions we find that 

dA 
-£T = {^ff}, (26) 

for any dynamical quantity A. Therefore H is the generator of proper-time 
translations along the worldline of the particle in the sense of the Poisson-
Dirac brackets (25). It does not represent the particle energy, which is given 
by the time component of the momentum 4-vector: 

P* = - E. (27) 
c 

The value of the constant H is determined by observing, that in field-free 
regions (AM — 0) we should have the standard mass-shell condition for the 
energy-momentum: 
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Pi = - m V . (28) 

Turning on the fields then leads to the conclusion that at any point of the 
worldline the particle motion should obey the constraint 

(pM - qArf - qS^F^ + m V = 0. (29) 

This equation was obtained from a different starting point in ref.[4]; it plays 
a crucial role in some of the further developments of the theory. 

4 Comparison with the Dirac equation 

At this point it is instructive to compare our classical theory with the rela-
tivistic quantum theory of spin-1/2 particles defined by the Dirac equation 

( 7 - 0 + ^ ) ^ = 0, (30) 

where the covariant derivative is 

Dll = d(,-
,
TqA>t. (31) 

ft 

Multiplying (30) by ( -7 • D + mc/h) leads to the equation 

~» iq „ m2c2\ , .„„,, 
- Dl + ̂  <r,.„ F„„ + - p - J V' = 0. (32) 

By the standard operator identifications 

pM = —ihdfi, Sm, = —ih<Tw,i (33) 

we then obtain the direct quantum analogue of equation (29). Therefore 
this equation can be reinterpreted as a statement about quantum-mechanical 
expectation values. Alternatively, we may think of eq.(29) as defining the 
location of the poles in the propagator of the particle in a background field. 
In this sense equations (15)-(17), leading up to eq.(29), may be considered 
as a classical model for the motion of a Dirac particle in an electro-magnetic 
field. 
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5 Classical field equations and currents 

In sect. 3 we have presented a set of modified dynamical equations for a 
spinning point particle in an external electro-magnetic field. The fields of 
the particles themselves are determined by the inhomogeneous Maxwell equa
tions (1). The difficulty is to know which current density to substitute on the 
right-hand side. The only consistency requirement imposed on the current 
density by Maxwell's equations is the vanishing of its 4-divergence needed 
for integrability: 

dj = 0. (34) 

The well-known solution of this condition for a point charge is 

j„(x) = (jiixUepix)) = qc ƒ dr ̂ ( r ) S\x - flr)), (35) 

or 

p(x,t) = q63(£- fa)), jfat) = qv,(t)6*(x-((t)). (36) 

Here we have temporarily denoted the particle position on its worldline by 
€v(r) in order to distinguish it from the general space-time argument arM of 
the fields. We have also introduced the standard notation v(t) for the particle 
velocity in the laboratory frame. 

However, in the case of spinning particles a further contribution to the 
current density is possible coming from the spin tensor. This so-called im
provement term is of the form 

j » = -\d„^(x) = -\q-dv jdTSUfl(r)b\x-i(r)). (37) 
m J 

It has a trivially vanishing 4-divergence because of the anti-symmetry of EM„; 
A is a free parameter which is to be determined by the physics we wish to 
describe. Including the improved current density the inhomogeneous Maxwell 
equations become 

&*u. = - A ( * + ^ ) - (38) 
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We observe that the improvement term constitutes a local contribution to the 
fields. Indeed, defining an effective field by 

£0CZ 

equation (38) can be rewritten in the form 

^ F ; M = - ^ J M , (40) 

with jM on the right-hand side denoting the point-particle current density 
(35). However, for non-zero A the effective field F^, satisfies the homogeneous 
Maxwell equations (14) only away from the particle's worldline: 

drF^+SrFl + dxF^^O, i ^ U r ) . (41) 

For example, the solution of eqs.(38)-(41) for a particle without electric dipole 
moment at rest in the origin and in the absence of external fields is 

É = — ^ 
4x£o r3' 

(42) 

B = -Ls>{rl+-J- fr'-y-^, 
£QC 4lT£oC T* 

representing the pure Coulomb field of a point charge q plus the magnetic 
dipole field of a magnetic moment ft of magnitude 

/T = A i - j . (43) 
m 

Comparison with eq.(3) then shows that for a Dirac fermion with non-
anomalous magnetic moment (e.g. an electron or muon) we must take 

A = 1. (44) 

Hence the improvement term is indeed required for a proper classical descrip
tion of Dirac particles. 

Equations (15)-(17) and (37)-(38) constitute a complete theory of classi
cal electrodynamics for spinning particles, which in the representation (20) 
corresponds to the quantum-mechanical Dirac theory. In the following we 
explore some physical consequences of these results. 
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6 Time dilation 

Our first task is to understand the physical interpretation of the constraint 
(29). Using the definition (23) we can write it as 

m2il - q S^F^ + m V = 0. (45) 

For m / 0 and defining the velocity in the laboratory frame as usual by 

dx I X 4 , -x 
v = -jr, t = -, (46 

at c 
this can be cast into the differential form 

dr = dt[~ ' ) , (47) 

where dr represents an infinitesimal interval of proper time, whilst dt repre
sents the corresponding interval of laboratory time. 

The physical interpretation of the constraint is now clear: relativistic time 
dilation not only occurs for a particle in motion, but also for a spinning par
ticle with non-zero magnetic moment in an external field, even at rest. This 
result is somewhat unexpected, but in our classical theory of electrodynamics 
of spinning particles it is inevitable. 

Therefore it is of interest to generalize this result to the quantum mechan
ical theory and to test its predictions experimentally. A direct test would be 
the observation of the decay of a muon in a magnetic field. For one thing, 
the muon is a lepton, a point-like Dirac particle possessing all the required 
properties to fit our theory of electrodynamics of spinning particles. More
over, the decay of the muon takes plays via non-electromagnetic interactions, 
hence its mean life-time in the presence of electro-magnetic fields should be 
a constant when measured in terms of proper time. Finally, its decay is slow 
compared to the typical time scale of electro-magnetic interactions. There
fore the muon carries a good clock for measuring proper time intervals during 
its electro-magnetic interactions. 

As an example, consider a muon at rest in a magnetic field B. The 
interaction of its magnetic moment with the field in units mc2 is 
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g 2a- B 
m2c2 me2 

We compute the life-times as observed in the laboratory for the case of the 
muon magnetic moment parallel to the B-field and for the case in which it 
is anti-parallel. We find 

Ar = _^ = _£_. (49) 
Hence 

„ Ar+-Ar_ e 
R = -r^—i— ~ «• (50) 

With the above value of e inserted we then get 

A* £ 4 . (51) 
mc2 

The approximation in which the magnetic energy is small compared to the 
rest mass of particle is always satisfied in practice. Even in the strongest 
fields one might try to use, those of an atomic nucleus with a large value 
of Z, the ratio R will never be large. For example, the experimentally ob
served hyperfine splitting of the states of a muon in atoms of heavy elements 
is typically of the order of a few or several tens of keV, whereas the rest 
mass is about 106 MeV/c2. On the other hand, if fields could become strong 
enough to be comparable to the rest mass, our classical treatment would 
obviously become inapplicable: the square root in eq.(47) can become imag
inary, signalling non-perturbative quantum effects like pair creation to come 
into play. 

A more detailed computation of particle decay in the field of a nucleus is 
presented in sects. (9) and (10). 

7 Energy-momentum picture 

The interpretation of the constraint (29) as a generalized time-dilation ef
fect in an electro-magnetic field can also be confirmed by an analysis of the 
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energy-momentum relations in the laboratory frame. The starting point is 
the constraint (29) in the form 

{E - q4>? -{p- qA)2c2 = m2c4 -qc2S- F, (52) 

where the dot in the last term denotes contraction of the index pair (nv). 
For ordinary particles we require E to be positive: 

E = q<f>+ yjm2c* + (p - qA)2c2 - qc2 S • F. (53) 

As mentioned previously, E is the particle energy measured in the laboratory 
frame; <j> = icA* is the scalar potential. In the non-relativistic limit we obtain 

£ « m c 2 + # + - (p - qA)2 -(ji-B + d-Ê)+ ... (54) 
2m 

where /T and d are the magnetic and electric dipole moments, respectively. 
In the case of Dirac particles we have d = 0 for a free particle in the rest 
frame. Note however, that in a general inertial frame this is no longer true 
and an induced dipole moment develops. 

We now prove that E acts as the Hamiltonian generating the dynamics 
in the laboratory frame, in contrast to H which generates the (covariant) 
proper-time evolution in the worldline picture. First note, that eq.(52) can 
be solved in terms of a variable v as follows 

1/2 
_̂  _, i i — nn • r im-c- 1 
p - qA = mv \ 1 - v2/c2 ) 

2 (l-qS-F/m2c2\ 
E~q(f> = mC { l - v 2 / c 2 ) 

(55) 
1/2 

We then observe that E and v satisfy the classical Hamilton equation 

H = {',£} = ", (56) 

where the bracket is that of eq.(25). This leads us to interpret v as the 
particle velocity. In order to prove this result it is convenient to introduce 
the vector 
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- P-qA mv 
n = = (57) 

yJl-qS- F/m2c2 yjl - v 2jc2 

This relation can be inverted to give 

mv= (58) 
^/l + i?2/m2c2 

Then 

E — q<f> mc 2 

yJ\-qS- F/m2c2 y/l - v2/c2 

(59) 

= m c M + 
>2/.2 

From this formula one easily obtains eq.(56) by direct differentiation. 
Similarly, we can now also derive the corresponding Hamilton equations 

for the momentum p and for the spin S^ 

OT 

1/2 
(60) 

and 

{S^E} = ± [F,S\^ \x _ qS
V

 FJmici) > 

with the brackets as denned in eq.(25). 
Comparing with eqs.(15)-(17) and (23), we observe that eqs.(56),(60),(61) 

can be summarized by 

% = {A,E), (62) 

(61) 
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provided we use the laboratory time as defined by the relation (47). Hence 
our picture of E as the space-time Hamiltonian (as oppored to the worldline 
Hamiltonian H) and v as the ordinary velocity is consistent if we allow for 
time-dilation as determined by eq.(47). This also explains the unusual spin-
dependent factors appearing in eqs.(55) for the energy and momentum. 

We close this section by presenting an alternative formula for the time-
dilation factor which is obtained by combining eq.(47) with the second of 
eqs.(55): 

dt = dr l^^] . (63) 

This gives a concise and useful relation between the time taken by some 
(presumably non-electro-magnetic) process for a particle with energy £ in a 
potential <f> and the time taken by the same process for the particle at rest 
and in the absence of a potential (the proper time). 

8 Quantum Theory 

In cases in which time-scales are long compared to those of typical electro
magnetic processes —i.e. At > h/&E, where AE is the characteristic energy 
scale for the electro-magnetic interactions involved— one expects the classical 
time-dilation formula (47) to be applicable. This is certainly the case in our 
example of the decay of a muon in an atomic orbit, where the electro-magnetic 
binding energy is in the keV region. Nevertheless we consider it important 
as an independent check on our arguments to derive the same result in a 
quantum-mechanical context. 

Since we claim our classical theory of electrodynamics to apply to Dirac 
particles, the Dirac equation provides the appropriate relativistic formulation 
of quantum electrodynamics for our purpose. However, in order to assess the 
effect of spin and compare our results with similar results for spinless particles 
(e.g., pions), we consider the following generalization of eq.(32): 

( - I « + 2f* »„*•„ + = £ ) * - • • (64) 
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For 0 = 1 this is identical with eq.(32), whilst for (3 = 0 it is the Klein-
Gordon equation for a spinless particle interacting with the electro-magnetic 
field. 

Consider a stationary potential <f> and let I^E be an energy eigenstate of 
eq.(64) with eigenvalue4 E: 

_iEt 
Mr,t) = Mr,0)e h . (65) 

We observe that if the energy eigenvalue E has a negative imaginary part: 

E = e-l-iEc\ 7 £ > 0 , (66) 

then the norm of the wave function falls off exponentially: 

\4'\2(t)=\4>\2(0)e-t/*t*, (67) 

with a characteristic time 

At* = —2. (68) 

Therefore a relativistically invariant way to describe the exponential decay 
of a particle is to have a negative imaginary contribution to the rest mass: 

m = M-l-Y, T > 0 . (69) 

The constant T is the inverse decay time in units h/c2 of the free particle in 
the rest frame, and corresponds to the width in the Breit-Wigner formula. 

Returning to eq.(64), a suitable transformation of the spinor components 
of V'£ (depending on the representation of the Dirac 7-matrices one uses) 
splits this equation for /3 ^ 0 into two equations 

- iq - , (E - q<t>)2 m2c2 q(5 , -

(70) 

4 We put outselves in a special co-ordinate system at rest with respect to the center of 
the potential, representing for example an infinitely heavy nucleus. 
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where <f{
B are two-component column vectors each representing half of the 

original spinor components. Of course, for a scalar particle with 0 = 0 there 
is only one equation for a single component. 

Now let f E he a bound state solution of this equation for real values of 
m = M and E = s. Then adding a small imaginary part 8m = —JT/2 to the 
mass, both the wave functions and the energy eigenvalues5 are perturbed by 
terms proportional to T. To first ;.rder in T the change in the wave function 
may be ignored in computing the change in the energy eigenvalue and we 
have 

-6E(s-q{<f>)) + 6mMcA = Q, (71) 

where (<f>) is the expectation value of <f> in the unperturbed state <pE '. In
serting the expressions (66) and (69) for E and m into eq.(71), this becomes 

Using eq.(68) we then finally have 

where Ar is the mean life-time of the free particle in the rest frame. This is 
in full agreement with the classical time-dilation formula (63) and confirms 
the appearance of the time-dilation effect also in the quantum theory. 

An important element of the argument presented above is the formal 
similarity between the classical constraint (52) and eq.(70) in the quantum 
theory. As discussed in sect. 4, the quantum-mechanical equation has a 
different interpretation from the classical one: it defines the location of the 
poles of the propagator of the particle in the given background potentials. It 
is however well-known that, provided the electro-magnetic fields are not too 
strong, the imaginary part of these poles then gives the decay width f E of 
the particle6. The shift in the energy eigenvalues we have computed is just 
this imaginary part of the poles. 

*We stay in the special co-ordinate system at lest with respect to the center of the 
potential. 

6For a recent exposition, see for instance the book of de Wit and Smith [15]. 

16 



9 Decay of a charged particle in a Coulomb 
field 

The result (73) for the change in mean life-time of a charged particle in an 
atomic orbit, as described by the Dirac-Klein-Gordon equation, holds both 
for spinning and spinless particles. Hence we do predict also time-dilation 
effects for spinless particles, like charged pions. However, comparison with 
the classical formulae (55) shows, that for the pion (with spin s = 0) the 
relativistic time-dilation effect is to be attributed purely to the kinetic energy 
of the pion (v ^ 0) in a Coulomb field, whereas for a spinning particle like a 
muon there is also a contribution from the spin. 

In this section we estimate the change in life-time for spinless and spinning 
particles in a Coulomb field. The computation of energy levels and wave 
functions of a charged particle in a spherically symmetric Coulomb field of 
strength Ze is a standard problem in relativistic quantum theory7. Here we 
only collect results relevant for our purpose. 

The energy eigenvalues follow from the radial part of eq.(70) with A = 0: 

, 82 2 d v u{u + 1) 2Zas 1 (e2 - M2c2) 

' dr2 r dr r2 he r (he) 2 
Rj(r) = 0, (74) 

where e and M are the real part of the energy and mass respectively, and v 
is the solution of the equation 

v{» + 1) = (j + ^) 2 " Z V - Uj + \)2- l32Z2a 
f 

(75) 

The quantum number j (total angular momentum for spin-1/2 particles) 
takes odd half-integer values: 

i = 5.f'"" (76) 

(3 is the interpolating parameter introduced in eq.(64), and a is the fine 
structure constant. It is customary to write 

7Extensive treatments can be found for example in refs.[16, 17]. 
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» = 3 ~ \ ~ *i. (77) 

with 

''"ir(1-iJïï)+0«'4>- <78> 
We introduce the principal quantum number n by 

„ = iV + i + l , JV = 0,1,2,... (79) 

Hence n is an integer > 1. The energy eigenvalues corresponding to eq.(74) 
are given by 

en} = Mc2 . (W " 8 j ) (80) 

The energy of a bound state is less than the rest mass of the particle. There
fore one can write 

4 + hXjC2 = M V , (81) 

where the 'imaginary wave vector' is 

K> = ^ , ZQ (82) 
* y/(n - 6j)* + Z*a* 

The corresponding radial wave functions then give for the mean value of r_ 1 

in a state characterized by quantum numbers (n, j): 

(;>„ = ^ j . (83) 

Hence we find for the expectation value of the scalar potential 4>: 

^ s - Z a M ^ ^ - M c - p - ^ ^ l + j ^ - ^ j . (84) 

Finally we derive from this an expression for the time-dilation factor: 
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-nj 

A/c2 
"J Mc2 2^2 

1 + ^ T - ^ (85) 

•nj , (Tl - * , ) z 

This remarkably simple result is the quantum version of the relativistic virial 
theorem for the Coulomb potential. A derivation of this theorem is presented 
in appendix A. 

We conclude, that in a pure Coulomb field the mean life-time of an un
stable particle is given by 

Atnj = AT 1 + 
zw 

\ (n-W 
(86) 

This formula holds for spin zero and spin one-half particles, depending on 
the choice of /?. 

Using the result (78) for 8j we can expand the right-hand side of eq.(86) 
for Atnj to order a4: 

A / Z2a2 Z*a* ( 1 „ 0» 1 \ \ 

For a scalar particle with (3 = 0 and orbital quantum number / = j - 1/2 = 
0,1,2, ...,n - 1 we get 

Z*a* f 2n 1\ 
+ l ^ ( 2 T T Ï - ï ) + - (88) 6nl = 

At„, - AT 

AT 2n2 

In particular, for the groundstate (n = 1,/ = 0) we find 

e 10 = \#<* + lz**4 + 
= 0.26625710~4 Z2 + 0.2510"8 Z4 + 

Similarly, for a spin-1/2 Dirac particle with 0 = 1 we get 

_ Mnj - AT 

In2 + 2n4 
a*_ I 2n _ 1\ 
i4 \2 j + l 4 / 

which gives for the ground state (n = 1, j = 1/2): 
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exl = \zw + | z v +... 
*? 2 8 

= 0.26625710~4 Z2 + 0.1110"8 Z* + ... 

From eq.(87), and form a comparison of the results (88) and (90) for 
spin-0 and spin-l/2 particles respectively, we observe that: 
(i) in all cases there is a relativistic time dilation effect of order a2; 
(ii) this time dilation has a spin-dependent contribution of order a4. 
Clearly for small values of Z the effect is rather small, of the order of 0.3 
10"4 for Z = 1, whilst the contribution of the ctMerm itself is still another 
factor 10 - 4 smaller. On the other hand, for values of Z around 50 the effects 
are appreciable: of the order of 10 %, with the a4 term contributing about 
1-2 % depending on the spin. 

10 Hyperfine interactions 
For spin-zero particles the Coulomb potential may give a reasonable estimate 
of the total change of the life-time of the particle in an atomic bound state. 
Of course there are a number of effects we have not taken into account, 
such as the finite size and mass of the nucleus, charge screening by atomic 
electrons and radiative corrections. However, all such effects are at most of 
order a4 and therefore we donot expect them to change the estimates based 
on the Coulomb approximation in order of magnitude. 

For spin-l/2 particles the same remark can be made as far as total rel
ativistic corrections to the life-time are concerned, which are of order a2. 
However, the spin-dependent effects are of order a4 and there are other con
tributions of the same order which may be significant for real atomic bound 
states. 

For example, the magnetic moment of a spinning particle also inter
acts with the magnetic dipole field of a real nucleus, and with an electric 
quadrupole moment arising from the extended nuclear charge distribution. 
To a first approximation such interactions donot change the spatial depen
dence of the wave functions (on the average a particle with the mass of a 
muon still moves at a distance well outside of the nuclear radius), so the 
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value of q<t>n} in eq.(84) can be taken the same as in the pure Coulomb po
tential. On the other hand, the energy eigenvalues £„j can sometimes change 
appreciably. 

For a nucleus of mass m,v, charge Ze and spin ly the magnetic dipole 
moment is 

f*N = 9s ~ MN, (92) 
an ttc 

where gy is the nuclear gyromagnetic factor. The j = 1/2 states of the spin-
1/2 particle (say, a muon) then split into two multiplets of states: a multiplet 
of 21 ft states with magnetic interaction energy 

2 m2r2 

&Emagn = --gN(IN + l ) Z 4 a 4 - ^ - , (93) 
Ó TTlff 

and a multiplet of 2(1 N + 1) states with magnetic interaction energy 

2 -m2(? 
&Emagn = -gNINZ4a*-£-. (94) 

Ó mN 

For the ground state (n = l , j = 1/2) this leads to modification of 0^, 
eq.(91), of the form 

••* • 5 * V + Z V ( ! + Ï * " » S ) + - -

= 0.26625710-4 Z2 + 0.1110"8 f 1 + -<7JV?JV—) Z* + ..., 
\ 9 myv / 

(95) 

where ps = -2(/JV + 1 ) for the 2/jv-plet of states, and ps = 21'jy for the 
2(/jv + l)-plet of states. This magnetic dipole interaction gives rise to the 
magnetic hyperftne splitting, which for a muon and in the case of light nuclei 
can be of the same order of magnitude as the a4 contributions from the 
Coulomb potential. 

Unfortunately, the magnetic hyperfine interactions are suppressed by a 
factor mJm,N for heavier nuclei. In principle they provide a very clean test 
for the spin-effects in relativistic time-dilation. Comparing the two energy 
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levels split by the nuclear magnetic dipole interaction, we find for the ratio 
R as defined in eq.(50): 

R = lgN(2IN + l)Z4a<^ 
6 mjy 

(96) 
= 0.1910-» gN(2IN + l)Z4^. 

mjv 
For a favourable case like S*Bi this is of the order 2 x 10-3. However, for such 
heavy nuclei also other effects from nuclear structure must be considered, 
like the electric quadrupole interactions already mentioned. Moreover, at 
this level of precision radiative corrections such as vacuum polarization can 
no longer be negelected. Therefore the above numbers must be regarded as 
an order-of-magnitude estimate. 

Of course, the hyperfine splitting would be appreciably larger for r-
partides, which are almost 17 times more massive than muons. However, 
r-particles move much closer to the nucleus, enhancing the probability of 
capture. Moreover, the life-time of the r is 10~5 times that of the muon. 
As a result it is not certain whether bound states of r-particles can exist as 
well-defined and measurable stationary states. 

11 Discussion 

In this paper we have discussed the classical and quantum electrodynam
ics of particles with spin, emphasizing in particular Dirac spin-1/2 particles. 
We have shown that a consistent classical theory for particles with electro
magnetic dipole moments can be developed leading to spin-dependent ex
tensions of both the Lorentz and inhomogeneous Maxwell equations. These 
classical extensions have their counterpart in the relativistic quantum theory 
defined by the Dirac equation. A distinct consequence of both the classical 
and quantum theory of spinning particles is a modification of the relativistic 
time-dilation formula by a spin-dependent term. 

We have also computed the magnitude of relativistic effects for the life
time of charged spin-0 and spin-1/2 particles in atomic bound states. The 
total effect can be appreciable, of the order of 10% for heavy nuclei, but in 
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most cases the spin-dependent contributions axe at least an order of magni
tude smaller. One way to test the effect of spin would be to compare the 
change in life-time of a spin-0 particle (like a pion) and of a spin-1/2 particle 
(like a muon) in a bound state of the same nucleus. Any differences in the 
dimensionless ratios $nJ introduced in sect. 9 should be attributed to the ef
fect of spin. A practical complication arising in this case is that pions decay 
almost exclusively into muons (plus neutrinos), making it hard to distinguish 
between the effects of these two kinds of particles. 

Another possibiblity would be to establish a double peak in the distribu
tion of muon life-times in atomic bound states, corresponding to hyperfine 
splitting of the muonic states. In principle this would constitute a very clean 
test of the effect we predict, but presumably the effect does not exceed one 
percent of the total life-time even for large values of Z. 

So far we have only discussed electro-magnetic interactions of spinning 
particles. However, the relativistic effects predicted in this paper are more 
general and not confined exclusively to electrodynamics; similar results arise 
in non-abelian gauge theories. To see this, one proceeds as in sect. 4 from the 
Dirac equation, turning it into a second order differential equation analogous 
to eq.(32). This gives 

~Dl + J **> K* T« + ^ r ) * = °' <97> 
where g is the coupling constant and the T„ are the generators of the non-
abelian transformations of the spinning particles. Thus we are lead to con
jecture that the life-time and decay of heavy quarks (due to electro-weak 
interactions) may be affected by their coupling to the colour field of strong 
interactions. For example, the mean life-time of the c-quark might be differ
ent in the various charmonium states, depending on the spin. 

The case of gravitational interactions of spinning particles is different and, 
though they are extremely weak, of some theoretical interest. The classical 
equation of motion for a Dirac-type spinning particle in an electro-magnetic 
and gravitational background field is in the absence of torsion given by [9] 

m9**lïpr =q F^+ 2 ^ D"F,fX s"*+ \ *****i" 5*"' (98) 
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where g^, is the space-time metric, R^x* the Riemann curvature tensor and 
DM the covariant derivative. In particular, 

^ = i" + r j i ^ (99) 

where TjJ" is the Riemann-Christoffel connection. The worldly? of the par
ticle is described by the counterpart of eq.(45) which reads in i case 

CUT1 = -g^(x) dx»dx" + -?- F^S"", (100) 

showing that in the presence of electro-magnetic fields a charged spinning 
particle does not move on a geodesic [9,18]. Note, that we donot find a term 
of the type R • S in this equation, because in eq.(99) the spin couples to the 
curvature tensor itself, rather than to its gradient, and because the index 
structure doesn't permit such velocity-independent terms for gravity. 

An interesting aspect of the classical equation (98) is that in principle it 
allows an empirical definition of classical spin (in contradistinction to electro
magnetic dipole moments) by the direct coupling of 5"" to the gravitational 
field strength, the Riemann curvature. Namely, we may think of the last 
term in eq.(98) as a gravitational Lorentz force, the strength of which is 
determined by the spin tensor S**" instead of by a scalar charge q as for the 
electro-magnetic force. In this respect it is of interest to observe, that in the 
absence of external electric and magnetic fields the spin of a Dirac particle 
is covariantly constant [9]: 

OS'"' 
-^— = 5"" + xx I V S~ + i* I V S"* = 0. (101) 

Measuring this gravitational Lorentz force provides in principle a method to 
determine 5M" experimentally. This substantiates our remark in sect. 2 that 
it is possible to give an empirical meaning to the notion of spin (intrinsic 
angular momentum) in classical physics. However, as in the case of electro
magnetic interactions, to preserve the condition ZM = 0, eq.(7), we again need 
the complete anti-symmetry of S^,SK\ together with the Bianchi-identity 

R(I[VHX) = 0. (102) 
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Hence here also the representation of spin degrees of freedom in terms of 
Grassmann variables seems to play an important role in eliminating the time
like spin components of a Dirac particle in the rest frame. 

A Appendix: The virial theorem 

Consider a particle in a Coulomb potential: 

4> = -T^-, E = -V<t>=-^1r, (103) 

whilst the vector potential and magnetic field vanish. Then 

r.V<f>=-4>, (r-V)È=-2Ê. (104) 

Combining the second equation (103) with the first equation (104) and mak
ing use of the equation of motion in the form (60) we get 

q4> — qf-E 

r.V(F.S\l i 
it 2m 

= r _ _ _ r . V ( F . 5 ) ^ _ g 5 F/m2c2j 

Now the only non-vanishing components of F^, are the electric fields E, and 
we can use the second of eqs.(104) to write 

1/2 
a a i l — u -1 cr i 

q<t> 
d , q J l - v2/c> \ 

= Jt(r-p)-v.P+-F.S{1_qS F/m2c2) 
(106) 

,72 IA \V2 

Finally, using eqs.(52) and (55) with A = 0 we can bring this into the form 

25 



Jt(rp) = # + j ^ 

(107) 

= E-
m2cA 

E-q<t> 

To obtain the desired result, we consider time averages 

— 1 tT 

A~ lim - ƒ dtA{t). (108) 
r-»oo T Jo 

for motion bounded in phase space (periodic or quasi-periodic motion) the 
time-average of the total derivative on the left-hand side of eq.(107) vanishes. 
As a result we find the relation 

E ( mc2 \ ,,nn. 

This is the virial theorem for classical quasi-periodic and relativistic motion 
in a Coulomb potential. Eq.(85) shows the virial theorem to hold for bound 
states in relativistic quantum theory as well. 
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