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ABSTRACT

A dynamical origin to the Minkowski geometry is suggested

in this paper. The Minkowski internal (~xax ) plays the role of

the fifth dimension. We found the energy-momentum vector p

(associated to a "motion in scale") of a "free" relativistic particle

is position-dependent. When x. and "t" are not independent, we

are naturally led to the law of inertia.
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In recent years, many attempts have been made to express the

gravitational potentials g in terms of a scalar function (See the

so-called "pregeometric" theories [1,2]). Vafa [3] has used the Kahler

manifold to express the potentials g as the second derivatives of the

so-called "Kahler potential" K (see also Green [A]).

The purpose of this letter is to show that the Minkowski spacetime

depends directly on a scalar (Lorentz invariant) function A(x^) (which has

units of1length) with the meaning of the 5 t h dimension. We find the

"energy-momentum" p^ of a free particle is position-dependent, being

associated with "motion in scale " [5]. The model leads naturally to the

inertial motion with no use of Newton's second law or the action principle.

Let us take the following expression as the definition to the

Minkowski tensor

-1 2
'uv 2 v* ,u,v -4.4

where a comma denotes a partial derivative and 4 =

and n = diag(-l,1,1,1). The trace of (1) yields

(1)

(x,y,z,t)

4 + 4 = 0p (2)

which might be considered as a "field equation" for 4,(Q = n.a Â o ) .

It is an easy task to see that

4 (3)

is a solution of Eqs.(l), where a^ represents a constant 4-vector (the

minus sign in front of the square root will be justified later). Keeping in

mind that

- a ),
u u

A~1n - *"3(x - a )(x - a )

it may be checked that the constraints

'uv

are fulfilled.

The equation

a * 6 (A)
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is valid because of (3), so that the function

S = m<t>

may be considered as the action corresponding to a test particle of mass

m; Eq.(4) is in this case nothing but the Hamilton-Jacobi equation

S S'a + m2 = 0

(we take the speed of light c = 1). Using the well-known expressions (see

Landau and Lifshitz [6]) we have for the "momentum" of the particle

v ~ »u y a

(we performed, for simplicity, a translation so that ay = 0). The above

equation says that a particle located at the point (x,y,z)has, at the momentum

t, with respect to an inertial frame, the "momentum"

p. = mx. (t2 - r 2r 1 / 2. r2 = E x2 , i « 1,2,3 (6a)

and the energy

E - mt (t2 - r 2 ) " 1 / 2 (6b)

(The spacetime is restricted to r < t.)

Let us mention that t and x. from Eqs.(6a,b) are independent'

variables, in the sense that no motion is associated with the particle.

Our particle moves "in scale", a type of microscopic expansion. Note that
i

when r << t, i.e. far from the light cone, we have p. si mx,/t 2iO and
E at m, as it would be.

When the Minkowski tensor is put in the line element, one gives

dS2 - -dT
2 = n dxv dxv = -$ . <j> dxy dxv - (d*)2

uv ,n,v

It is clear that the length $ appears as the 5 direction. Losely

speaking, (6a,b) are taken as giving the energy momentum in the 5 co-

ordinate. (If the Minkowski spacetime were a domainwall embedded in the

above 5-dimensional world, the same solution (3) would be obtained when we

write the Euler-Lagrange equation corresponding to the action:

S = -p I dt dx dy dz A / 1 + <t>
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(see Vilkenkin [7]) where "p" is the energy density of the vail,

<t - <t»(x,y,z,t). The inertial observer is exactly an observer located

somewhere on the domain wall). The principle of inertia establishes just

that the motion "parallel" to the hypersurface cannot be observed (geodesic

motion). Only non-inertial motion is observable (by means of inertial

forces) because the geodesic is continuously changed.

When a constraint is given between x. and t, we say that the

particle is in motion. In this case

m
mx

t

n 1/9
where T = -41 = (-x x ) is the proper time of the particle. We have

dt t

X. = k.T

t = k-r

(7a)

(7b)

k^ and k being constants ;of integration. A combination of (7a) and (7b)

leads to

X. - k. (1 k2/1'2
t = t, (8)

with Ik? - k2
-1. In other words, when the particle is put in motion,

it continues to move according to Eq.(8), i.e. an inertial motion. We

reached this result with no use of Newton's second law or the action

principle. (Noting also that

U
d2x

dx

.ot

,u,a
- 0)

Making use of Eq.(8), Eqs.(6a,b) become

p. = mv. (1 - v 2 ) " 1 / 2 , E = m(l - v 2 ) " 1 / 2 (9a,b)

2 T̂ 2
(v = f v v.), i.e. the well-known results from the special relativity.

i x

In our opinion, there is no motion at all. In fact, the test particle is

appearing and disappearing at different places, at different moments of time

(depending on initial condition) (see, for example, Gursey [8], in

connection with the phenomenon of "mass scintillations" and Mach's

principle). Therefore, we claim Eqs.(6a,b) are more general than (9a,b).

Let us now consider the particle is forced by an external agent to

move hyperbolically with an acceleration a = const (in the rest system).
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The co-ordinate transformation between the observer's frame and the

particle's proper system is the so-called "special conforroal transformation"

xax

In the two dimensional case and with the acceleration on x direction, we

have [9]

x'
2 2x + ax - at

(1 + ax)2 - a2t2
t'

(1 + ax)2 - a2t2
(10)

If the particle is at rest at the origin of the accelerated system (x' = 0),

Eq.(lO) yields

x = a(t2 - x2) , with x > 0

while (6a,b) may be written as

p » m(ax)l/2 , E = ax)1/2

The particular situation ax << 1 (small acceleration or small "x",

reckoned from an arbitrary origin) leads to p c£ 0 and E ^ m , as expected,
A

It is worthwhile to notice that in the above equations "ax" plays the role

of a gravitational potential.

In conclusion, we consider we gave in this letter a "dynamical"

version of the Minkowski tensor n which originates from the fact that

(Kx^) is non-vanishing (the particular case $ = const, is forbidden, since

it leads to a "tachyonic" relation between r and t). The symmetry

operation $•*•-$ changes the sign of p and <f> •+ ii)> means the light

cone is crossed (the meaning of x. and t are interchanging).

In addition, when the momentum p of the free particle is

associated with motion, i.e. p

law of inertia.

m dx /dr , we are naturally led to the

ACKNOWLEDGMENTS

The author would like to thank Professor Abdus Salam, the

International Atomic Energy Agency and UNESCO for hospitality at the

International Centre for Theoretical Physics, Trieste. He would also like

to thank Drs. T.P. Singh and E. Spallucci for helpful discussions.



REFERENCES

[1] Terazawa H. 1990, INS Rep.831, Univ. of Tokyo, Japan.

[2] Vafa C. Summer School in High Energy Physics and Cosmology,

18 June - 28 July 1990, Trieste.

[3] Green B.R. Summer School in High Energy Physics and Cosmology,

18 June - 28 July 1990, Trieste.

£4] Madsen M.S. L988, Class.Quantum Grav. 5, 627.

[5] Hiscock W.A. 1990, Class.Quantum Grav. 7, L35.

[6] Culetu H. 1990, Europhys. Lett. 12 (6) 487.

[7] Hawking S.W. 1988, Phys. Rev. D37, 904.

[8] Weinberg S. 1989, Rev. Mod. Phys. 61, 1.

[9] Hawking S.W. and Ellis G.F.R. 1973, The Large Scale Structure of

Spacetime (Cambridge: Cambridge University Press).

[10] Culetu H. 1990, II Nuovo Cimento 105B (6), 693.

-5-


