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Lecture 1

Metrology and the Structure of Physics

I. INTRODUCTION - THE PROBLEM

It is common in textbooks of physics for fundamental ideas or hypotheses to be stated as
principles or assumptions or axioms. Thus special relativity may be constructed from two hypothe-
ses, namely, that the speed of light is a constant and that physics does not depend on the position
or velocity of the place where experiments arc done or observations made. Again, it is supposed
in quantum mechanics that the wavefunction contains all the necessary and sufficient information
about a system and that wavefunctions of composite states of a system are to be found by linear
superposition of wavefunctions of component states. From those two assumptions it may be shown
that the wavefunction evolves in time according to the equation

( I )

where H, the Hamiltonian, is an operator as yet undefined

Quantum mechanics and special relativity are both closely related to the ways in which
we make measurements in physics. The standard of frequency (or time), now seen as the most
fundamental in physics, is defined by a certain transition between hypcrfine levels of the atom Cs-

133 in its ground state. That immediately poset the question of the relation of the standard of time
so defined the scale of time in the derivative of V in equation (1). Again, many measurements
of times and positions of events are made at such a distance that direct measurements of length
are not possible but lengths can only be found from times of travel of electromagnetic waves; the
standard of length is now derived from a transit time and a fixed conventional value of the speed
of light. How does that situation connect with special relativity? The argument of this lecture is in
fact that in these and other cases, the ways in which we measure determine the structure of physical
theory. That is not a new idea, and indeed it waa taken to extreme lengths by Eddington (1953).
This lecture is far more pragmatic and concerned with current practice, but there are one or two
twists in the tail at the end.

2. STANDARDS OF MEASUREMENT

Numerical values are given to physical quantities by comparing those quantities with

other, standard, quantities of the same son. Thus, a mass is found by balancing it against standard

masses, a length by laying it alongside a rod of standard length, a frequency by finding electronically

the difference from a standard frequency. Metrology requires delicate methods of comparison, and
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standards against which to compare. Standards are essentially arbitrary. Independent standards are

not needed for every quantity - a velocity requires standards of length and time but not necessarily

of velocity. Four independent standards are needed, the choice is made according to the refinement

of the methods of comparison and the stability, precision and accessibility of the physical standards.

Standards are arbitrary and defined ostensively. "Those marks on that bar of platinum-
indium alloy are separated by The Metre". A standard is by definition constant, whether we con-
sider changes in time, or whether it may alter when moved from one place to another. If an object
is the physical realisation of a standard, there is no more fundamental object against which such
changes might be measured. However, it would be possible to observe changes in derived quan-
tities, such as values of the speed of light as referred to the length of a metal bar and the period
of the rotation of the Earth upon its axis. There then arise such questions as, which is the more
fundamental, the speed of light or mechanical standards of length and time?

The choice of an atomic transition to define the standard of frequency (time) was made
because the corresponding frequency seems to be the best defined and most accessible by electronic
comparison. The choice is one of practice and convenience. The abandonment of a metal bar as
the standard of length and its substitution by the speed of light as a standard of velocity came
about because measurements of distances of more than a few metres are now made by times of
travel of electromagnetic waves and it is unrealistic to think of comparing them against metal bars.
Again, therefore, it is the relation to practice that has led to the adoption of the speed of light as a
conventional constant, with length, becoming a quantity derived from it by time measurements.

In present metrotogical practice other quantities are related lo frequency or time by further
conventional constants. In the superconducting Josephson junction, transitions of pairs of electrons
across the junction are stimulated by an electrical signal of frequency u related to the potential
difference V across the junction by the formula

where e is the electronic charge. Thus h/e now has a conventional value by which voltage is derived
from frequency.

The effects of these definitions on the structure of physics are now drawn out.

3. THE EQUATION OF TIME EVOLUTION IN QUANTUM MECHANICS

The standard of frequency is defined to be the frequency of an electrical signal that stim-
ulates transitions between two particular hyperfine levels in the ground state of Ca-133. The fre-
quency corresponds to the difference of the eigenenergics of the two levels which satisfy the eigen-
value equations

and
Eh.

derived from the time-dependent wavefunctions

Time in this last equation is clearly related to the frequency defined by the difference
of energies, in particular, because Et/h is dimcnsionless. However, in the usual discussion of
quantum mechanics, the definition of time is left unstated, and there is the possibility of some
implicit definition independent of the accepted practical definition of frequency.

It is commonly stated that the time evolution equation must have the form of a first order
differential equation because of the postulate that the wavefunction contains alt the information
about the state. Hence it must give the rate of change at the origin. If the differential equation
contained higher derivatives it would be necessary to specify values of derivatives of the wave-
function at the origin, or values of the wavefunction at other times. As it is, the first order equation
together with the normalisation condition, defines the rate of change at the origin, and so allows
the wavefunction to be calculated at all subsequent times.

An alternative argument from the nature of measurement is now developed. In principle,
the signal which stimulates the transitions in C«- l33 has a single Fourier component, for otherwise
the frequency is not uniquely defined. In practice, the frequency, about 10 GHz, can be realised
reproducibly by experiment to 1 part in 10 l 3 and so the range of Fourier components is about
1 mHz, a range in part determined by the natural lifetimes of the hyperfine states and in part by
unavoidable imperfections in the apparatus. For the purpose of this argument it may be supposed
that it is possible to identify a single Fourier component by which the standard frequency is defined.
Let the voltage of that component be V, a function of time.

V then has the form Voe~~*"' and so satisfies the equation

t here is defined by the reciprocal of u, die standard frequency. By definition that frequency is

independent of epoch and so in that particular equation, time has a unique meaning.

If we introduce the conventional relation.

we have

u = E/h,

at



At this point it is necessary to introduce the notion that a transition corresponds to the

linear combination of the upper and lower states, and that consequently, the wavefunctions of those

states must satisfy equations of the same form as that of the signal stimulating the transition. That

idea is incorporated in first time-dependent perturbation theory.

Thus, for the one state

and for the other

ih
dt

with Bi — B\ = hu and t defined by the reciprocal of w.

If we have a set of energies and a set of corresponding wavefunctions there will be an

operator equation from which they derive, namely

where H is the operator whose eigenvalues are the energies. That establishes the correspondence

of H with the classical Hamiltonian. That equation has not been reached by purely mctrological

arguments. The form of the equation and the standard of time in it follow from identifying the single

Fourier component in the signal that stimulates transitions, but the principle of linear combination

has to be invoked to obtain the equations for the wavefunctions of the eigenstates. We may also

argue that the fact that we derive a first order differential equation for the wavefunction means that

the wavefunction for at least one physical system (Cs~ 133) contains all the information about

that system.

4. SPECIAL RELATIVITY

A powerful consideration in deciding to change from a standard of length to a conven-

tional value of the speed of light was that it corresponded 10 the actual practice of measurement over

all but the shortest distances. The impossibility of measuring anything other than times of emission

or reception of electromagnetic signals imposes further restrictions that entail the transformations

of special relativity.

Suppose two events, at some distance from an observer, are separated by a time—interval

fit and a space interval 6r. The observer can determine the times by his clock at which he must

send signals to reach the respective events when they occur. He can also determine the times at

which the signals are returned to him from the events. Lastly, he can measure the angle between

the directions in which the signals have to be launched- angles ate found from differences of travel

times to neighbouring observers. With the comment that the cosine rule applies to travel times, just

as to physical lengths, it is a straightforward matter to show that the only result of the observations

relative to the distant events is the square of the space-time interval

6a2 = fit2 - |fir|2 .

Suppose first, the events are on the same line of sight from the observer. Let T be an

interval between emission of signals to reach the events and let T\ and Tt be the travel times. If

the events lie on the same light path, r is zero and 6s1 is zero.

If fir is zero.

If ft is zero, fir «= (Ti - T i ) , taking the speed of light as unity. Generally, S»2 = fit2 - fir2 =

T 2 + 2-riTi —T\) t2 + 2T(T2 — TI) is the actually measured quantity when both events are in

the same direction from the observer.

If the events are separated in direction by an angle B, and if that angle is found from

differences of times &Ti and &T\ as measured by observers separated by a distance 2 ti in a direction

perpendicular to that of event 1, it wilt be found that

1 -
ST2 - fir.

But when fit is zero, fir2 for events in different directions is given by

6rt=TJ
2+T2-2TxT2cos0

Hence in that general case

Ss2 = fit2 - fir2 = T2 + 2-riTt - Ti) + 2T2T\(6T2 - STt)/d,

a result that again shows that 6a2 depends only on measured times and that 6t and fir cannot be

determined separately.

A similar argument shows that the velocity of the events relative to the observer cannot

be separated from their distance from him.

Now 6t and fir are local coordinates assigned by analogy with coordinates assigned by

an observer close enough to the events to make independent measurements of time and distance.

They are no one's real coordinates, they depend on the unknown relative velocity. They have to

change with that velocity according to the Lorentz transformation in order that bv2 should not alter.
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5. SPECIAL RELATIVITY, ELECTROMAGNETISM AND DYNAMICS

The standard of voltage corresponds to the frequency required to produce jumps of cur-
rent in a Josephson junction.

Suppose that a coil is moved through an electromagnetic field. What can a distant ob-
server learn about the field components?

Let the velocity of the loop be v. The voltage developed in it is

V = f E - <a + ~ f B dS
Jc <" Js

where C is the contour of the loop and S its surface.

Now
—dS = v A d\
at

and so
B (vA<fl)= f E<a+ [

Jc Jc
= / { E + (BAV)} (fl .

Jc

But E + B A v = grad Ac — v A curl A where Ac is the scalar potential (c taken as 1)
and A is the vector potential.

ThusE + B Av =grad(Ao - v • A ) .

The frequency corresponding to a jump V in a Josephson junction is

w, - e V/h .

But V is the discontinuity in the integrand for the voltage developed round the loop. So
w, = e(Ao - v • A)/A .

Now an observer stationary with respect to the field observes a frequency altered by the
relativistic Doppler shift, that is, iw, or T( AQ - v • A)e/A . But i( Ao - v • A) is the scalar
product of the 4-vclociry i( 1, v) with (Ao , A ) and so since the observed frequency is constant
and independent of v, (j4o, A) must be a 4-vector of constant magnitude.

A discussion of dynamics along the lines of the space-time interval or the 4-potential
is not so evident because it seems that the observations that must be made to establish dynamical
behaviour at a distance are rather complex. A different approach is to ask, what combination of
energy and momentum would be independent of the observer's velocity. It can only be proportional
to a 4-velocity if it is to involve the J-velocity and if its magnitude is to be invariant under the
Lorentz transformation.

So write
(Energy, Momentum) = iK (1, v)

where K indicates that some linear combination of 1 and v is taken.

On choosing K to be EQ , (with c = 1), we have

of which the magnitude is Ea. Further

= Eo + j E o v 1 +...

when v is small. In units where c is 1, Eo is equal to the rest mass.

The classical kinetic energy j-Ebf2, is seen to be ( 7 - l)Eo, the difference between the
total energy and rest energy.

6. ATOMIC PHYSICS

Special relativity is not concerned solely with measurements at a distance, it is also the
framework for the calculation of interactions in microscopic system. The observable quantities
are now the frequencies of transitions between atomic states and the test of die dynamics used
to calculate them is whether the calculated frequencies agree with those observed. Possibly more
significant is that the dynamics should give the correct structure of the eigenstates. It is well-known,
if fact, that if non-relati vistic dynamics U used, incorrect results are obtained. Relativistic dynamics
must be employed. The reason is plain. Interactions between electrically charged particles take
place through electromagnetic fields, changes in which are propagated with the speed of light. We
must in fact use such results as those obtained in the previous section, that the potential in which a
charged particle moves is i( Ao — v • A) and that the energy momentum relation is

Those are the considerations that lead to Dirac's relativistic equation for the electron. The
situation is indeed not so unlike that for the determination of the space-rime interval. There, with
the only measurable quantities being times, the coordinates of distant events have to be chosen to
preserve the value of 6s2, they are elements of a model, not observable quantities. Similarly, in
relativistic atomic physics, the observables are the cigenenergies; dynamical variables are elements
of a model, not observable, and have to be chosen so as to preserve the measured eigenenergies.



7. CONCLUSION

It may at first sight be surprising, if the arguments put forward here are valid, that special

relativity and the essential elements of quantum mechanics were developed befoie the speed of

light was taken as a standard or time was defined through an atomic transition. How was it that

nonetheless those theories developed in accordance with the requirements of modern metrology?

In fact, the postulates on which special relativity was founded are consistent with and

in some sense generalisations of the metrological consequences. We say in special relativity that

certain quantities 6a2, Eo, for instance, are the more or less direct results of measurement and

so, however, are more relative to other events, their values must be preserved. That is a specific

example of the general principle that physics should be independent of where it is done but it is

imposed by the way we measure. We do not need the general principle for special relativity, we

derive special relativity, perhaps more directly, from certain special cases.

Quantum mechanics is not so clear. So far as can be known, the time evolution equa-

tion was developed from formal principles such as were set out above. No doubt there was some

checking that the equation could lead to stationary states and in one sense it was derived from

the knowledge that such states existed, because Heisenberg's matrix mechanics takes stationary

states as primitive quantities, and wave mechanics was quite early seen to be equivalent to matrix

mechanics. In fact, the formal development of quantum mechanics, like the choice of an atomic

standard of frequency, requires only that two eigenstates should exist with a well characterised

transition between them. Classical mechanics likewise can be founded on the existence of at least

one periodic system (a pendulum or a planetary orbit for instance) which could also serve to realise

a standard of frequency.

In that way it is possible to see that while on the one hand, as argued here, metrology

determines the structure of physics, on the other hand, metrology could not be done as we do it if the

physics were different. Atomic frequency standards could not exist without stationary atomic stares.

Distances could not be measured with electromagnetic waves if dispersionless electromagnetic

waves did not exist. Metrology must make use of the opportunities afforded by the physical world

as it actually is. It then imposes formal structures, but in that metrology depends on actual physics,

those formal structures may be said to be already inherent in, embedded in or implied by the physics.

The formal structures of physics are not just human artefacts constructed out of the ways we do

metrology and the sorts of mathematics available to us. They arc that, but the artefacts we can

construct depend on the nature of the physical world.

REFERENCES

Cook, A.H., 1990, Lecture on Metrology and the Structure of Physics, Italian Physical Society,
Lerici 1989 (in press).

Eddington, A.S., 1953, Fundamental Theory (Cambridge: The University Press).

Petley, B.W., 1985, The Fundamental Physical Constants and the Frontiers of Measurement

(Bristol: Adam Hilger).

10



Lecture!

Why does Mathematical Physics Work?

1. INTRODUCTION - THE PROBLEM

Almost all, if not all, the theories we construct to explain and predict the behaviour of the

physical world, use mathematics, so much so that to most people, theoretical physics is inseparable

from mathematics. The association goes very deep, it is not simply a matter of calculating results,

but profound insights into the structures of the relations between phenomena of physics are obtained

when the relations arc expressed in appropriate mathematical terms. In the every day life of a

physicist, these matters are taken for granted, yet they raise major questions.

Physics deals with the empirical world of nature, the world as it is and no other. Physicists

make observations upon that world and attempt to fit the results into a rational account to make sense

of nature. It is. however, fundamentally empirical, the account we wish to develop is of the actual

natural world.

Mathematics is concerned with logical relations between mathematical objects. The

problems with which mathematicians concern themselves have often been suggested by matters

of physics, but mathematics in no way depends on any relation to some other field of knowledge.

With those features of mathematics and physics, so apparently distinct, it would seem

unlikely that there should be a connexion of any sort between the two disciplines, yet from at least

Newton onwards there has been a highly successful productive relation.

The uses of mathematics in physics need some elaboration. There are two principal ones.

One is to provide a compact expression of the results of observation or experiment. Someone

observes values of the pressure p of a gas at different temperatures T. Instead of writing out all the

separate results he finds that near enough they follow the rule p = kT (Henry's law). Instead of

giving a large number of distinct observations, the results of the observations require only the value

of a single parameter k to represent them. The formula is just as good as the observations, especially

if some uncertainty is assigned to Jfc, a very great deal more economical and more illuminating. It

is not a theory, for that would incorporate some explanation of the particular value of k, but what a

theory has to explain may be seen more clearly from the compact formula than from all the original

data.

The most famous use of mathematics to summarise observation is probably the Ptolemaic

description of planetary motion in terms of epicycles, combinations of circular orbits. It was purely

a description, having behind it no real physical theory that led to that description and no other. As

a summary of past observations it was highly satisfactory, and fitted observation better than the

Copernican model of the day. Only when Newton produced a theory of heliocentric elliptic orbits

11

based on the clear assumption of universal gravitational attraction, did the Ptolemaic theory finally

succumb.

A true theory is not just a description, it is a model of the physics from which the results of

observation are deduced logically, not taken as given to be fitted into a formula. Not only should a

theory account for what has been found in the past, it should also predict the results of observations

as yet not made. (That is not a complete distinction for if a descriptive formula happens to be

consistent with a sound theory, it will also predict satisfactorily.)

In this lecture I am concerned with true theories. That is not to deny the value of the

use of mathematics in a summarising way; there is also a serious question about that descriptive

use. How is it possible to fit sets of many observations with formulae having many, many fewer

parameters than observations? It is a question which Jeffreys and Wrinch illuminated many years

ago (see Jeffreys 1973). I do not take it further here except to remark that the fact that many data

can be represented by few parameters suggests an underlying regularity in nature.

It would seem that mathematical theory would not be as successful as it is unless there

were some close relation between the nature of the physical world and the structure of mathematics.

Is that indeed so? It is a question that has attracted the attention of many physicists and mathemati-

cians, and over the millenia has generated much metaphysical discussion upon such issues as "The

harmonies of nature", "God as a mathematician", "God does not play games of chance with us",

and so on.

I do not venture into metaphysics in this lecture. 1 put forward a different approach in

some ways leading on from my first lecture on metrology and the structure of physics. Why does

mathematical physics work? Roughly speaking, there have been two views: the world really is a

collection of mathematical objects; and we select for study only those phenomena that can be rep-

resented mathematically. I believe the answer to be more direct than any metaphysical explanation,

but having its own subtelty.

2. ABSTRACT GROUPS AMD CONCRETE REALISATIONS

I start from an argument familiar in the theory of molecular vibrations. Every molecule

has the symmetry of some point group which means that its properties do not change under rotations

that correspond to the particular symmetry. In particular, the set of normal modes of vibration is

unaltered and in terms of group theory the normal modes can be the basis for a representation of

the symmetry group (Herzberg 1945). The power of that observation is that it allows important

properties of the normal modes to be derived from the general structure of a symmetry group, in

particular, its irreducible representations, without detailed numerical calculation. I now develop

quite generally the idea of a correspondence between physical phenomena and representations of

groups.

It is first necessary to summarise a few concepts of groups and their representations. In

12



mathematics an abstract group is a collection of objects which are unspecified save that they have a

rule of combination which determines the group in question, and that they are subject to a number

of very general conditions. For example, there has to be a unit object that combines with any other

member of the group to reproduce that same member. Two members of the group combine to give

an object also in the group, and to each member corresponds an inverse with which the member

combines to give the unit object An important idea is that of sub-groups, the members of which

belong to the parent group and themselves form a group.

Much can be learnt about groups while leaving the nature of the members undefined, but

there are also many purposes for which some concrete form must be taken. Any such particular

sorts of object which satisfy group properties in general and combine according to the rule for the

particular group, constitute a Representation of the group. Since the theory of groups is part of

mathematics, representations are usually thought of as sets of mathematical objects, and in partic-

ular, very many representations are sets of matrices. Now matrices are operators and for a group to

have a representation by matrices, there must be some quantities on which the matrices can operate.

Those operands are known as the Basis of the representation.

Matrix representations may not be unique. Thus, the group of rotations in 3-spacc can be

represented by 3 x 3 matrices operating on vectors of 3 components, but it can also be represented

by 2 x 2 matrices operating on spinors with 2 components.

The instance of molecular vibrations already mentioned, shows that representations need

not be mathematical, for the actual physical normal modes of vibration of the molecule constitute

a basis for a physical representation of the point symmetry group of the molecule. That idea is now

extended.

3. PHYSICAL BEHAVIOUR AS GROUP REPRESENTATION

The value of group theory for understanding and classifying molecular vibrations lies in

the fact that all representations of a particular sort, whether constituted by matrices or other math-

ematical objects, or by physical systems, have certain common properties. If it can be established

that a particular system does sustain the representation of a group, then the mathematical theory

that applies to all representations of the group will apply also to the physical system. Any mathe-

matical representation of the group can therefore be taken as a model of the physical system. An

example has just been given. When a physical object is routed by an arbitrary amount in 3-space,

all distances in it are unchanged. That is the physical condition to be satisfied by any mathematical

representation of the group, and we know that it is satisfied by both the vector representation and

the spin representation.

Two types of physical behaviour have been referred to in the preceding remarks. First,

many physical systems show some symmetry. The relevant groups, symmetry groups, have a finite

number of members. Secondly, some measured quantity should be unaltered by different ways of
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describing the system. If there is a continuous range of possible descriptions, then the correspond-

ing group is a continuous group.

4. SYMMETRY

Many physical systems show some degree of symmetry, whether with respect to rota-

tion (point groups) or with respect to translation (space groups). Symmetry means that a physical

object appears the same when viewed or measured from different directions or different positions

and symmetry groups may be represented in many ways according to the quantities, physical or

mathematical, upon which the representatives operate. A solid object can be physically rotated, or

an observer could walk around it in a physical representation.

So far as physics is concerned, the most important representations are the irreducible

representations. Those are representations in which operations on members of the basis set generate

members of the same basis set. Normal modes of vibration can be classified into basis sets of

irreducible representatives and that is very important in the study not only of molecular vibrations,

as already mentioned, but also for phonons in crystalline solids as the bases for representations

of space groups. Likewise, the electronic wavefunctions can be used as the bases for irreducible

representations and classified accordingly. The basis functions of an irreducible representation all

have the same eigenvalue of the operator representing the group member, the same frequency of a

normal mode, the same energy of a quantum mechanical state.

Neither normal modes of vibrations of molecules, nor phonons nor electronic wavefunc-

tions in solids can be observed directly, but the energies of transitions between states are directly

observable in spectroscopy and they can be derived from the properties of irreducible representa-

tions. The fact that the basis functions of a representation may not be directly observable, but only

some consequence of the form of those functions applies more generally when we come to consider

the implications of the restrictions imposed by metrology described in the first lecture.

5. CONSEQUENCES OF METROLOGY

Observations of distant events can be made only with electromagnetic radiation and how-

ever the distant events are interpreted or described, the observed quantities have to remain the same.

If coordinates are to be assigned to two distant events, that must be done in such a way that the

space-lime interval

ds2=dt2- dr1

remains the same. Then if some change of coordinates is proposed, the one set must be related to

the other by a Lorentz transformation.

Lorentz transformations are representations of the Poincare" group and the basis is consti-

tuted by space-time coordinates. That basis is not any actual set of coordinates - the coordinates of

14
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the events are unknown to the observer and do not exist except in models of the distant events. The

group of space-time rotations which leaves da2 unchanged is a continuous group, for any rotation

is allowed. It is a Lie group and has the Lie group property that it is entirely determined by the

algebra of differential functions at the origin.

Consider as an example, small rotations in 3-space. Let 60 be an arbitrary rotation, a

vector. Let v be a vector basis and v' the result of rotating v through 66.

Then we may write

M -

M is then &v/dO at SO = 0 , that is, the tangent operator at the origin. M is a vector operator with

matrix components, in fact, the angular momentum operator.

We require that the magnitude of v should not change, that is

where v r denotes the transpose of v. Thus

v r ( 1 + 66 r M r ) ( 1 + M • 68)v = v'v

so that

0 + 1 0 '
and consequently M is antisymmetric. M has in fact the components [ — 1 0 0 | and two

similar matrices.

The commutation relations for angular momentum, namely

MiM) ~- MjMi = M*

follow from the forms of Af,-.

According to Lie group theory, the operator for a finite rotation is

exp(M -9) .

Expanding the exponential and using the fact that

Atf =diogi -1 , -1 ,0)

with similar results for the other components, it follows that

/ 0 +1 0\
-1 0 0

V o o o /

/ cos 0 sin 8 0 \
exp(M -0)= I -sine cose 0 I

V 0 0 1 /
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if 0 is about the 3-axis. All that has followed from the sole condition that v1 should be a constant

under the transformation. In a like manner we may construct the algebra of the Lie group of Lorentz

transformations.

Special relativity also requires that the rest mass, £b, the magnitude of the energy mo-

mentum 4-vector, should be a constant as should the scalar product which gives the generalised

potential difference, (ds • A ) .

To summarise this section, conditions on what we can measure mean that certain results

of measurements must remain constant, however we model the physical situation of which we have

incomplete knowledge. The corresponding parts of mathematical physics, large parts in fact, have

to be constructed in such a way that the inferred values of quantities actually measured are indeed

unaltered; that leads to a particular group structure.

6. DYNAMICS

The mathematical structure of dynamics is essentially a Lie group structure, for the equa-

tions of dynamics are differential equations which describe how a dynamical system evolves in

time. Either they give, in classical mechanics, the infinitesimal increments of coordinates and

momenta, or they give in quantum mechanics the infinitesimal increments of wavefunctions from

which all observable properties of a system may be calculated.

The Lie group structure of quantum mechanics is directly evident from the time evolution

equation

iH/h is the tangent operator of the Lie group at the origin of time and its algebra determines the

general form of the time evolution. Given that all wavefunctions are to be normalised it follows at

once that H is Hcrmitian.

The Lie group structure of classical mechanics is not at first sight so obvious, for the
equations of motion, whether in Newton's form, or the Lagrangian, or the Hamiltonian forms, are
not evidently Lie equations.

They do however reduce directly to that form in cases where the Hamiltonian is quadratic

in the momenta and coordinates. In simple harmonic motion

Then
dp 8q
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and the vector of p and g at ( ( + fit) is found from that at t by the relation

GL-CKC).-

When 6t is not small.

(p) -

Evidently p and 4 vary hannonically with time.

In classical mechanics, the Hamiltonian is always quadratic in the momenta, but if the

potential is not quadratic in the coordinates then the operator M will not be independent of g and

the simple Lie group operator is not obtained. However, if the equations of motion are put in terms

of the action, then there is an immediate correspondence with quantum mechanics for the action is

the exponent of the quantum mechanical wavefunction and satisfies the Hamilton-Jacobi equation

which is the form to which Schrodinger's equation reduces when Planck's constant tends to zero.

Further, there is a general equivalence of classical mechanical quantities - coordinates, momenta,

and their functions, and quantum mechanical operators, by way of the Wigner transform.

If A is a quantum mechanical operator, a function of the operators p and q, and if

Am(j>, q) is a classical dynamical quantity, a function of the classical quantities p and q, then the

Wigner transform determines Aw as

-jy> .- * • " *

A may be obtained from A . by the inverse transformation.

The transform of the quantum p is the classical p, and similarly for q and q. Thus the

quantum transform of the classical Hamiltonian is just { p 2 / 2 m + V ( q ) } as in Schrodinger's

equation.
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7. SELECTION AND EMPIRICAL PHENOMENA

Some parts of mathematical physics can clearly be seen as mathematical representations

of groups of which sets of physical phenomena also constitute representations. Those theories seem

to be very general and it is natural to ask if similar arguments work with the more phenomenological

parts of theoretical physics, the rich and diverse phenomena of solid state physics, for example.

It does not do just to say that solid state physics is a consequence of quantum mechanics and

symmetry, true though that may be. A very great deal of empirical data is incorporated into and

deduced from the basic theory in actual solid state physics. Why does mathematical physics work

so well in those circumstances, in what might be called (with no disrespect) secondary theory? Do

we in fact, select for theoretical studies those parts of physics, or parts of parts of physics, that fit

into a framework we can handle mathematically?

One question is whether any physical system whatever can constitute a representation of

some group? Clearly the answer must be no, for it is not evident from first principles that quantities

in an arbitrary system would have the fundamental group properties. Some phenomena do by

definition have the group properties ~ all the transformations of 4-vectors in special relativity have

the group property because of the way in which 4-vectors are defined and by the identification of

observable quantities with the magnitudes of 4-vectors or their scalar products, invariant under

Lorentz transformations.

The question of prediction is at the heart of the matter. If we make certain measurements

on steel or concrete, we know that one bridge constructed of those materials will collapse, while

another will stand up. If we make certain spectroscopic measurements on molecules we can predict

the thermodynamics of a gas of those molecules. All engineering and much of physics depends

upon being able to make predictions of that sort. Prediction seems to require two conditions. One

is that the world is stable, that is, that the conditions that held when the initial observations were

made will continue to apply in the future when predictions are made. That is an assumption, it may

or may not apply. The other condition is that the original observations encompass the whole range

of possible variation. Again, until future observations are made, no one can be sure of that. The

history of successful physics involves people becoming more and more sure that both conditions

apply in physical science.

Clearly there is a profound principle of selection at work. Science deals only with those

phenomena for which the two conditions are reasonably well fulfilled. Both conditions should be

stated in terms of probability - the one, the probability that conditions now are as they were before,

the other the probability to be attached to parameters in expressions representing the data. Those

are in fact principal topics of the next lecture. They do not on the face of it necessarily show why

mathematical physics works, but that brings us back to the other use of mathematics, the repre-

sentation of data by mathematical formulae with just a few parameters and to the demonstration

by Jeffreys and Wrinch that only a few parameters are usually needed, again an argument of a

probabilistic nature (Jeffreys 1973,1983).
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Lecture 3

Probability, Chaos and the Environment

1. INTRODUCTION-Bruno deFinetti and Harold Jeffreys

Bruno de Finetti and Harold Jeffreys were distinguished students of probability, who

made profound contributions to fundamental ideas and to applications in the physical sciences, and

to the principles by which scientific knowledge is obtained, as well as to economics and social

studies. Their work, mainly done in the 1930's, concerns many issues of importance in the ICTP,

and both can be said to be associated with Trieste, de Finetti much more so personally.

de Finetti came of an Innsbruck family of engineers, both his father and grandfather hav-

ing worked in and around Trieste and in Styria. He himself, after a distinguished university career,

worked for some years in the Assicurazione Generate in Trieste where, I believe, he encountered

Antonio Marussi, the internationally renowned geophysicist and supporter of the ICTP, who mar-

ried de Finetti's sister.

Harold Jeffrey! came from the north of England. He died early last year at the age of 98

having begun his scientific career about 1910. He was a fellow of St. John's College, Cambridge,

continuously from 1914, and through St. John's may be said to have a connection with the ICTP

in the persons of Professor Salam and Paul Dirac. As far as I know Jeffreys never visited Trieste,

but much of what he did in his very long active career is directly related to, indeed sometimes

initiated, our studies here. He was a pioneer in fluid dynamics, meteorology, aerodynamics and

oceanography. He rediscovered the Liouville-Green method for the asymptotic solution of certain

differential equations before Wentzel, Kramer and Brillouin, separately and simultaneously, hit

upon it for approximate solutions of the quantum mechanical wave equation. Geophysical studies

in seismology and geodesy have been of first importance and relevant to a number of courses held

here in the past.

Jeffreys wrote in the 1930's a book "Theory of Probability" (Jeffreys 1983), which went

very deeply into the principles, mathematical structure and applications, of probable argument

which, as indicated in the previous lecture, is at the heart of scientific method and knowledge,

de Finetti was writing on similar lines at about the same time. I do not think that Jeffreys knew

of de Finetti's work until quite late in his life (1980), but de Finetti (1974, 197S) certainly knew

Jeffrey's book and greatly appreciated its arguments. At the time they were written, the works of

Jeffreys and de Finetti cut across approaches to statistical argument being advocated by R.A. Fisher

and J. Neyman, and they were rather disregarded, for they advanced the so-called Bayesian view of

probability. Nowadays, the value of Bayesian principles and methods is increasingly appreciated

in the natural sciences in social studies and in economics. In this lecture I shall indicate the prin-

ciples set out by Jeffreys particularly, I shall say something of their bearing on the epistemology

of science, I shall indicate possible relevance to some environmental studies, and I shall discuss in

19 20



what way the differences between Jeffreys and dc Finetti are relevant to those matters. I offer these

remarks in homage to two great thinkers.

1. THE CONCEPT OF PROBABILITY

Human knowledge is uncertain, our data are incomplete, subject to error, and the full

knowledge of the circumstances and conditions is generally lacking. Inferences from such incom-

plete knowledge are then necessarily uncertain. What we call scientific knowledge is from one point

of view that knowledge on which we all agree, all of us, that is who are in some respect competent

scientists. Scientific knowledge is common knowledge. Yet the fact that scientific knowledge is in

principle common to all scientists, does not mean that it is complete or that the logical processes

by which it is derived from data arc certain. We have to deal in science as in all empirical contin-

gent human affairs, with probable conclusions, in contrast to mathematics, where we draw certain

conclusions. We therefore need to define what we mean by the probability of some proposition in

science and to formulate principles for action upon it.

Ideas of this sort go back at least to the end of the seventeenth century, and in the early

eighteenth century Edmond Halley and Abraham de Movire were dealing with one form of proba-

bility, that of chances of obtaining samples with specific properties from some parent population,

as in games of chance and vital statistics for calculating annuities. That is in essence, one way of

defining probability that has been followed ever since. Jeffreys called it the frequency definition.

A probability is seen as the frequency with which objects occur in populations. This definition was

used in effect by WUlord Oibbt when he defined the grand canonical assembly in thermodynamics,

and is obviously useful in assurance calculations.

The other view, which goes back to Bayes and Laplace, is that a probability is a degree of

belief in a proposition. Such a bait statement raises immediately the questions of whose degree of

belief - mine perhaps, or all scientists generally; and how can a degree of belief be put in a useful

mathematical form? Those questions apart, the degree of belief view of probability seems to be

what we want in deciding, for example, if some scientific theory is well supported, or if we should

take some economic action.

I shall return to the relation between the frequency and degree of belief approaches later,

but now, because de Finetti and Jeffreys both adopted the latter, that is the one I follow here.

3. FOUNDATIONS OF PROBABILITY

Jeffreys gave a very thorough account of an axiomatic treatment of probability following

in a general way that of mathematics in the Principia Mathematica of Russell and Whitehead. I

just summarise some of the key points.

The first is that the probability of some event or proposition cannot be thought of as

in isolation, it is relevant to other knowledge. To display that explicitly, Jeffreys introduced the
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notation

meaning, the probability of the proposition p given other propositions q.

The background knowledge can often be usefully split upfes in

where, for example, q may be some observation and H other information about the circumstances

more generally.

Jeffreys postulated that probabilities could be ordered uniquely and showed that no in-

consistency arose from that postulate.

Thus, if

and

then

P(P2/q,H)>P(.p3/q,H),

P(pi/q,H)>P(p*/q,H),

with similar results for different sets of data, Q\,q2,Qi-

Not everyone accepted that the ordering was unique. J.M. Keynes did not, and de Finetti
also, took, it seems, a more subjective view.

If die unique ordering is accepted, then probabilities can be ranked according to the order

of the real numbers - but that does not mean that they are equal to the real numbers. Even so,

the correspondence with the real numbers enables algorithms for mathematical calculations to be

constructed, always remembering that die results must strictly be interpreted in terms of order of

numerical quantities, and no more. There are of course, many circumstances in which ratios of

probabilities can be calculated numerically.

An important question is how to evaluate the probability of two propositions jointly.

If P{ p, q/H) stands for the probability of the joint occurrence of p and q given H, then

the expression for P{p, q/H) is

or equally

Pip.qfH) = P(q/H) • P(p/q,H) ,

P{p/H)-P{q/p,H).

The product rule is of great practical importance. It is sometimes stated as

P{p,q/H)=P(plH)P(q/H)
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but that is only true if the probability of p on /T docs not depend on whether 4 has occurred, or vice

vena, and it is not the case that those probabilities are necessarily independent.

The product rule in its correct form allows us to formulate a procedure for handling a

key question in science. If we know the probability of obtaining some observations, q, given a

proposition, p (an hypothesis in a theory for instance) what is the probability that p is true, given

that the observations have been made?

The product rule tells us that

and also
~P{qlH)P(pfa,H).

We require the probability P(p/q, H) of p, given q and H. Equating the two expressions for the

product, we have

P(q/H) is a somewhat undefined quantity, the probability of q. given H independently of p. It

could be taken as 1 since the q has occurred but it is really irrelevant since we are usually concerned

with comparing two propositions pi and p%, on given data; for example, whether some observations

are better represented by a linear or quadratic relation. Thus we want the ratio

and P(.q/H) is irrelevant.

We can then write

P(.P\/q,H)/P(p2/q,H)

P{p/q,H) « P(p/H) P(q/pH)

with a common factor of proportionality when q is the same. The left-hand side is the posterior

probability of p - the probability of p upon the observations q.

P(pjH) is the prior probability ofp, expressing whatever information there was about
p before the observations were made.

P{qjp, H) is the likelihood of obtaining the observation q given the propositions p and

H. The term likelihood was introduced by R.A. Fisher. All the data relevant to p arc in it. A

crucial result due to Jeffreys and Dorothy Wrinch (see Jeffreys 1983) is that when the number of

observations is large, the prior probability is of minor significance and the ratio of the posterior

probabilities of different propositions on the same data is essentially the ratio of likelihoods.

The significance of that result is great. First it means that in almost all practical applica-

tions in science, it is only necessary to deal with likelihoods.
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The result also means that in many instances the assignment of the prior probability can

be avoided. P(p/H) is in fact often unknown, and that has been seen as a fundamental objection

to the Bayesian approach. In fact, Jeffreys devoted a great deal of space in his book to establishing

mathematical forms for prior probabilities that should express the same ignorance of p no matter

in what functional form it was written.

Against Jeffreys, R.A. Fisher and J. Neyman set themselves, in somewhat different ways,

to determine P( p/q, H) solely from the data and Fisher introduced the likelihood with that purpose.

Confidence intervals were similarly proposed.

Jeffreys** result shows that in many circumstances, likelihood is equivalent to inverse

probability. He strongly criticised frequency definitions of probability, and de Finetti fully sup-

ported his arguments, on the grounds that the frequency definition is no definition for it depends on

postulating infinite populations which cannot themselves be defined.

4. SCIENTIFIC INFERENCE

Problems of scientific inference arise at different logical levels. Jeffreys concerned him-

self to a very great extent with the problem which may typically be slated as:

We have certain data which could imply various alternative propositions. How should

we compare the probabilities of the propositions?

It has just been seen that the answer is given by the principle of inverse probability,

leading in many instances to comparison of likelihoods.

However, that answer assumes that prior probabilities are irrelevant. They may not be.

For example, data could be fitted by some linear quadratic or cubic dependence. The likelihood

of the linear form might be found to be less than those of either the quadratic or cubic, which

again might be almost indistinguishable. If the prior probabilities were irrelevant, the quadratic

form might be chosen on grounds of simplicity, but if there were some other considerations such as

symmetry for example, that ruled out the quadratic form, one would choose the cubic even though

its likelihood might be less. If a certain prior probability is zero, the proposition cannot be saved

by any observations.

There is a deeper level at which questions of probability arise in the epistemology of

science, which is to do with prediction. Some of the questions were raised at the end of the previous

lecture. They are of the general nature: given the likelihood of certain observations, q, that have

been made, dependent on some proposition p, what is the likelihood of obtaining other observation

q' not yet made?

A crucial point here is that whether or not a prediction is successful is a matter of com-

mon, objective knowledge, not simply one of subjective belief. It seems to me that there is here

a significant difference between de Finetti and Jeffreys. Insofar as de Finetti's view of probability
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is that it is a subjective, personal degree of belief not necessarily possible to put in a unique order,

it would not appear to lead to a probability of a prediction that is objective and in the common

domain. My personal degree of belief does not apparently have to bear any necessary relation to

the state of the natural world, yet the success or future of a prediction does not depend on my being

there to observe it; it is independent of me as an individual and the probabilities in terms of which

it is assessed must bear some objective relation to the natural world.

Jeffreys's approach satisfies at least part of the requirement. A unique order of prob-

abilities would seem to be necessary for correspondence with the natural world though it is not

sufficient. Jeffreys himself seems not to have brought out explicitly the need for probabilities to

be more than degrees of subjective belief if they are to be of use in science, but it is implicit in his

writings.

I argued at the end of the last lecture that the successful application of mathematical

physics is bound up with two questions to which we can give only probable answers, not certain

ones, namely are the prior probabilities of propositions about the natural world stable, and are the

observations we can make of the natural world sufficiently wide ranging? Questions of probability

therefore certainly arise when we ask why mathematical physics works.

Prior probability is an expression that may give rise to some misapprehension. It does

not mean a a priori probability, in the sense of innate knowledge or logical principles. It can be

quite empirical, meaning such knowledge as we had of a proposition before starting a particular

investigation. In that sense, it is the distillation of existing knowledge. It may of course be a state-

ment that we have no such knowledge - the value of some parameter in a formula could be entirely

unknown before we start observations. It does, however, include unstated assumptions, and part

of the value of writing down the prior probability explicitly is that it calls attention to the fact that

such assumptions may be present, as for example, that basic physical conditions are not changing

between one set of observations and another. Such explicit acknowledgment of assumptions be-

comes particularly important when we turn to some applications of probability to chaotic behaviour

of the environment. When a prior probability occurs in an expression it raises a question, and the

question requires an answer if we are to construct a reliable argument.

5. PROBABILITY, CHAOS AND THE ENVIRONMENT

The prediction of natural disasters attracts a great deal of attention these days. What, if

anything, can be done to predict the occurrence of very rare but very damaging natural events such

as earthquakes and hurricanes? Then at a different level, what can be said of the very long term

changes in sea level or atmospheric temperature or composition in the face of large fluctuations

over a wide range of periods?

At present we do not know enough about the physical state of the regions of the Earth in

which earthquakes occur to be able to predict when and where they will occur and with what force.
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We have a growing body of statistics which seem s to enable calculation of the probability of a small

to moderate earthquake in a well studied region such a California. The statistics of rare events ate

of course by their nature very ill determined and so the prediction of the occurrence of a major

earthquake is effectively impossible. Statistics are, however, not the only problem. Statistics give

us effectively the likelihood of the occurrence of earthquakes on certain propositions. Those propo-

sitions arc distinctly ad hoc at present, such as the definition of a region, of earthquake magnitude

and so on but they also necessarily include an assumption of statistical stability. The probability of

the assertion that the basic physical conditions are stable is part of the prior probability.

The prior probability of an assumption of statistical stability may be quite high for many
small earthquakes, but it is clearly quite low for the very large rare events, at intervals of decades,
even perhaps more than a century, for things may change in that time, and most significantly, when
a large earthquake occurs it itself may produce changes which mean that conditions are not the
same for the next very large earthquake. There is some element of chaos here, not perhaps in the
strictly deterministically dynamical sense, but in a weaker sense that basic conditions may change
erratic ally.

The prediction of hurricanes raises the matter of chaotic behaviour and probability more

strongly. A hurricane shows chaotic behaviour of the atmosphere with strongly non-linear dynam-

ics, both in its inception and in its erratic course which often does not accord with prediction. Chaos

in classical dynamics occurs when solutions of the equations of motion are very sensitive to initial

or boundary conditions so that even though in principle and in fact the motions are deterministic,

in effect they are highly random.

In well defined linear dynamics - textbook dynamics - a dynamical trajectory (or map)

is well defined and the probability of its occurring, given the boundary conditions, is effectively

unity. In chaotic dynamics the trajectory it so sensitive to boundary conditions that for any realistic

specification of the conditions (which can never be free of some uncertainty) there will be a whole

range of possible trajectories to each of which some probability will be attached. It may or may

not be possible to calculate from the probability distribution of boundary conditions the probability

of any trajectory, that is to say, the likelihood of a trajectory given a law of dynamics and a prior

probability of boundary conditions.

The prediction of chaotic events wilt in practice have either of two aims (or both), the one

to estimate the probability of a particular dynamical evolution (or trajectory), the other to determine

statistical properties of a large number of such events. The extreme instance of the second is ther-

modynamics. In a gas, for example, we could estimate the probability of the track of a particular

molecule, but it would not be much use. It is the sum or average of molecular properties that we

actually observe and our theory should determine their most probable values, as it does.

Although systems in the environment, weather systems, for example may appear more

directly observable than states of molecules in a gas, yet there too, it is for some purposes more

realistic to estimate statistical properties. The family on vacation or the farmer in his daily round
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wants to know if it will rain or be sunny tomorrow, an engineer planning water supplies or harbour

works needs to know average behaviour over many years. Means of environmental parameters and

their variances are clearly very important. Natural phenomena are also often periodic in complex

ways and the statistical properties of amplitudes and phases of chaotic systems are important.

For all the purposes mentioned, a proper treatment of probability is essential. On the

whole, littte attention seems to have been given so far to a sound probabilistic approach and in

particular, as already indicated, insufficient notice has been taken of the prior probability in cir-

cumstances where the basic physical conditions are changing over the period in which estimates

are being made. Those conditions may themselves be changed, as has been said, by feedback from

the phenomena themselves.

6. CONCLUSIONS

Probable argument is at the heart of scientific method. For it to be effective we need a

definition of probability that is objective. Bayesian ideas, as advocated and developed by de Finetti

and Jeffreys provide a sound basis for scientific method, provided probabilities can be estimated in

objective ways. The likelihood is an objective estimate and it has been seen that in many cases it

is sufficient to use it. However, there are also important circumstances, including those of chaotic

dynamics, in which prior probabilities should be explicitly specified.
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