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ABSTRACT

It is shown that all axially symmetric nonrotating solutions of Rosen's field equations can
be expressed in terms of two harmonic functions. It is also shown that the total energy of Rosen's
metric is Me2.
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1 Introduction

Rosen's bimetric theory of gravitation [ 1,2] has been proposed as an alternative to general relativity.
It is based on two metric tensors. The first metric

g =

is supposed to describe the true gravitational field, while the second one

usually considered flat, is a background metric corresponding to "prior geometry" and could have
some interpretations.

Rosen's vacuum field equations are

= 0 , (1)

where "|" denotes the covariant derivative with respect to the metric "/. The spherically symmetric
solution of (1) was found by Rosen [1,2]. In this paper we describe all axially symmetric non-
rotating solutions of (1) and trace a correspondence between Rosen's solution, these solutions and
Schwarzschild, Curzon and Weyl solutions of Einstein equations.

Another remarkable property of Rosen's bimetric theory is its harmonic mapping character
[3,4]. Using this fact Knilt, Stoeger, Whitman found some solutions of (1) ([5,4]). The above men-
tioned axially symmetric nonrotating solutions art expressed in terms of two harmonic functions
and this enables us to represent them in the form used in [6J.

On the other handpne could impose the condition total energy of gravitational field to be Me1

as in [7]. We show that for Rosen's metric this condition is fulfilled and therefore the metric OK\,
proposed in [7], is its particular case.

2 Rosen's equations for axially symmetric gravitation field

Consider standard cylindric coordinates ( io , z i . x i .x j ) = {t,p,z,4>) and let i be the flat metric

T = dt2 ~p2d<fi2 -dp2 -dz1.

1

T "



The only nonvanishing Christoffell symbols of 7 arc

r33
(2)

Using the well-known definition of covariani derivative and the fact that 7 is diagonal we can write
equations (1) as follows :

2 Nij 7**

- r,'k kg,,

+ rt'krlj9it

- gmTk'mrUgi.9tj } = 0

and in particular

(3)

- 2 rfout - rk\giii. + 2 ff ™r;

0

Here "," denotes usual partial derivative.

The most general form of an axially symmetric stationary metric is

ds2 = fdt2 - 2kdtd4 - 1341 ~ e*(dp2 +dz2).

See [8J. Now from (2)-(5) Rosen's equations for the metric (5) can be written as

(4)

(5)

- fk,i)

kl)- k2p-2(D~2f+ =0

= 0

-D~2f(l\

,1 - Ik,,)

e* = 0

where

- klp-2(D~2f+ = 0,

and

dp2 dx2 dp

is the Laplace's operator in cylindric coordinates.
In this paper we restrict ourselves only on nonrotating solutions, i.e.

k = 0. (6)

A somewhat Kerr-like solution of (1) was found by Knill, Stoeger, Whitman [6 ] , but it contains
terms of type dtdp and dtdz whose physical meaning seems to be complicated [6] .

The case when there is no rotation (eq. (6)) corresponds to Weyl solutions of Einstein equations.
The bimetric analogy to Weyt solutions means that one has to look for a solution of the following
very simplified system

-V2f+D-2l(f2i + f2
t)=0 (7)

V2/i - (ZT2/e" - lp-*e-») = 0 (8)

VV = 0 (9)

V2/ - ZT2/(/2 + l\) - l2p'2(D'2f + p~2e-*) + lp~2 + e" = 0, (10)



where

Without lost of generality we can set

D1 = / ( . (11)

exp(F) , l = exp(L).

Then (7) reduces to

From (8) and (9) we have

and from (11) and (12) we obtain

(12)

L = (i + 2 log p.

that is,

It is easy to verify that I from (13) satisfies (10) as well as that the function

log* = l

(13)

is harmonic. The latier condition has to be satisfied for the reason that it is necessary as a conse-
quence of Rosen's equations [1] .

Summarising we sec that the axially symmetric nonrotating metric is a solution of Rosen's
equations if and only if it has the form

g = epdt2 - e»(p2d<j>2 + dp1 + dz2), (14)

where F and /i are any harmonic functions which tend to zero at infinity in order to have an asymp-
totically flat solution.

Let us introduce Cartesian coordinates

x = pco%4>

y = psin4>

g = e'dt2 - e"(dx2 + dy2 + dz2).

= t f i ( t , x , y , t ) , T) = d i a g ( 1 , - 1 , - 1 , - 1 ) ,

T h e n

Denote

where F,fi are harmonic functions and

5(u, v) = diaglexjKu), -ezp(u), -expi v), ~exp( V)).

Obviously V1 : K1, v -* R2 is harmonic. But

S( u, v) = r)exp{diag{ u, v, v, v)}

and therefore
S(ta + «o,t6+ vo) - S(ui},v0)exp{tdiog(,a,b,b,b)}

The last expression means that

ff(i) = S(uo,vo)exp{tS(v0,vo)-lZ}

is a geodesic through S( wo, vo) with the tangent vector

Z = S(uo,Vn)d\ag(a,b,b,b)

In such a way it is proved that S : R1 -* M (harmonic mapping space, see [4]) is totally geodesic
and thus <p = 5 o $ is harmonic map giving a solution of Rosen's equations (as in [6{).

If we choose in (14)

F = -n = 1

we can obtain Rosen's solution

ds] =

where

**Vr2+r2(eW2 + sin

p = r sin 0



z = rcos 6.
\
\ This metric agrees with Schwarzschild solution of Einstein equations

- ^ ) dt2 - (l - ^ y dr2 - r\dB2 + an> W )

and vice-versa: if we take the harmonic function

- + R+ -2

where

and go to coordinates

we shall obtain the following solution of Rosen's equations

dsj = ( l - ^ 2 ) c&2 - ( l - ^ ) ~ * dr2 - + sin

m ir2 + (r2 -2mr)d£2).

It "corresponds" to Schwarzschild metric and has a horizon r = 2 m where the speed of light tends
to zero.

If we take as potential the harmonic function — ^ (from Rosen's solution) and if we will use
it in Weyl's approach [8], the resulting solution of Einstein equations is the Curzon solution (8]

ds\ = e^ 2d62)

O(r"4)}.

These four elements show that they are very close and demonstrate the analogy between some
solutions of Rosen and Einstein equations.

3 Einstein tensor of Rosen's metrics

As in [7] we can impose the condition

(15)

where we integrate over the whole 3-dimensional Euclidean space, T j is defined by

with c = the absolute velocity, M - constant, 7 - Newton's constant, Gj - Einstein tensor of a metric
g. The last equation is a definition of T which is regarded as energy-momentum tensor of the
gravitational field !

For the spherically symmetric metric

ds2

Q is given by

Since

Gg
1 -»(d V-4eV)

r _i»4m2
 2 ,

e ' ——ridr =
r*

1m

for Rosen's metric, we conclude that for appropriate relation between M,c,i and m the total en-
ergy of Rosen's metric is Mc2 ,that is, condition (15) holds. Hence the metric OK\ in [7] can be
considered as a particular case of Rosen's metric.

For the axially symmetric case (14) condition (15) states that the following integral is finite
1 r+ao f+ao

"4 L /.•-O'l'Mi

\rr»*-^^
or in polar coordinates

There is a large number of harmonic asymptotically zero ji which satisfy this condition. For
instace, known from Weyl's approach

with PB - Legendre polymomial.
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