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INTRODUCTION 

Liquid metals are used as heat transfer fluids in 
nuclear reactors and' as working fluids for power cycles in 

/ space-power generating systems [1]. Sodium metal is becoming 
a promising coolant in FBR type reactors because of its 
thermal and physical properties, such as high specific heat, 

' thermal conductivity and boiling point and low melting point, 
vapour pressure, density and electrical resistivity[2,8]. 

Sodium metal is not only used in nuclear industry but 
also has many industrial applications. It is used for 
production of several chemicals,which are of great 
importance,e.g. Tetra-ethyl lead (an anti-knock agent for 
automotive gasolines) liquid-metal cells,thermionic 
generators, arc-tunnels and in magneto-hydrodynamic 
systems [3 ]. 

Nuclear Materials Division had plans to start work in 
liquid metal technology because of the increasing credibility 
of sodium metal as a coolant in nuclear reactors. It was 
decided to start with a small sodium heat transfer loop,of 50 
KW capacity. The aims and objectives were (a) to study heat 
transport properties of sodium metal under various 
conditions, (b) to study heat transfer mechanism, (c) to 
study corrosion of structural materials, (d) to study 
Stress corrosion cracking of structural materials in liquid 
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sodium at different temperatures, (e) To aquire technical 
knovhow and to train manpower [ 4 ]. 

To carry out heat transfer studies and for efficient 
design, the knowledge of accurate thermal properties of 
sodium is the basic requirement. It is difficult to calculate 
the thermal properties at high temperature and pressure by 
experiments because of its high chemical activity. The 
properties are therefore usually determined by extrapolation 
methods. 

Keeping these requirements in view it was decided to 
study the thermodynamic properties of sodium by the computer 
simulation technique of Molecular Dynamic(M.D.). Computer 
simulation techniques are extensively employed to study 
various properties of materials at any set of conditions and 
to find most reasonable values at conditions not accessible 
to experimentalists. 

Computer simulation by Molecular Dynamics (MD) 
technique has recently been introduced here in PINSTECH. 
Properties of liquid sodium were investigated in an earlier 
study by K.Yaldram, S.Murad and A. Sadiq [5]. This otudy 
showed that M.D. could be applied very successfully to the 
study of liquid sodium. This study is an extension of their 
work. In this report the heat capacity and diffusion 
coefficients are calculated both in liquid as well as in 
solid phase of sodium near its transition temperature with a 
view to see the change in behaviour in passing from one phase 
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to the other. 

MOLECULAR DYNAMIC TECHNIQUE. 

Molecular dynamics is the tern used to describe the 
deterministic computer based solution of the classical 
equations of motion of a system of particles. In principle it 
can answer almost any physical question about any classical 
system whose Hamiltonian is known. However in practice the 
size and speed of computers limit the number of degrees of 
freedom that can be handled and the time over which their 
motion can be followed. This technique has proved to be an 
exceptionally powerful tool in understanding both the static 
as well as the transport thermodynamic properties of 
classical system of particles [ 7,16 ]. For performing such 
computer experiments one needs only the potential acting 
between the pairs of particles. Starting from an arbitrary 
set of initial positions and velocities and using a reliable 
inter atomic potential one can calculate the simultaneous 
classical trajectories of atoms and molecules, according to 
Newton's laws of motion by using a suitable algorithm. 

The simulations are done on a finite system which is 
then extended to the surrounding space by means of the 
periodic boundary conditions. The periodic boundary 
conditions consist of confining the atoms in a parallelepiped 
whose opposite faces are considered physically indentical, so 
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that an atom leaving one face reenters simultaneously with 
th« saae velocity, at the corresponding point on the opposite 
face. The interaction potential is also propagated across the 
boundary, so that each atom experiences the saae force and 
Bakes the sane contribution to the total potential energy. 
Thus it becomes an infinite system, consisting of the 
original parallelopiped periodically replicated to completely 
fill the space. The prescription abolishes any physical 
distinction between the boundary of the parralelopiped and 
its interior. Periodic boundary conditions conserve energy 
and linear momentum and impose a fixed volume and number of 
atoms. In a crystalline system, they also fix the lattice 
orientation and the number of lattice sites. Thus the input 
data for a typical M.D calculation include the volume "Vw of 
the periodic box, the number of atoms nN, N their initial 
coordinates ri(o), i= l, 2...N and initial velocities 
Vi(o) and finally the Hamiltonian (interatomic potential) 
governing their motion. The simultaneous equations of motions 
are solved by any of the several techniques which involve 
extrapolating the atomic trajectories over successive short 
time intervals •fct". After each time interval and hence each 
extrapolation the forces on all the atoms are recalculated at 
their new positions and the resulting accelerations used in 
the next extrapolation. For this procedure to work, the time 
step must be short enough so that a particle can travel a 
distance equal to its diameterf6,7]. 
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The principal output of a dynamic computation is the 
set of atomic trajectories ri(t) from which together with the 
interatomic potential all other properties can be calculated. 
The problem of finding correct or even reliable interatomic 
potential to simulate a particular real material is a compli
cated job and it plays an extremely important role in 
determining the correct properties of a system. Therefore 
care is required in the selection of a potential for a given 
system. For "Nrt particle system the potential energy can be 
given by [16 ] 

V « tZ Vj (r.) • ri V^.r.) • TZ V ^ . r . ^ H .-.-.-.-.-
i i.J i.J.k 

j.i k j i 

In M.D simulations one usually goes upto the second 
term which represents two body interaction, third and other 
terms are neglected because their effects are usually 
negligible and their inclusion makes the calculations 
extremely time consuming and complicated. 

SIMULATION OP SODIUM 

The choice of a proper inter moleculer potential is 
very important in simulation studies for good results. In 
liquid metals long range interactions between ions are 
observed which arise from incomplete screening of ions by 
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conduction electrons. There is a short range repulsion,a deep 
minimum followed by long range oscillations. Paskin and 
Rahman [14] by using a long range oscillatory potential (JHM) 
were able to recover the radial distribution function. 
Another requirement for an appropriate potential is that it 
should reproduce self diffusion coefficient (D). In our 
studies the simulations were performed on a system of 256 
particles arranged on an FCC lattice with periodic boundary 
conditions. The particles were assumed to interact with each 
other through the JHM potential which is given by:-

(r)- M~-)3 -•» [7.8I2[̂  )+p] + 9050 exp [5.0724-10.7863(-p )]K 
o o 

a i 

Where r. = 3.72A , A= 556 K and B is an adjustable 
parameter here taken equal to 0.5954 [6,14] 

The side of the FCC lattice was taken as L whose 
value was adjusted so as to get the density of interest. The 
range of the potential was taken equal to 3** where (*" =3.72 
A for sodium) so that a particle can interact with all 
particles that lie within the sphere of that radius. 

The initial velocities of the particles were chosen 
from a Gaussian distribution corresponding to a temperature, 
higher than the desired equilibration temperature, to ensure 
that the system has lost all memory of its previous history. 
The system is then cooled down to the desired temperature. 
For later simulations the computer time used in heating of 

8 



system is saved by storing the configuration of the system 
from the proceeding run and using it as the initial 
configuration for the next run at a lower temperature. The 
equations of notion are solved by a predictor corrector 
algorithm with the use of Taylor's series[7]. The time step 
is taken equal to 1.659 x 10 second which is the average 
time required for a particle to travel its own length at the 
given temperature. The position of particles obtained at 
regular intervals are recorded from which velocities, 
accelaration and forces are calculated. Different quantities 
such as mean square displacement, configurational energy, 
density distribution function etc. are measured at regular 
intervals from which specific heat and self diffusion 
coefficient are calculated both for liquid as well as solid 
sodium. 

SPECIFIC HEAT 

Specific heat of a substance is the amount of heat 
required to raise the temperature of a unit quantity of the 
substance by one degree Kelvinf8]. Mathematically, 

C-dQ/dT 
Where "QH is the heat or total energy and "T" is the 

temperature. 
dQ«dU+PdV 
Where MU" is the internal inergy and "P" is the 
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pressure. 

The specific heat at constant volume is given by 

Cv=dU/dT 

And at constant pressure, 
Cp=dU/dT+PdV/dT 
Specific heat is a very important property of a 

substance and is a basic tool which design engineers use in 
system design, specially in design of heat transfer 
equipment. It is also used to calculate other important 
quantities such as free energy and enthalpy . Specific heat 
is equally important for other scientists who are interested 
in understanding the detailed nature of the substance, since 
from the temperature dependence of specific heat, information 
about the mechanism of the manner in which energy is being 
absorbed in the substance can be gained[8]. Therefore problem 
of specific heat has been one of the most interestig subject 
for theoreticians as well as the experimentalists for the 
last two centuries. 

In 1819 Dulong Petit using classical mechanics and 
considering the atoms as classical oscillators applied the 
eguipartition energy theorem to these oscillators and derived 
a formula for specific heat of a solid. According to this the 
specific heat of one mole of any monoatomic solid is a 
constant and has a value equal to 3R where "R"is the general 
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gas constant. At high temperatures the experimental atomic 
specific heat converged to 3R but at low temperatures it 
falls below this value. So this law failed to explain the 
specific heat at all temperatures. 

Einstein in 1907 using Planks quantum mechanics and 
assuming the atoms as identical quantum oscillators all 
having the same frequency and hence same quantized energy 
equal to hv derived the following formula for specific heat 
of solids. 

C = 3NK [j£]2 e h v / k T 

v 'kT 
[ehv/kT_1]2 

Where v is the natural frequency, k is Boltzman's 
constant, h is Plank's constant, T is absolute temperature 
and N is number of particles or atoms. 

The Einstein specific heat curve agreed fairly well 
with the experimental data for high temperatures but at low 
temperatures it falls exponentially with T while the 
experimental curve shows a T behavior of Cv near T=0K. The 
limitation of Einstein's model is that all the elastic waves 
in a solid do not have the same frequency. Taking this point 
into consideration Debye introduced the distribution function 
"D(w)"in the Einstein theory of specific heat. On the basis 
of the assumptions, that (a) in solids all the elastic waves 
move with the same constant velocity MVo'», the sound velocity 
and (b) the elastic waves in the solids are distributed in a 
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continuous manner among the frequencies starting from zero to 
a maximum value "Wd" which he called the cut off frequency, 
Debye derived the following formula for the specific heat of 
solids. 

xd , 
V"""!' 3 / 7T772'"'-

o (e -1) 
Xd =h x Wd/k XT 
wd is the cut off frequency 
Q = h x Wd /k is the Debye temperature. 
Generally this equation represents the experimental 

data very well for a large range of temperature upto absolute 
zero in some cases however it is not so accurate. 

SELF DIFFUSION COEFFICIENT 

The transport of mass, on atomic scale through the 
lattice of a crystalline solid is related to diffusion, and 
diffusion of host atoms in a pure matrix is called self 
diffusion. 

-Q/kT 
Diffusion coefficient is der'ine-i as D = Do e 

Do is frequency factor and Q is activation energy. Do is 
usually independent of temperature. The quantity Q is about 1 
to 4 eV per atom for many materials of interest. About half 
the value of Q is the formation energy of the vacancy and the 
other half is the kinetic energy. Some representative values 
of Do and Q are given below[l,lo ] 
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Liquid Na Solid Na 

Do X 10 1.10 +/- 0-37 0.242 
Cm/Sec 

Q Cal 2430 +/~ 200 10450 +/- 300 

In solids it is assumed that jumps are all equal in 
length and that, they take place in a highly symetrical 
lattice. However the motion of an atom is presumed to be 
completely random in the various permissible crystallographic 
direction. It may go forward, backward, up and down so that 
its net motion after certain number of jumps is not at all 
predictable. 

Hence, only the displacement averaged over a large 
number of diffusing atoms can be specified with acceptable 
precision. Diffusion occurs only by virtue of lattice imper
fections. A perfect lattice would permit no mass transport. 

Liquid diffusion is of great importance in the 
purification, refining and in several processes used for 
making p-n junctions, and p-n-p transistors. The mechanism of 
diffusion in liquids is not nearly so well understood as it 
is for solids because the atomic arrangement in liquids is 
random[10]. 

Experiments indicate that some short range order exists 
in liquids as far as nearest neighbours are concerned, i.e. a 
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given atom has approximately the same number of nearest 
neighbours, and they are at about the same distance as 
nearest neighbours of crystal of the same substance. Longer-
range correlations between atoms in liquids are much lower 
than those for solids. 

The equations used for calculations of diffusion 
coefficient are similar to that for solids for one, two and 
three dimensions. The derivation of these equations do not in 
fact depend upon the exact knowledge of the geometry of 
liquids. The atoms move in discrete jumps from one lattice 
position to an adjacent one. It does require that the 
individual jumps are random in direction and also not biased. 
As in liquids it is assumed that no unique jump frequency 
exists therefore an explicit expression for jump frequency 
cannot be written. 

Results and Discussion 

(i) Specific Heat 
To determine the Sp. heat at a particular temperature, 

a model sample was simulated at two different temperatures 
above & below the temperature of interest and with the same 
density corresponding to the reference temperature. The 
variation in density with temperature is illustrated in 
fig.4. The change in internal energy with temperature is 
calculated in reduced units and specific heat is calculated 
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using the formulae. 

Cv = { [ (Ul - U2 )/ (Tl - T2) ] + 1.5 > X R/23 

Where Ul and U2 are the values of intrernal energies at 
temperatures Tl and T2 respectively R is the gas constant 23 
is the molecular weight of sodium. Since Ul corresponds to 
the configurational energy, the factor 1.5 is added to 
account for the kinetic energy. The temperature difference 
T1-T2 is kept as small as possible such that the calculated 
M.D. temperature "T" at which we obtain the Cv value should 
be close to the orignal reference temperature nT." The value 
of specific heat was obtained which was compared with the 
experimental value at identical temperature. The relation 
between Cp & Cv in solids is very complex. Hence we have 
compared our Cv values with the Cp values given in the 
literature [12]. 

We have calculated the specific heat of sodium below 
and above the transition point (98.8 C). We compare our 
results with the corresponding experimental values at about 
the same temperature in Table-1 and also in Fig.l. The 
experimental results are taken from the data published by 
Ginnings,Douglas and Bell [1,12], The agreement of our 
results with the experimental ones seems to be reasonably 
good, within the accuracy of our measurements. From Fig.l, 
one can perceive that M.D.results are slightly but 
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consistantly higher than the experimental results for 
temperatures above the transition point. To resolve this 
discrepancy (if real) we would need to take some more results 
at different temperatures. 

(ii) Self Diffusion Coefficient 
Self diffusion coefficient in H.D simulation is 

calculated by recording the position of ions at each step, 
and calculating their root mean square distance. From a plot 
of time versus the RMS distance the slope is calculated. By 
using the value of slope *x/$t the self diffusion coefficient 
is calculated at the desired temperature by the following 
equation. 

D •• [ ( < XI > - < X2 > ) x. CT ] /(tl-t2) X 6 x tstep 

-8 -15 
•"= 3.72 x 10 Cms and tstep = 1.659 xlO Sec 

Where XI and X2 are RMS displacements at corresponding 
times tl and t2. 

In Fig.2 we represent a typical plot of mean square 
displacement with time. The diffusion coefficient is 
calculated from the slope of such curves at temperatures of 
interest. In Table 2. and Fig.3 we give a comparison of our 
results with experimental results [1]. For temperatures above 
the critical value i.e. in the liquid state our results seem 
to be in agreement with the experimental results within the 
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accuracy of our measurements. The stastical fluctions in <x2> 
makes an accurate measurement of D quite difficult.The errors 
are about 20*. The experimental values have been obtained 
from the Fick's law. D-Do x exp(-Q/RT) There are large 
errors in D due to the uncertainty in Q. D can vary by almost 
50% for any temperature T. 

In solid phase, diffusion coefficients calculated by MD 
technique were much higher than those obtained through Fick' s 
law. Infact our values were consistent with the values one 
would expect if sodium were still in the liquid phase. It is 
as if one was observing a glassy state rather than a 
crystalline one. 

To varify our results a number of alterations were made 
in the computer code. Simulations were done on BCC latice 
instead of FCC lattice, heating temperatures were varied and 
stabilisation steps were increased but the values of self 
diffusion coefficient did not change appreciably. 

Watanabe and Tsumuraya [ 13 ] have studied the 
crystallisation and glass formation process for sodium by 
means of MD Simulation. Liquid sodium with four different 
initial conditions is cooled with four different rates. They 
find that the final state (glassy or crystalline) depends 
critically not only upon the initial condition of the liquid 
but upon the rate at which it is quenched. They noted that in 
the supercooled liquid, initially the displacement increased 
linearly with time but at late times it deviated slightly 
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from its linearity. 
They tried to explain this phenomenon through the use 

of Voronai Polyhedra analysis. These polyhedra are specific 
to certain structures. In super cooled liquids a BCC embryo 
is formed by these polyhedra. In course of time these 
embryos are destroyed and constructed repeatedly during which 
the mean square distance is increased repeatedly. The embryos 
are constructed in different positions. The atoms must travel 
into an embryo at a moment and must travel into another 
embryo the next moment. Since the traveling is long range the 
mean square displacement increases. 

CONCLUSION 

With this study we acquired the knowledge and practice 
of a very useful technique of Simulation and applied it 
successfully for determining the various properties of 
sodium, both in liquid and solid phase near the transition 
point. As it was a preliminary effort, we limited our study 
to the determination of specific heat and diffusion 
coefficient only. In liquid state the MD values calculated 
matched the experimental ones. But in solid state the 
diffusion coefficient obtained were not consistent with the 
one expected for a solid, rather the values obtained 
suggested that sodium remained in liquid state even below the 
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melting point. Further studies are envisaged in order to 
resolve this discrepancy. 

ACKNOWLEDGEMENTS 

The authors are deeply indebted to Drs. K. Yaldram 
and A. Sadiq, under whose guidance and supervision the work 
was carried out. One of us (N.A) would like to express his 
gratitude to Head NHD Dr. S. M. H. Zaidi and Dr. K. A. Shahid 
for providing him encouragement and advice during the course 
of this work. Thanks are also due to Dr.Sohail Murad for 
introducing the concepts of Molecular Dynamics and to Head 
Computer Division for facilitating the use of the computer. 

19 



REFERENCES 

O.J. Foust, Gordon fc Breach: Sodium-Sodium Potassium 
Engineering Handbook Vol.1 Gordon and Breach, Science 
publishers,INC USA (1972). 
F.A. Smith: Peaceful uses of Atomic Energy Vol.7, 57 
USA (1958). 
Encylopedia of Science and Technology 5th edition 
Vol.12, 504.(1982). 
S.H.H.Zaidi, K.A. Shahid, H.K.Awais, Daniel Saeed, 
Nisar Ahmed, Khawar Sultan: NMD Project Report (1988). 
Y.Khawaja, A.Sadiq and S.Murad: Rep.PINSTECH/NPD-124. 
J.P.Hansen and McDonald: Theory of Simple Liquids. 
Academic Press New York (1986). 
M.P. Allen & D.J. Tildeslay: Computer simulation of 
liquids. Clarendown Press. Oxford 1987. 
J.K. Roberts and A.R. Miller: Heat 6 
Thermodynamics.Blackie and Sons London (1962). 
O.Kubschewski; E. LL. Evans and C.B. Alcock : 
Metallurgical Thermochemistry, 4th edition Pergamon 
Press Oxford (1974). 
Charles A.Wert, Robb.M.Thomson: Physics of Solids. Mc 
Graw Hill.New York (1964) 
J.P.Stark. Solid State Diffusion. John Willey & Sons.New 
York (1976) 

20 



12. Carey B. Jackson : Sodium - Sodium potassium Suplement 
TID-5277.(1955) 

13. M.S. Wantabe and K.Tsumuraya: J.Chem. Phys. 4891 
87(1987). 

14. Paskin and Rehman: Physical Review Letters 16, 300 
(1966). 

15 C.Kittel: Introduction to solid state physics. John 
Willey k Sons.New York (1966). 

16. G. Ciccotti; D Frenkel and McDonald: Simulation of 
Liquids and Solids, North Holland Physics Publishing 
(1987). 

17. R.E. Meyer and N.H. Nachtrieb: J. Chem. Physics 23, 185 
(1955). 

21 



FIGURE CAPTIONS 

Fig.l. Variation in specific heat with temperature near the 
transition temperature. Crosses represent the 
theoretical/experimental values whereas circles 
represent the calculated values by N.D. technique. 
Both mean square displacement <X> and time t are 
in reduced units. 

Fig.2. Mean square displacement of particles versus time 
near transition point at 100.6 C . 

Fig.3. Variation in diffusion coefficient with temperature. 
Crosses represent theoretical values 6 circles 
represent the calculated values by M.D. technique. 
Approximate error in experimental value is 
represented by the error bar. 

Fig.4. Variation in sodium density with temperature near 
transition point. 

22 



TABLE-1 

Temperature 
Density cal . Exp. 
cal/g-cc. K 

0.9725 288.3 273.0 
0.9684 305.5 293.0 
0.9621 331.0 323.0 
0.9532 366.4 363.0 
0.9153 423.4 423.0 
0.9036 372.0 473.0 
0.8800 571.5 573.0 
0.8562 658.0 673.0 
0.8322 770.6 773.0 

Calculated Experimental 
Specific Heat Specific Heat 
Cal/g-c Cal/g-C 
(+/-) 0.03 (+/-) 0.4% 

0.2819 0.2898 
0.3217 0.2944 
0.2930 0.3033 

0.3099 0.3229 
0.3580 0.3552 
0.3495 0.3200 
0.3450 0.3116 
0.3778 0.3064 
0.3320 0.3015 



TABLE-2 

-is 
Density Experinent Calculated Diffusion Cm /Sec. D X 10 

Teap.C Temp.C Calculated Experimental 
(+/-)20% ( V ) - 55% 

0.9400 9 5 100.6 2 .630 4 .160 

0.9246 100 127.9 5.090 5.200 

0.9246 110 110.6 3.720 4.539 

0.9223 120 124.5 4 .553 5.070 

0.9199 130 135.6 3.508 5.517 

0.9176 140 144.0 5.109 5.850 

0.9082 180 225.7 8.096 9.472 

0.9036 200 212.4 6.580 8.850 
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