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1. INTRODUCTION

We frequently notice that weather forecasts are imperfect, even though detailed numerical

models of ihe atmosphere can now be implemented on the most powerful computers. While n was

recognised that even the best models were incomplete and thai data for the inilial conditions were

inadequate, it was generally thought (andoften so stated in texibooks) that by improving ihe models

and the data, good predictions would eventually be forthcoming. Henri Poincare, however, slated

as long ago as 1910, that that would not be. He wrote:

"Why have meteorologists such difficulty in predicting the weather with

any certainly? . . . We see that great disturbances are generally produced

in regions where the atmosphere is in unstable equilibrium. The mete-

orologists see very welt that the equilibrium is unstable, that a cyclone

will be formed somewhere, but exactly where they are not in a position to

say; a tenth of a degree more or less at any given point, and the cyclone

will burst here and not there, and extend its ravages over districts it would

otherwise have spared. Here again, we find the same contrast between a

very trifling cause that is inappreciable to the observer, and considerable

effecis, that are sometimes terrible disasters".

We have in fact, frequent instances of substantial failure of clear prediction. Thus, in

the summer of 1989, high pressure with hot, dry weather was established over the British Isles.

There were, from time to time, predictions that the high pressure would decline and more unsellled

weather supervene. It did not happen for many months. It seems that 1990 is following a similar

course. Again, there have been notable failures to predict the onset of severe cyclones such as the

one that travelled, doing great damage, along the south coast of England in 1987; or to predict

the course of a cyclone as when Hurricane Hugo moved sharply inland, south of Washington in

September 1989. I write of just what I have experienced in recent years.

Poincare again identified the dynamical problem when he wrote:

"A very small cause that escapes our notice determines a considerable ef-

fect lhat we cannot fail to see, and then we say that (he effect is due to

chance. If we knew exactly the laws of nature and the situation of ihe

universe at the inilial moment, we could predict exactly the situation of

the same universe at a succeeding moment. But even if it were the case

that the natural laws had no longer any secret for us, we could still only

know the initial situation approximately. If lhat enabled us to predict Ihe

succeeding situation with the same approximation, that is all we require,

and we should say lhat the phenomenon had been predicted, that il is gov-

erned by law. But it is nol always so; it may happen that small differences
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iii (he initial conditions produce very great ones in the final phenomena.

A small error in the former will produce an enormous error in the latter.

Prediction becomes impossible, and we have the fortuitous phenomena".

The behaviour Poincare called fortuitous is what we now call chaotic, or more strictly,

classically chaotic, since Poincare was not wriling about quantum systems. Not only Ihc weather

and climate but many, if not most, of ihe physical systems that determine the conditions of human

existence are chaotic in following rigorous dynamical laws but with highly erratic consequences.

In the following sections, I give an elementary account of the origin of chaotic behaviour

in classical dynamics, 1 offer examples from geophysics, and I conclude with some thoughts about

what can be predicted of chaotic behaviour and what sorts of arguments can be used to guide human

behaviour in chaotic conditions.

2. CLASSICAL CHAOS

I consider systems obeying the equations of classical mechanics, namely Newton's laws

of motion,

at
where p is the momentum of a particle and F the force acting on it; or the Lagrangian form

d (dL\ BL _

where L is llie Lagrangian and v the velocity of a particle at position vector r ;

or the Hamiltonian form
dp
dt dt

dH
dp

where H is Ihe Hamillonian and p and q are vectors of canonical momenta and coordinates.

In whatever form we take the laws of motion in classical dynamics, they may be seen as

rules for mapping or transforming an initial dynamical stale (defined by momenta and positions of

particles or by fields of momenta) into a subsequent one,

That is a consequence of very general ideas of what we mean by dynamics. The form

of the map or transformation is, however, not the outcome of general ideas but has to l>e found

from the empirical physics of particular systems, thai is to say, we know that a force F exists, or a

Lugningian or a I lamiltonian and that they specify a map, but the actual functional form of F , L

or // can only be found from an empirical study of a particular physical system.

Dynamical maps have three possible forms. Let us specify a dynamical state by a point

in a I litbert space in which the components of vectors are momenta and positions. The dynamical
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map generates another vector represented by the final point. The final vector depends on the initial

vector and on the dynamical transformation, and if the spread of final vectors is much the same as

that of the initial vectors we have a behaviour that is predictable in the sense explained by Poincare,

the outcome is no more uncertain than the initial state.

It may happen that the maps give a single result whatever the starting point, as when there

is a minimum in a potential field and a system always ends up in the same, equilibrium, stale of

leasi energy, wherever it started from.

The third possibility is that the map varies very greatly with the starting point, so that the

range of final states is far greater than that of the initial stales - that is chaotic behaviour.

Like the second possibility, the third will also be familiar from examples of potential

energy surfaces with extremals. If the extremal is a minimum, a system will end up in that state

from whatever slate it started, whereas if the extremal is a maximum, a system in that stale may

follow a whole range of trajectories to other states, the one which is followed depending on a very

small variation of conditions at the maximum. Here there is a single exceptional point, the potential

energy maximum in a field of states, but it may be, as in more generally chaotic conditions, that all

points, or connected fields of points, may be the origins of divergent behaviour.

There is a relation here to the stability of perturbation procedures, which may be seen

as depending on the stability of a map with respect to small variations in the specification of the

mapping other than the initial conditions.

Generally speaking, maps with convergent or divergent trajectories occur in non-linear

system. It may readily be seen that linear systems will not show the behaviour. A typical linear

equation of motion with constant coefficients has the form

. . . + fci I xdt+ ...= / ( «

where ± ( 0 isdx/dt.

The Laplace transform is

(1 + i o + • • • + + u; p2f(.s) + . . . = ip(s)

where ^(a) is the Laplace transform of x(t) and<Ms) the transform o f / ( ( ) .
values of x, i . . . at ( = 0.

m , i u , . . . are the

Evidently
dtj(s)
9xo un + a ip + a?



which show that the variations in £ ( s ) , and therefore in j ( ( ) , are just proportional to the iniiial

values xo, io . . . Furthermore, the way in which i ( t ) , as a function of m , i n , varies with time is

determined by ihc polynomial (ao + ai p+ aip1 +...) and is independent of the values ofxo, :io . . .

By contrast, the behaviour of non-linear equations may differ in form according to the

conditions at the origin. Linear physics is only an approximation to reality. It may often be an ex-

tremely good approximation, as for example, Maxwell's equations for the vacuum or the equations

of elasticity for very small strains. It may also be quite inadequate and in particular, hydrodynamics

is inherently non-linear. The reason for that is that the total change of the density of momentum

(pv) , (p is the density of the fluid and v the velocity) is the sum of two pans; the change at a

particular place ami the change on account of fluid coming to that place from somewhere else.

then

If d(p\)/dt is the total rate of change and d(pv)/dt the change at a particular point,

d{p\)
^ ) ( p v )

dt at
when v • (d/dr) is the operator that gives the rate of change due to transport of properties by the

fluid moving with velocity v . The rate of change is the convective (or advective) acceleration.

The advective rate of change applies to all quantities in fluid dynamics, but only for

quantities ihemselves functions of the velocity does it give inherent non-linearity.

The equation for conservation of momentum in a fluid is then

_ . 1 ( p v ) = 7p- + f + dissipation .

(The Navier-Stokes equation)

In a simple fluid the pressure, p, is the potential energy density and so dp/dr, the gradient

of the ;:~Jssure, is a force density, f is the density of other forces. The dissipation term is here left

unspecified, it depends very much on the physics of the situation.

The convective acceleration is inherently and essentially non-linear. It is the source of

lurbulent ilow, eddies and general instability. If the geometry is appropriate and the velocity low

enough the flow will be along regular smooth stream lines and the motion will be well behaved and

predictable, but far more often the behaviour depends very sensitively on conditions, which cannot

be known accurately enough for useful prediction.

It may be noted that non-linear behaviour usually implies dependence on past history

whereas that is not so for linear systems.

3. FRACTAL GEOMETRY

Fractal patterns often arise in non-linear systems. If the scale al which we view a field is

altered, it is usually the case that the geometry of the image changes - the lower the magnification

the less the detail, patterns seen at high magnification may disappear and the whole appearance of

the field is altered. That is the usual, familiar character of maps on different scales. However, some

objects show the same complexity and patterns whatever the scale. The following arc examples.

A picture of a Cantor set is obtained by dividing a line into three equal pans and ihen
removing the central third. The process is repeated with each of Ihc two outer sections, and so on
indefinitely. At each stage of subdivision, the pattern is the same.

If the number of lunar crates of diameters less than certain values, for example, 10km,

I km, l(X)m, 10m, . . . is plotted on a diagram, a graph is obtained which has the same form

whatever the basic scale, that is, it would be the same for the range lm . . . I mm as for 10km . . .

10m.

Cloud patterns frequently show similar geometry on large and small scales. Another

familiar natural example is the tree-like growth patterns of ice and some other crystals whi"« 'he

branch structures repeat on all scales.

4. EXAMPLES

As Poincare pointed out in the passages quoted in the Introduction, weather and climate

are often highly unpredictable. The same must be true of the oceans, since they are governed by the

same non-linear hydrodynamic equations as the atmosphere. The time scales are, however, very

different, and so are some of the characteristic patterns of behaviour, for the physics is different.

The time scale is much longer on account of the greater mechanical and thermal inertia, and thus

the oceans have a major influence on climate over long lime scales.

The atmosphere and oceans are both heal engines. Heat goes into them at the equator and

out at the poles and the poleward flow of heal drives the main atmospheric and oceanic circulation,

a principal effect of which is to transport heat from equator to poles. The heat capacity of the

atmosphere is less than that of the oceans by about the ratio of their densities, with the consequence

ihat the heat content of the whole atmosphere is about the same as that of the uppermost fOmof the

oceans. On the other hand, the velocities of the oceans are far less than those of the atmosphere,

and in the upshot, the rates at which heat is transported polewards by almosphere and oceans are

about the same.

The upper 1km of the oceans is well mixed and so the oceans are effectively isothermal

with respect to the relatively short tenn (days, weeks) behaviour of the atmosphere.

Over long periods (years, decades and longer), the surface of the oceans cannot be taken

to be isothermal and changes in the oceanic circulation must determine atmospheric behaviour in

the long term on account of the much greater heat content of the oceans.

The oceans follow the same non-linear hydrodynamic equations as [he atmosphere and
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they show similar general characteristics such as eddies and other turbulent behaviour on many

scales. They are a chaotic system.

Some long-term changes in climate are well known. There are those associated with the

advance and recession of ice ages over hundreds of thousands of years. Within our own intergluciat

period we see lesser fluctuations, for example, winters in Britain in the 17"1 and 18"1 centuries seem

to have been unduly cold, whereas the ctimate in the 13"1 and 14"1 centuries was evidently milder

than now.

Much of the evidence for far off times must be anecdotal but instrumental meteorological

observations are available for western Europe from about 1780 onwards and have been used to

construct daily weather maps for 1780-85. They sometimes show remarkable similarities to ihe

corresponding maps of the mid-1980's in western Europe, whereas in the intervening two hundred

years, the weather seems to have been quite different. These examples show how necessary it is

to think historically over centuries to appreciate the significance of changes we currently think we

see. It must, at the same time, be realised that changes in one part of the Earth are not necessarily

paralleled by those elsewhere. Some evidence for the Indian Ocean and for continental North

America seems to suggest that behaviour there, in past centuries, was not the same as in Europe at

the same time.

We also see oceanic effects, probably to be considered as chaotic, on a much shorter time

scale. It has been found thai fronts between cold and warm water develop and move somewhat

unpredictably in the Western Approaches to the English Channel. The El Nino tropical wanning

occurs rather erratically every few years in the southern oceans near land and may be triggered by

wind patterns changing.

Other examples of chaotic behaviour are the erratic reversals of the geomagnetic field,

clearly a consequence of the non-linearity of the dynamo system that generates the field, and se-

quences of earthquakes. Fairly consistent statistics of the distribution of earthquakes in time, ac-

cording 10 region and magnitude, are becoming available, but the starisiics of where earthquakes

will occur are much less secure.

5. CONSEQUENCES

All the geophysical examples of chaotic behaviour that have been given above have po-

tentially disastrous effects, but the really devasting ones with major damage and great loss of life,

such as major hurricanes and large earthquakes, are very infrequent. The statistical prediction of

rare events is highly insecure for apart from the large uncertainty of any statistic where the numbers

are few, it is impossible ID collect adequately representative statistics of rare events because they

occur so infrequently. Further, since they are infrequent, the physical conditions that trigger them

and determine their courses, may change from one to Ihe next.

It is possible to say that some parts of the world are heavily at risk, the eastern seaboard

of the U.S. from hurricanes, for instance, and California from earthquakes, but any prediclive state-

mcnis beyond that are essentially unreliable.

It is commonly asserted, or accepted, nowadays that ihe amounts of carbon dioxide and

other "greenhouse gases" in the atmosphere are increasing, that the temperature of the atmosphere

and oceans generally is increasing and that as a result the level of the sea will rise world wide. Each

of those statements, while not obviously wrong, is in fact, insecure. But supposing ihe changes

foreseen come about, then the conditions which determine the onset of cyclones will have changed

for, as Harold Jeffreys pointed out long ago, cyclones are an essential element in the general cir-

culation of the atmosphere and if the temperature and consequently the general circulation of the

atmosphere change, so may the pattern of cyclones. In that case, it is clear that the conditions for

the development of severe hurricanes will be, and are, undergoing changes in times comparable

with intervals between really disastrous cyclones.

6. CONCLUSIONS

The first question is whether anything can be predicted of chaotic behaviour? The answer

seems usually to be, yes, in statistical ways. In gases the behaviour of individual molecules is

chaotic, as is Brownian motion, where the next step is unpredictable. But statislical quantities such

as Ihe pressure of a gas may be calculated and the mean rate of displacement in Brownian motion

obeys a definite differential equation and is calculable.

Statistical mechanics is a theoretical and experimental physics of quantities which are

averages or other functional of random quantities, yet which can be handled in a self-contained

way, with clear-cut logical and experimental relations, without further reference lo the underlying

detailed physics. Can such ideas be extended to chaotic systems generally? Is it sensible to seek

for suitable averages or other functional, which would be derived from the basic equations, and

behave in stable ways?

One attractive speculation is to imagine a macroscopic thermodynamics. G.I. Taylor

introduced the ideas of "eddy viscosity" and "eddy thermal conductivity". They are not molecular

viscosity nor molecular thermal conductivity but describe the large scale diffusion of momentum

and heat in fluids and they, rather than the molecular properties, determine the large scale motions

of the atmosphere and oceans. They imply a dynamical temperature and entropy. In the usual

thermodynamics, the entropy is defined by

5 = k,, In W

where W is the number of complexions of the system. If we could determine the number of large

scale complexions (that is, those on the scale of eddy viscosity) we could write



SD = k

where the suffice D denotes dynamical properties.

Therrnodynamic temperature is related to entropy by

T = dq/dS

where Q is the interval thermal kinetic energy. If we take qp to be the eddy kinetic energy, we may

now set

Tn = dqn/dSn

Whether or not there is any use or illumination to be had from such notions it is premature to say.

All the foregoing considerations only apply if averages or other appropriate functional*

can be defined, but as has been emphasized, rare events, by their rarity, occur at such widely sep-

arated places and so infrequently, that conditions may change from one event to the next and it is

unrealistic to talk of any average over them. There is no stable underlying population from which

to predict.

There may here be a possible use for Bayesian notions of probability by recognising

explicitly the possibility of a change in the conditions.

According to Bayesian ideas, the posterior probability of certain events, given a imxlel of

the physics, is equal to the likelihood of getting the evenls given the model and values of parameters

in it, multiplied by the prior probability of the parameters in the model.

In most statistical prediction the prior probability is assumed constant, in other words it

is ignored, and all the information is supposed to be in the likelihood. In many real circumstances

in Earth sciences that assumption may be unfounded, and we should consider explicitly possible

chanD.,. in prior probabilities, even though, as is most likely to be the case, we cannot evaluate

them.

It is clear that thinking about the geophysical environment in terms of chaotic behaviour

is likely to be rather helpful; this lecture has but introduced the subject.

REFERENCES

Jeffreys, H., 1983, Theory of Probability, Third edition repr. (Oxford: The University Press).

Poincare\ H., 1908, Science el Meihodc (Paris: E. Flatnmarion).

Ruelle, D., 1989, "Deterministic Chaos: The science and the fiction", Proc. Roy. Soc. A 427,

241-8.

Waldram, J.R., 1985, The Theory of Thermodynamics (Cambridge: The University Press).

10

T



Stampato in proprio nella tipografia

del Centra Internazionale di Fisica Teorica


