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ORIGIN: The term "probability table" was used for the first time 
by L.B. LEVITT in 1972 [LE.72]. Such tables were proposed a 
little before this time by the Soviet team from OBNINSK [M.N. 
NICOLAEV et al., NI.69, NI.70], who offered a method of setting up 
the tables and suggested that they be used in analytical 
neutronics, under the name "sub-group method". 
But, as D. CULLEN observes [CU.74], using probability tables is 
the same as using a quadrature and can be related to mathematical 
theories governing quadratures. In particular, the 
probabilities of the probability tables which we intr 
Christoffel numbers and the quadrature is a Gauss-Jacobi 
quadrature [SZ.59], 

1. PRINCIPLE 

The principle is illustrated by Figure 1: in an energy field G, 
the distribution of cross section o(E) (Figure 1.A) can be 
described by the distribution of the probability p(o) of finding 
a. The latter distribution can, in turn, be described by a sum of 
weighted Dirac functions: 

(1.1) ^ P i 5(a-Oi) 

It is this set of values {pi, a^} which we shall call a 
probability table. In mathematical terms, a Riemann integral J is 
transformed into a Lebesgue integral, then approximated by a 
quadrature: 

(1.2) J = 1/G JQ F(O(E) dE = Ja p(o) F(o) do § S ± Pi F(0±) 

1.1 Energy Information 

The three curves in Figure 2 are described by the same law p(o) 
and consequently by the same probability table {pi, Oi). The 
energy information is consequently lost and the probability tables 
introduced should only be used if the statistical hypothesis is 
valid. This point requires clarification. 

1.2 Statistical Hypothesis 

If we introduce a partial cross: section 0X(E) and the collision 
density t(E), a certain integral J (a reaction rate, for 
instance) will be written (substituting t for ot and x for 
o x): 
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(1.3) J = 1/G JG F(t(E)) x(E) T(E) dE 

= J/J 0>(t,x,t) F(t) x T dt dx dt 
t,x,T 

= J p(t) F(t) dt Jx qt(x) x dx J*t rt/X(t) t dt 

Statistical hypothesis: throughout the entire field G, rt x(t) 
can be considered as statistically independent of t, x: 

(1.4) JT rt(]t(i) t dT # JT r(x)Tdt = f 

which will give: 

(1.5) J = t ft p(t) F(t) dt Jx qt(x) x dx 

It is worth noting that the "narrow resonance" approximation, 
which consists in replacing t(E) by a constant: 

(1.6) t(E) * T = constant 

leads to the same formula. It is for this reason that the 
probability tables are often used in association with this 
approximation, whereas the statistical hypothesis would suffice 
(and that explains the good results often obtained with the NRA 
approximation). 

2. METHODS 

They are infinitely varied, but we would mention: 

2.1 L.B. LEVITT Methods 

The o variation range is divided into N initially 
predetermined bands, terminating at SQ, S-J , ..., sN. The program 
determines the intersection of o(E) with each s^ and the 
weighting factor pA will be the probability of o(E) being 
located between s^i and s^: 

(2.1) P i = 1/G JQ T(o(E)-si..]) T(Si-o(E) dE 

where Y(x) is the Heaviside unit function. 
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2.2 In the sub-group method, the values of {p^, t^x^)} are 
determined by writing the quadrature giving the cross sections in 
the NRA approximation: 

f
 X<E> v Pi xi 

G t(E) + d t± + d 
(2.2) ox,eff,d = # = x e f f d 

f 1 v pi i dE Si 
G t(E) + d t± + d 

To resolve this system, we write that for J dj values of d: 

2 (2.3) Sj (o x # e f f # d j - x e f f / d j )
: 

is minimum. But the result often depends on the initial value and 
may not be physically feasible (negative t^ values). 

2.3 In various articles, D. Cullen has envisaged different 
methods, including the equiprobable band method [CU.74]. 
Potential users are often strongly tempted to adopt equiprobable 
bands (all p^ values are equal). However, it should be noted 
that if the t^ are defined by the moments, we come back to the 
Chebyshev method, which leads to a situation with no issue 
[RI.86]. 

2.4 In the GROUPIE program [CU.80], D. Cullen, after noting that 
we are contending with a "classic moment problem," defines a 
multi-band system, using a solution which is practically identical 
with that of the sub-group method. 

2.5 We propose probability tables based on the following moments: 

t*n = 1/G JG tn<E> dE 

(2.4) J Mn = 2 ± Pi t" 

>*n • "n 

for 2N consecutive values of n, thereby introducing a Gauss 
quadrature. 
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2.6 Generalized moment methods may also be envisaged, where MJJ 
will be given by the integral of a t function conserving the 
condensation properties (cf. 4.2) [SA.89]. Such tables will be 
more accurate for a specific application, but less general (they 
could not be considered as basic data, independent of the 
application considered) and the (pi# t±) calculation could be 
delicate. 

3. PROBABILITY TABLES BASED ON MOMENTS 

3.1 Mathematical Properties 

a) For all probability distributions p(x), defined as positive 
and bounded (or such that p(x)xn -» 0 for x —» °° for all values 
of x), there is a family of orthogonal polynomials Pn(x): 

(3.1) Jx p(x) Pm(x) Pn(x) = 6^ 

where the x^ roots of the polynomial are: 
- real 
- on the p(x) support. 

b) The quadrature at order N of a polynomial P(x) of order 
2N-1 is exact: 

(3.2) Jx p(x) P 2 N-1(X> « 2 * ^ Pi P2N-1<*i> 

if the x^ are roots of Pjj(x) and the p^ a function of PN 

and its derivatives (these are Christoffel numbers). 

c) A function F can be approximately described at order N by a 
sum of polynomials Pn (n = 0 at N), and its quadrature will be 
approximated. 

3.2 Calculation 

A simple method for calculation of the {p^, xA} at order N 
[RI.86] implies: 

a. resolution of a linear system of order N 

b. calculation of the N roots (real) of a polynomial of 
order N. 

A sub-program, PROTAB, performs this calculation in SO x N^'^us 
on CRAY-XMP. The order can be imposed or automatically determined 
by comparing exact and approximate values of 2 moments (other than 
the 2N moments exactly described - equation (2.4)). 
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3.3 Partial Cross Sections 

All expressions encountered in neutronics are of the type 
illustrated in equation (1.3), which may be written (in the 
statistical approximation): 

(3.5) J = x/T p(t) F(t) "xt dt 

assuming that: xt = Jx q^(x) x dx. 

It consequently serves no purpose to describe partial cross 
sections by secondary distributions q^ j. Each partial cross 
section is defined by N equations: 

t 

(3.6) 

,m = T/G JG * < E >
 t m< E> <*E 

px,m - 2 i Pi *i tm
± 

^x,m = px,m *or x> *OT N values of m. 

With this definition, the internal consistency of the tables is 
preserved, i.e.: 

(3.7) tA = S x Xi 

3.4 Orders and Negative Moments 

We have so far assumed implicitly all the moments considered to be 
positive: 

m,n _>, 0 

In fact, it is shown that it could be an advantage to have 
negative moments and a table will be defined by [N,I,J]: 

a) a table of order N 

b) is defined by 2N moments of the table of order n: 
1 1 n i I+2N-1 with: 2-2N <_ I <_ 0 

c) and by N "partial" moments of order m: 

J < m < J+N-1 with: 1-1 < J < I+N 
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The best conditions are obtained for [RI.89]: 

J = (1-1 )/2 compulsory option 

The choice of 
be: 

I depends on the calculation. A compromise would 

I = 1-N 
J = -N/2 

normal option 

4. PROBABILITY TABLE PROCESSING POSSIBILITIES 

A probability table is used for calculation of a quadrature: 

(4.1) 1/G J*G X(E) F(t(E)) dE # Si p± Xi F(ti) 

but operations involving the G groups must be performed on the 
moments. In particular: 

4.1 Interpolation 

If, for example, we have effective cross sections at several 
temperatures Ti: 

(4.2) ox,eff,i
 = J(ti(E)rxi(E),d) 

and if the effective cross section ox e « T at temperature T 
is given by a certain interpolation on'the' ox,eff,i then the 
same interpolation law applied to the moments will'provide a basis 
for a table (PT)T giving ox eff T. 

There is however a restriction: consistency between the moments 
must be preserved, i.e. the interpolated values in the sum must be 
equal to the sum of the interpolated values: that excludes 
interpolations on Log(a) for instance. In practice, it should 
be possible to write the interpolation: 

(4.3) 

cx,eff,T " 2± Pi ox,eff,i 

Hi,T " ̂ i Pi M^i 

where the Pi depend only on the Ti and on T. 

Examples of applications are given at this meeting [DE.89, RI.89]. 
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4.2 Condensation 

Two groups are combined into a single group simply by addition of 
the moments: 

( 4 . 4 ) < 

>*n,G = 1 /G JG fcm<E> dE = J t m < E > dE 

g 1 + g 2 g-|+g2 

g 1 1 f g 2 1 r m 

J tm(E) dE + J tm(E) dE 
gj+g2 9i 9 i 

91 

9 i+g2 92 92 

92 
Mn, g i

 + — - — " n ^ 
91+92 91+92 

1 

More g e n e r a l l y : 

<4-5> A i , G 
ei + 02 + • • • + Gk 

where the Q^ were ad hoc weighting factors 

v K 

^ = 1 0 k Mn.K 

4.3 Mixtures 

Let us consider a binary mixture (generalization to N nuclei is 
immediate). If order N is positive, a and (5 being the 
respective isotopic contents of the 2 nuclei (a + |} - 1): 

f^ ••* 1/G JG (at(E) + |5t(E))ndE 

(4.6) 

= 1/G 2 ^ Ckakf3n'k J tk(E)tn~k(E)dE = Xk Ckak(3n"k £k,n-k 

where corwment C k n_k i s a variable which is independent of the 
a and (3 isotopic'contents. The probability table (for a > 0) 
can therefore be precisely expressed versus combined data 
characterizing the nuclei (at a given temperature T). 
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We can write: 

(4.7) 

C*,L * 1/G !G tk<E> xk ( E ) ^ 

= JtJT t
kT W(t,t) dt dX # S^j (Oij tk T. 

In the statistical hypothesis: 

(4.8) 

<°ij • Pi 9j 
C k , l - 2 i Pi t k i £ j <*j *f 

^ - SkcJo^pP-fc ^ i Pi fci 
4 

If order n is negative, we get: 

(4.9) ^ - £i,j to^ (a tA • |5 tj)
n 

and with the statistical hypothesis: 

(4.10) ^ = £ ± / j P i qj (a t± + p tj)
n 

but the table is no longer accurately described at order N by a 
bounded set of comoments. 

5. CALENDF PROGRAM 

A technical instruction booklet is in preparation, but this 
program is still undergoing extensive development. We shall 
assign a place to it with respect to NJOY. 

5.1 Purpose 

It is devised as a means of calculating probability tables for any 
considered energy field. Mainly focussed on resonances, it is 
presently being modified to enable these requirements to be 
satisfied. 

It disregards the spectra of emitted particles, angular 
distributions and variables such as v, ... . 
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5.2 Input Data 

It reads files 2 and 3 of the ENDF format, together with the data 
on the calculation to be performed: 

- separation into groups 
- temperature 
- dilutions if required (1) 
- required accuracy 
- required output. 

5.3 Options 

The program comprises a certain number of options which are not 
available externally: for instance, method of setting up random 
parameters. 

5.4 Unresolved Field 

This aspect is dealt with by setting up random sets of resonance 
parameters. The normal option uses stratified (or regularized) 
sets [RI.85]: this is the function of the subroutine PRALEA. But 
the subroutines PARALE and PALERG, where the arguments are exactly 
the same, offer other possibilities to inquiring minds or 
skeptics. 

5.5 Formulations 

It should be noted that the BWMN formulation differs slightly from 
that recommended by ENDF, mainly with respect to the cross-term 
between 2 resonances: 

xk xk' + 1 

(5.1) TC = as in ENDF 
(1 + Xf) (1 + X,2) 

is replaced by: 

XX XA' - 1 
(5.2) TC = -— cos 2* 

(1 + Xf) (1 + Xf) 

On the one hand, this formulation is more accurate (it corresponds 
to a second order development), and on the other hand, it enables 
separation into single poles and consequently an analytical 
broadening by the ¥ # functions: 

(1) Although this is not its main function, CALENDF does calculate 
effective cross sections for purposes of comparison. 
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xx+i xx.+i 

where Cx and Ĉ « are coefficients slowly varying with the 
energy. 

5.6 Numerical Calculations 

a) Organization: disk storage allowing for retrieval of part of a 
calculation is not used, but intermediate result outputs are 
possible (pointwise cross sections, for example). But a normal 
CALENDF calculation ranges, in a single process, from ENDF format 
assessment to probability tables. 

This is made possible by: 

- generalized use of the analytical broadened Doppler 
- the increased capacity of computer memories 
- the interpolation mode. 

b) Interpolation mode: the interpolation is cubic (it is linear 
in NJOY), i.e. interpolation between points I and 1 + 1 
depends on the four points (when they exist) [1-1, I, 1+1, 1+2]. 
The resulting formulae are a little more complicated, but a saving 
by a factor of from 3 to 5 is achieved on the number of points. 

c) Mesh: owing to the cubic interpolation, a trial and error 
method, as in NJOY, cannot be used. In addition, an algorithm of 
this type does not facilitate vectorization. 

The mesh is determined according to the resonance parameters, 
temperature and the required accuracy. When only pointwise data 
are available, numerical broadening is necessary: the resonances 
are reconstituted (very approximately) with their own meshes, 
which are extended. We thus revert to the normal pattern. 

6. SUPPLEMENTARY PROGRAMS 

There are a certain number of utility routines available for: 

- read-write operations 
- temperature interpolation 
- condensation 
- composition determination. 

Some of the basic S.P.'s have been incorporated in ECCO. 
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7. LIMITS 

We feel that probability tables in the statistical hypothesis 
context are applicable to almost anything. However, we know that 
this approximation is not valid for the analysis of certain 
problems: 

- mixture of nuclei, when exact resonance overlapping cannot be 
disregarded (transition from 4.7 to 4.8 or from 4.9 to 4.10 is 
not accurate enough) 

- slowing down: the statistical hypothesis is not valid i.e. we 
cannot accept the validity of 1.4. 

These non-statistical phenomena are mainly prevalent at low energy 
levels. It is for this reason that the fast neutron specialists 
have so far been more interested in the probability tables than 
the thermal neutron specialists. 

CONCLUSION 

The purpose of the probability tables is: 

- to obtain dense data representation 
- to calculate integrals by quadratures. 

They are mainly used in the USA for calculations by Monte Carlo 
(following L.B. Levitt) and in the USSR and Europe for self-
shielding calculations by the sub-group method. 

The moment probability tables, in addition to providing a more 
substantial mathematical basis and calculation methods, are 
adapted for condensation and mixture calculations, which are the 
crucial operations for reactor physics specialists. However, 
their extension is limited by the statistical hypothesis they 
imply. Efforts are being made to remove this obstacle, at the 
cost, it must be said, of greater complexity. 
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Comments on the probability table method for the unresolved resonance region 

There exist several unresolved cross section modules that are not currently parts of NJ0Y. 
THEMIS contains a module implementing the Hwang method (UNRES) and a ladder-type 
module (UNRESL). At Los Alamos, we have UXSR and PURR which are similar. These two 
modules have never been quite finished. For example, they only process the energy-dependent 
unresolved format. 

The new work of Ribon may be able to replace all of the old methods and non-standard 
modules with a single standard module. Implementation, testing, and comparison of all the 
methods should be done as soon as possible in order to make a new method available before 
major libraries are produced from ENDF/B-VI and JEF-2. 
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Figure 1 - The cross section c(E) 1n the energy range G (fig. l.a) can be 

described by a probability distribution p(o) (fig. l.b), which can be 

approximated by the sum of 4 weighted Dirac function: P̂  6(c - a^) 

(fig. 1 0 . 

2-a 2-b 2-c 

Figure 2 - The 3 curves of fig. 2.a, b and c will be described by the s-»me 

p(o), then represented by the same probability table. 
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