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ABSTRACT 
A finite element analysis is given for time-dependent liquid metal 

flows with free convection and free surfaces. Consideration is given to a 
two-dimensional shallow trough with vertical walls maintained at different 
temperatures. The spatial formulation incorporates mixed Lagrangian 
approximations to the velocity, pressure, temperature, and interface 
position. The time integration method is performed using the Trapezoid 
Rule with step-size control. The Galerkin method is employed to reduce 
the problem to a set of nonlinear algebraic equations which are solved 
with the Newton-Raphson method. Calculations are performed for conditions 
relevant to the electron beam vaporization of refractory metals. The 
Prandtl number is 0.015, and Grashof numbers are in the transition region 
between laminar and turbulent flow. The results reveal the effects of 
flow intensity, surface-tension gradients, and mesh and time-step 
refinement. 

INTRODUCTION 
Time-dependent liquid metal flows with free convection and free 

surfaces are important in several applications. One process of interest 
is the electron beam vaporization of refractory metals (see Figure 1). In 
this process, an electron beam is used to heat metal confined in a 
crucible with a cooled wall. A fraction of the energy is used to vaporize 
the metal, while the balance skips to a beam dump, radiates to the 
surroundings, and conducts to the cold crucible wall. A liquid pool forms 
in the region where the beam strikes, and it circulates as a result of 
buoyancy forces and surface-tension gradients. Thu flow is always time-
dependent, located in the transition region between laminar and turbulent 
flow. At high vaporization rates a depression or "trench" forms from the 
thrust of the departing vapor. Transport phenomena in the trench and pool 
strongly influence vaporizer performance. 

Time-dependent natural convection flows with free surfaces are also 
encountered in crystal growth and welding systems. In crystal growth 
convective flow transitions from steady laminar to periodic and chaotic 
flows can significantly alter the solidification and the final 
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Figure 1 Electron beam vaporizer for metals 
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microstructure of the crystal (Brown 1988). In welding operations the 
flow characteristics of the liquid metal pool affect the shape and the 
qua Ii ty of the weId. 

In all of the above systems the transport of mass, momentum, and 
energy is strongly coupled with moving phase boundaries. In addition, 
system behavior can be influenced by thermal radiation and interaction 
with vapor or gases. It is desirable to develop numerical algorithms that 
can efficiently calculate time-dependent velocity, temperature, and 
concentration profiles along with moving interface locations. 

A number of investigators have studied time-dependent liquid metal 
flows with fixed boundaries (McClelland 1989). Gresho et al. (1983, 1984) 
developed a highly efficient finite element method which was applied to a 
pool in an electron beam vaporizer (Kheshgi and Gresho 1984). Mihelcic et 
al. (1984) used a standard finite difference method to calculate three-
dimensional, tine-dependent flows in a Czochralski crucible. 

Attention has also focused on versions of the idealized free 
convection system shown in Figure 2. Liquid circulates in a long two-
dimensional cavity with vertical walls maintained at different 
temperatures. In previous studies, simulations were performed for cases 
involving a rigid top surface. Crochet and coworkers applied finite 
difference and finite element methods for cases excluding (Crochet et al. 
1983, 1987) and including a solidification boundary (Wouters et al. 1987). 
Winters (1987) used a perturbation method with finite elements to 
precisely determine critical conditions for the onset of oscillations in a 
two-dimensional system. In a recent GAMM workshop (Roux 1990), the 
performance of numerical methods was compared for flows in the vicinity of 
this transition point. With sufficient mesh refinement, there was good 
agreement for variables such as the critical Grashof number and frequency. 
Contributors also showed that surface-tension gradients damp oscillations. 
Finally, three-dimensional calculations revealed that lateral walls have a 
strong stabilizing effect as observed by Dupont et al. (1987). However, 
these three-dimensional results need to be verified with additional mesh 
refinement. 
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Figure 2 Coordinates and boundary conditions for natural convection in a 
rectangular trough. Point A is located at x=0.8 and y=h. Point B is 
located.-at x=0.08 and y=h. 
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free convection system of Figure 2 in which the top surface was rigid. A 
standard finite element method was employed in which the time integration 
was performed using the implicit tuler method with step-size control. 
Calculations were performed for the high circulation rates encountered in 
electron beam vaporization. For cases involving large convective 
components, streamwise diffusion was introduced with a scheme based in 
part on the "splitting-up" Taylor-Galerkin method developed by Donea et 
al. (1984). The effects of streamwise diffusion were examined along with 
mesh and time-step refinement. 

In this paper these results are extended to include the effects of a 
free top surface and temperature-induced surface-tension gradients. The 
free surface is treated numerically using the methods developed by Kistler 
and Scriven (1983) for steady-state coating flows. A similar a.pproach was 
employed by Sackinger and Brown (1989) in the finite element analysis of 
Czochralski crystal growth. The time integration is performed with the 
Trapezoid Rule developed by Gresho et al. (1980) and applied to free 
surface flows by Kheshgi and Scriven (1984). Results are obtained for 
flow intensities as large as those of the earlier study (McClelland 1989). 
The effects of mesh and time-step refinement are examined, but those of 
streamwise diffusion are not. 

BASIC EQUATIONS 
Equations of Change 

Consider a Newtonian liquid with constant bulk properties, except for 
the density which varies linearly with temperature according to the 
Boussinesq approximation. The nondimensional mass, momentum, and energy 
equations are 

V«v = 0 (1) 

VSFPr(|£ + v'VTJ = -V«g (3) 
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The total stress tensor I and heat flux vector £ are given by 

T = p« - [Vv + (Vv)7] (4) 
fl = -VT (5) 

With "pluses" denoting dimensional variables the scaled variables aie 
t = * + v s / h s 2 = x*/hs v = v*/vs 

!• = I* W s P = P* W s ( 6 ) 

T = fT-T^L/h^-To) a = aVEkodj-Tj,)] 

Here L is the length of the trough, and h„ is a characteristic depth of 
the liquid which is taken to be L/4 for the cases described below. Also, 
T- and T. are the dimensional temperatures at the boundaries x=0 and x=4, 
respectively. The properties /)«, /(., k., and tt- are the density, 
viscosity, thermal conductivity, and thermal diffusivity evaluated at T Q. 
A velocity standard is obtained from a characteristic balance of buoyancy 
and inertia I forces: 

t / > ( T r T o > s ) h s / , j l / 2 ( 7 > 
Here B is the volumetric thermal expansion coefficient. The dimens ionIess 
groups are 

.4 
Gr = t v s Pr = -r St = 

0 - - . gh 2 t 
PPi-Wo ,2.1/2 

(8) 

in which f- is the kinematic viscosity evaluated at T_. Note that the 
Reynolds, Peclet, and Rayleigh numbers are related to the Grashof and 
Prandtl numbers by ResGr 1' 2, PesGr^Pr, and Ra=GrPr. 

Boundary and Initial Conditions 
The problem statement given by Equations (l)-(3) is complete with the 

specification of boundary and initial conditions for the free convection 
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systetn of Figure 2. The kinematic condition is the statement that no 
liquid penetrates the liquid-gas interface: 

3X 
at x = X (9) 

Here X and n are the respective position and normal vectors for the 
liquid-gas interface. For the trough of Figure 2, Equation (9) takes the 
form 

j& = v - v & at y = h (10) 
Ot y x ox * v ' 

in which v and v are components of the velocity vector. 
For steady-state calculations, an additional boundary condition must 

be specified for the variable h. One possibility is to specify.the total 
mass of liquid in the trough. However, the solution method described in 
the next section must be modified to treat partially banded matrices 
(Derby et al. 1987). In this work we use 

h = 1 at x = 4 (11) 
At the free surface between the liquid and gas, that is to a good 

approximation inviscid and inertia less, a force balance gives 
(g/gp) ds s d(g/ffQ) 
Ca ds ~ Ca ds ^ ' 

in which s is the unit tangent vector, s is the distance measured along 
the interface in the direction s, and ds/ds is the curvature of the 
interface. Also, a is the surface tension, and the Capillary number is 
given by 

Ca = - p (13) 

In Equation (12), the ambient gas pressure is taken to be negligible. The 
first term on the right-hand-side is the normal component resulting from 
surface tension and the curvature of the interface ds/ds. The second term 
is the tangential component, resulting from gradients in the surface 
tension. If the surface tension is a linear function of temperature, 
Equation (12) becomes 
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*•* = - kdl + M a d 5 ^ < 1 4> 
For the normal component, the effects of surface tension gradients are 
assumed to be of lesser importance ( C / J Q = 1 ) . In the tangential component 
the Marangoni number is a characteristic ratio of surface-tension-gradient 
forces to viscous forces: 

1/2 
" - - ^ F W 5 ) w> 

For steady-state cases a contact angle 6 is specified at each of the 
two static contact lines where liquid interfaces intersect the solid walls 
(see Figure 2): 

-n »n = cos0 at x = 0 and y = h (16) 

-n «n = cos0 at x = 4 and y = h (17) 
-w - c * v 

Here n is the outward pointing normal vector for the trough wall. For 
time-dependent cases the contact line moves, and there is less certainty 
in the choice of boundary conditions (Kistler and Scriven 1983). For 
these cases we use also use Equations (16) and (17), and employ 6 as an 
apparent dynamic contact angle. 

At the three solid boundaries, the no-slip condition is employed which 
is valid, except near moving contact lines (see Figure 2). At these 
lines there is an apparent stress singularity which can be treated by 
introducing a slip condition of some type (Kistler and Scriven 1983). 
Possibilities include a specified slip velocity, slip by discretization, 
and Navier's mixed condition. In this work, the no-slip condition is 
applied at all solid boundaries, and slip by discretization is used. 
fJavier's mixed boundary condition is physically more reasonable, but 
involves the use of a slip coefficient. 

The thermal boundary conditions are specified temperatures at each of 
the boundaries. Different temperatures are maintained at each of the 
vertical walls, and Iinearly-interpolated temperatures are used at the 
other two boundaries. 
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For time-dependent cases the problem statement is complete with the 
specification of an initial condition which is a steady-state solution at 
a lower Crashof number. 

NUMERICAL METHOD 
Spatial Discretization 

The Equations of change (l)-(3) and associated boundary conditions are 
discretized in space using a mixed finite element basis set and Galerkins 
method. The velocity and temperature are expanded in terms of nine-node 
Lagrangian biquadratic polynomials • : 

v = E (v^ + vJoi'Cx.y) (18) 
i=l ^ x >^y 

N i i T = E T V ( X ) y ) (19) 
i=l 

Here N is the total number of nodes in the flow field. The pressure is 
expanded in terms of four-node bilinear polynomials r J(x,y) to give 

N P • • p = E p Jr J(x,y) (20) 
j=l 

in which N is the total number of pressure nodes. The shape of the free 
surface is represented by one-dimensional, three-node Lagrangian 
polynomials • (x,h): 

Nh 
h = E h k* k(x,h) (21) 

k=l 
Here N. is the total number of free surface nodes. 

The Cartesian coordinates (x,y) are related to local elemental 
coordinates (£,17) through a Lagrangian isoparametric mapping: 

9 9 
* = E * V (?,-?) Y = S yV«.7) (22) 

1=1 1=1 
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For the flow of Figure 2 the grid is "stretched" linearly in the y-
direction as the free surface moves. The motion of an interior node is 
given by 

y1 = hCx^/hgOO (23) 

in which the subscript "„" denotes a quantity for the unstrstched mesh. 
For the conversion of the equations of change (l)-(3) into Galerkin 

residual expressions, the time-derivatives in fixed coordinates are 
written in terms of quantities that move with the mesh (Kheshgi and 
Scriven 1984): 

ov 
It 

9* 
Bt 

3T 
at 

BT 
et x_»VT (24) 

Here x is the velocity of a point which moves with the mesh: 
dx -m 
3h 

3h 
at 
8h -
Bt^y (25) 

The residual expressions are formed for the equations of change (1)-
(3). The continuity equation is 

R r = [ rh'vdA = 0 (26) 

in which j=l,...,N . The residual expressions formed frea the momentum 
and energy equations are written in the weak form. In this transformation 
she stress and heat flux terms are integrated by parts. In terms of 
variables that move with the mesh (dropping the subscript "m") the 
residuals for the momentum and energy equations are 

r 
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« M S • ' V S F g * (v-x)*Vv] - *'&g[±-t - VCFTJ 

V*':TdA + • Virds = 0 

dA 

(27) 

RE = • 'VSriPr(|I + (v-x)«VTJ - V»'«a dA • • Vgds = 0 
S 

(28) 

in which i= l , . . . ,N represent the residual equation for each node. 
The residuals for the kinematic boundary condition (9) are given by 

R K S 

ax 
• k ( x , h ) ( n « ^ - v.njds (29) 

with k=l,...,N.. Tho free surface boundary term for the momentum residual 
is evaluated with use of Equation (14). The term involving Ca is 
integrated by parts to eliminate the surface curvature ds/ds in favor of 
the unit tangent s (Ruschak 1980): 

l^'n-xds - - ̂  i 1 ^ - Jo) • Cijs - ' ^ * + ""Is *'* * ds (30) 

Here s, and s_ are the unit tangent vectors along the free surface 
evaluated at x=0 and x=4. However, at contact lines, the no-slip 
condition is applied, and Equations (27) and (30) are not used as written. 
The contact angle conditions (16) and (17) are imposed in their natural 
form by replacing the kinematic residuals (29) by (Kistler and Scriven 
1983) 

Efl'Bu, = ° a t x = 0 and y = h (31) 

np'Rjj = 0 at x = 4 and y = h (32) 

Here n. is the vector n that satisfies Equation (16) or (17). In the 
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absence of the kinematic conditions, the contact lines are able to move 
even though no-slip conditions are applied at all locations along the 
walls. This is the method of numerical slip mentioned above. 

Finally, for steady-state cases, the surface boundary condition (11) 
is applied as an essential condition in place of the continuity residual 
(26) at the location (x=4, y=0). This has the same effect as adjusting a 
nodal pressure to set the fluid level in the trough. 

Three meshes of differing refinement are used which are symmetric 
about the lines x=2 and y=O.S (see Figure 3). For the unstretched mesh 
(h=l) element boundary locations in the quadrant (0SxS2, 0SyS0.5) are 
given by 

. [1 - exp(2a l/n J ] 
x0 = 2 [l-e Xp(a x)]' i = 1 ' 2 "e.x'2.. <33> 

4 - 5 [1 - exp(ay?jY i=l,2,...,ney/2 (34) 

in which n and n are the numbers of elements in the x and y 
e » x e»y 

directions. The parameters a and a are parameters used to distribute 
elements. In the limit a =a -»0 the spacing of nodes is uniform in each x y 
coordinate direction. For all the cases presented below we use a =a =1. 

x y 
Finer discretizations are applied near the boundaries of the cavity to 
resolve boundary layers in velocity and temperature. 
Time Integration Method 

The time integration of the discrotized equations (26)-(29) is 
performed using the Trapezoid Rule with automatic step-size control 
(Gresho et al. 1980). These expressions are written in the compact form: 

3Z 
A(Z)lf = MID (35) 

in which Z is the vector of unknowns containing y_, p, T, and h. Let Z be 
the vector of unknowns at time t with At =t ,-t . A predictor-corrector 

n n n+1 n r 

method is used to calculate the integration error and adjust the step 
size. The second-order-accurate, Adams-Bashforth method is used for the 
prediction: 
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00 

(b) 

00 

Figure 3 Unstretched finite element meshes for natural convection in a 
rectangular trough. Element locations are given by Equations (33) and 
(34) with a x=a y=l; (a) 32x12, S324 unknowns; (b) 48x18, 11,728 unknowns; 
(c) 64x24, 20,628 unknowns. 
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At 
Z p = Z • —'--n*l -n 2 

At. 
2 + At n-1 J 

At 
n-1 

A corrected value is obtained with the Trapezoid Rule: 

A<&i>(s%rD**J-!«&i> 

(36) 

(37) 

The most efficient procedure is to use Z|| . as the initial guess and to 
perform only one iteration. The accuracy of the integration is maintained 
by adjusting the time-step size based on the square-root norm of the error 

Z p - -n+1 
3(1 • At n_ x/At n) (36) 

The procedure used incorporates features from the methods developed by 
Gresho et al. (1980), Josse and Finlayson (1984), and Kheshgi and Scriven 
(1984). The error e is kept close to a prescribed value e. For the _3 calculations presented below we use £=1x10 in all cases except where 

-4 indicated. A few results are presented with €=1x10 to examine the 
effects of time-step refinement. 

The nonlinear algebraic equations are solved for v_, p, T, and h using 
the Newton-Raphson method which linearizes the equations. The development 
and assembly of equations follows the approach employed by Kistler and 
Scriven (1983) and extended for transient problems by Kheshgi and Scriven 
(1984). The linear equation set is solved at each iteration or time step 
by Gaussian elimination. A modified frontal solver is employed which is 
based on the one given by Hood (1976). 

RESULTS 
Steady-state and time-dependent solutions are presented for the 

natural convection system of Figure 2. The length of the trough is varied 
while the aspect ratio L/h is held constant at 4. A constant temperature 
difference is applied which is representative for the electron beam 
vaporization of refractory metals: 
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Tj - T Q = 1000 C 

A model refractory metai is investigated which has the following 
properties: 

pQ = lxlO 4 kg/m3 ftQ = 3xl0" 3 kg/m»s p = IxlO - 4 C" 1 

aQ = 2.xlO"S m 2/s aQ = 1.25 N/m -l.Sxl0-4N/m'CSd<r/dTS0 
A range of values for dix/dT is considered given the variations which may 
result from surface contamination (Gourmiri et al. 1982). The contact 
angle is taken to be 

For these properties and flow conditions, the dimension I ess groups of 
Equations (8), (13), and (15) are written as a function of Gr: 

St = 0.025Gr - 1/ 2 Pr = 0.015 
(39) 

Ca = lxlO~ 5Gr 1 / 6 0 S Ma i 3xl0 3Gr~ 1 / 6 

A 7 
The Grashof number is varied from 10 to 10 which overlaps the range 
10 SGrSlO for electron beam vaporization of metals. The above value for 
Pr was used in previous investigations (Crochet et al. 1983, 1987, Winters 
1987, Roux 1990). The respective increase and decrease of Ca and Ma with 
Gr reveals that surface-tension effects decrease with trough size. 
Steady-State Results for Ma=0 

Steady-state streamlines and temperature contours are shown in Figure 
4 for the 64x24 mesh with Ma=0 and Gr=lxl0 , 1x10, and 1x10 . There are 
two cells with counter-clockwise circulation for Gr=lxlO , and three cells 
for GrclxlO and 1x10 . (Note that the direction in which the isotherms 
are "stretched" indicates the direction of flow.) The curvature of the 
isotherms reveals that the contribution of thermal convection is small for 
Gr=lxl0 and moderate for Gr=lxlO . The free surfaces are nearly 
horizontal, indicating large gravitational and surface tension components. 
Slight depressions are visible near regions where the streamlines are 
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Gr = lxlO5 

Gr = 1x10' 

Figure 4 Steady-state streamlines and temperature contours for Ma=0 and 
the 64x24 mesh. St, Ca, and Pr are given by Equation (39). 12 equal 
increments in j* for tm;nlMmax- 1 0 equal increments in T for OiJiA. 
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closely spaced. The streamlines and temperature contours are quite 
similar to those obtained for a rigid top surface (McClelland 1989). 

The smooth streamlines and temperature contours suggest that the 
spatial resolution provided by the 64x24 mesh is adequate. A mesh 
refinement study indicates the accuracy of the results. Steady-state 
values for a surface velocity component v , (see Figure 2), are plotted 

X, n 
in Figure S versus Gr for the three meshes. These results show that the 
effects of mesh refinement are small for GrSlxlO . However, at Gr=2xl0 
the value for v , is somewhat larger for the 32x12 mesh than the other 
two finer meshes. The highest Grashof number for a converged solution is 

c 
1x10° which was obtained with the 64x24 mesh. For the two coarser meshes, 
the maximum Grashof number is 2x10 , indicating that mesh refinement 
improves convergence. 
Steady-state Results for Gr=lxl05 and Ma>0 

The effects of surface-tension gradients were investigated by 
performing steady-state calculations for Gr=lxlO and increasing the value 
of Ma. Streamlines and temperature contours are shown in Figure 6 for the 
64x24 mesh and A0iUai200. For Ma£80 there are two eel Is with strong 
circulation and a third cell with weaker circulation. For MaH20 there is 
only one cell with strong circulation which is located near the wall x=0. 
Flow velocities are high in this cell and near the free surface, but 
relatively low elsewhere. The temperature contours reveal moderate 
thermal convection in regions of higher circulation. This effect 
increases with Marangoni number. 

Values for v , are plotted versus Ma in Figure 7. It is apparent 
that surface-tension gradients strongly accelerate the flow. Values for 
v . decrease from -2.7 to -11.7 as Ma increases from 0 to 260. There are 
two regions in which the dependence is nearly linear. Between these two 
regions (80£MaSl00) there is a transition zone where the flow field 
changes dramatically (see Figure 6). 

At points where comparisons can be made, there is generally good 
agreement between the results for the three meshes. However, for Ma>100 
values for v , are somewhat smaller for the 32x12 mesh than for the other 
two finer meshes. For converged solutions, the maximum values for Ma are 
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1 1 1 — t ' l l l 

5 -3.4 

-2.8 — 

Figure 5 Steady-state values for v at location A versus Gr for Ma=0. St, 
Ca, and Pr are given by Equation (39). 



-20-

Ma 

Figure 6 Steady-state streamlines and temperature contours for Gr=lxlO , 
12 equal 

10 equal increments in T for 0STS4. 
Ca=6.81xlO"S, St=7.91xl0"5, Pr=0.015, and the 64x24 mesh 
increments in f for im;JMm„„ ' 'mm ' 'max 
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Figure 7 Steady-state values for v at location A versus Ha for Gr=lxl05. 
Ca=6.81xl0"5, St=7.91xl0"5, and Pr=0.01S. 
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140, 260, and 200 for the 32x12, 48x18, and 64x24 meshes, respectively. 
These results show that greater spatial resolution does not consistently 

5 improve convergence. For the 32x13 mesh, increasing Ma with Gr=lxlO 
yielded a Marangoni number of 40 as the largest value for which a 
converged solution could be obtained. However, for this same mesh, higher 
values of Ma were achieved by increasing Ma and Gr together, beginning 
with Gr=l. Solutions were obtained for 100iMail40, but not for 40<Ma<100 
which overlaps the transition region. 

In principle, steady-state solutions can be calculated at larger 
values of Gr and Ma with additional mesh refinement (Winters 1987). 
However, it is likely that the majority of the above steady-state results 
are unstable to small disturbances. The stability of flow in a rigid 
rectangular cavity has been extensively investigated (Winters 1987, Roux 
1990). Winters used a numerical perturbation method to calculate a 

A 

critical Grashof number of 1.49x10 for the onset of oscillatory flow in a 
rectangular cavity. This value has been confirmed in subsequent 
investigations (Roux 1990). Although not done here, the stability of each 
steady-state solution could be established by performing a time-dependent 
simulation. For time variations of constant or increasing amplitude, the 
steady-state solution is unstable (Roux 1990). 

Tiae-Dependent Results for Gr=lxl0 and Ua=0 
Time-dependent calculations were performed for Gr=lxlO and Ma=0. The 

initial condition is a steady-state, creeping flow solution. All 
d intension I ess groups for this initial condition are the same as those for 

-4 the simulation, except for Gr which has the value of 1x10 A time 
series of stream function and temperature contours is shown in Figure 8 
for the 64x24 mesh. The smooth contours suggest that the flow and 
temperature fields are well resolved. The flow is quite complex with at 
least three cells present at any instant in time. As time progresses, two 
large cells with rapid counter-clockwise circulation merge. 

The effects of mesh and time-step refinement are shown in evolutionary 
plots of At, h,, and v . (see Figures 9 and 10). Results for four cases A x,A _2 _A 

are shown in which three meshes and e-values of 1x10 and 1x10 are 
used. Given the large amount of computing time required to reach a quasi-
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Figure 8 Time-dependent streamlines and temperature contours for 
Gr=lxl06, Ma=0, Ca=lxlO - 4, St=2.5xl0-5, Pr=0.015, 64x24 mesh, and 
e=lxlO -3 
for i . iiiii rmm T rmax 

At=0.5 between frames with 12.5StS16. 12 equal increments in f 
10 equal increments in T for 0STS4. 
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Figure 9 Time-step size and pool depth at location A versus time for 
Gr=lxl0 6, Ma=0, Ca=lxl0~ 4, St=2.Sxl0" S, and Pr=0.01S. Note that t^-curves 
for the 48x18 mesh coincide for e=lxl0" 3 and e=lxl0 - 4. 
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Figure 10 Surface velocity component v at location A versus time for 
Gr=lxl0 6, Ma=0, Ca=lxl0" 4, St=2.5xl0" 5, and Pr=0.01S. Note that v x A -
curves for the 48x18 mesh coincide for e=lxl0" 3 and e=lxl0"" 4. 
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-4 steady state, the case with £=1x10 and the 48x18 mesh was started at 
t=13.0 and concluded at t=16.6. The solution for the 48x18 mesh and 

-3 £=1x10 was used as an initial condition at t=13. 
In the flow development period (OStSlO) the flow intensity is 

relatively small, and values for At are large (see Figure 9). The initial 
disturbance generates oscillations in h, with a frequency of approximately 
0.75. The velocity v . increases in magnitude and oscillates with nearly 
the sane frequency (see Figure 10). The effects of mesh refinement are 
small for this interval. 

It is of interest to compare the frequency of oscillation for gravity-
driven surface waves in a two-dimensional, 4x1 trough. For these waves 
Lamb (1932) gives the dimensional frequency for the primary mode 

f = Urt_coth(irhs/L)J ( 4 0 ^ 

This expression is rewritten in terms of the dimesion Iess variables and 
groups of Equations (6) and (8): 

f h s I 1 ' 2 

UiLGr^St coth(ih /L)J 
f = 

Insertion of the dimensionless groups of Equation (39) gives the following 
frequency which does not depend on Gr: 

f = 0.722 

This result compares fairly well with the value of 0.75 given above, which 
indicates that the initial oscillations of Figure 9 are driven primarily 
by gravity. 

At later times the flow intensity increases, and values for At are 
much smaller (see Figure 9). The gravity-driven oscillations are still 
evident in the curves for h.. Also present are components of higher and 
lower frequency. The low frequency variations are associated with ths 
global rearrangement of cells (see Figures 8 and 10). The high frequency 
fluctuations are visible for t>20. However, the results of this interval 
were calculated only with the 32x12 mesh and need to be verified with mesh 
refinement. 
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For t>10 the velocity v , exhibits large variations as the 
arrangement of cells changes (see Figures 8 and 10). In addition, the 
regular pattern of oscillation observed in the flow development interval 
(0it<10) is much less evident. 

As the mesh is refined, time steps are larger as spurious oscillations 
are reduced. Although it is apparent that very fine meshes are necessary 
to resolve all of the features of the flow, the character of the flow is 
captured with all three meshes. 

-3 -4 As e is reduced from 1x10 to 1x10 for the 48x18 mesh, At decreases 
by approximately a factor of two. This result is consistent with the 
scaling relationship At~e ' for the Trapezoid Rule predictor-corrector 
method (Gresho et al. 1980). The decrease in £ results in very small 
changes in the curves for h, and v ,. 

Tine-Dependent Results for Gr=lxlO and Ma=0 
For Gr=lxlO and Ma=0, time-dependent simulations were performed for 

the 48x18 and 64x24 meshes. The initial condition is a creeping flow 
solution with Gr=lxlO~ and all other dimension I ess groups matching those 
of the simulation. A sequence of stream function and temperature contours 
is shown in Figure 11 for 10£t£14. A large cell with counter-clockwise 
circulation shrinks as a smaller cell, circulating in the opposite 
direction, grows. The temperature contours show that the effects of 
thermal convection are large for the primary cell and moderate for the 
secondary cell. The smooth contours suggest that the mesh is sufficiently 
fine to resolve the flow and temperature fields. 

The variables At, h», v » are plotted versus time for the 48x18 and 
64x24 meshes (see Figure 12). During the interval Oitil, the flow 
intensity is low, and values for At are large. The variable h. oscillates 
with a frequency of approximately 0.72. Comparison with the value of 
0.722, calculated from Equation (41), reveals that these initial waves are 
gravity driven. During this same interval, v , decreases and fluctuates 

X,n 
with approximately the same frequency. The effects of mesh refinement are 
generally smalI. 

At later times, the flow intensity is much higher, and the time-step 
size decreases dramatically. Variations are much less regular for h, and 
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Figure 11 Time-dependent streamlines and temperature contours for 
Gr=lxl07, Ma=0, Ca=1.47xl0"4, St=7.91xl0"6, Pr=0.015, 64x24 mesh, and 
£=1x10 . At=1.0 between frames with WitilA. 12 equal increments in j* 
f o r jLi.^jKlL,,,- 1 0 equal increments in T for 0STS4. 'mm r 'max ^ 
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Figure 12 Time-step size, pool depth, and v at location A versus time 
for Gr=lxl07, Ma=0, Ca=1.47xl0~4, St=7.91xl0"6, Pr=0.015, and e=lxl0-3 
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v ,. As the mesh is refined, the time-step size increases as spurious 
oscillations in h. and v . are reduced. Although more refined meshes are 
needed to completely resolve the flow, the essential features of the flow 
are revealed. 

It is worthwhile to compare the time-dependent results for Gr=lxlO 
and Ma=0. Although the flow is more intense for Gr=lxl0 at quasi-steady 
conditions, the changes in the overall flow pattern are less dramatic. 
This resistance to flow rearrangement is attributed to the larger 
component of thermal convection for Gr=lxl0 . This same effect was 
observed by other investigators for oscillatory flow calculations in which 
the Pr number was varied (Roux 1990). 

Tine-dependent Results for Gr=lxl0 and M»=100 
For Gr=lxlO and Ma=100, time-dependent simulations were performed for 

all three meshes. The initial condition is a steady-solution for Gr=lxl0 
and Ma=95. For casjs of this type in which tangential surface forces are 
large, there can be considerable benefit in keeping the dimensionless 
groups of the initial condition close to those of the time-dependent 
simulation. Computation time can be saved, and possible failures of the 
numerical algorithm may be avoided. In surface driven flows the flow 
deceleration and intensity are large near the surface during much of the-
flow development period. This contrasts with the above free convection 
cases with Ma=0 in which the flow develops gradually over the entire 
domai n. 

In Figure 13 a sequence of streamline and temperature contours are 
shown for the 64x24 mesh with 0£t£6. It is seen that the changes 
occurring during this interval are quite small. It appears that the 
Marangoni effect stabilizes the overall flow pattern, since much larger 
changes would be expected for the case in which Ha=0 (Roux 1990). At each 
instance in time, three cells are evident. However, only the cell near 
the wall x=0 has strong circulation and significant thermal convection. 

Evolutionary plots for At, h,, v ,, and v „ are shown in Figures 14 
and 15 for the three meshes. Values for At increase with time, but are 
relatively small, indicating high flow intensity. Also, these values 
decrease slightly as the mesh is refined. In the above cases with Ma=0 
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Figure 13 Time-dependent streamlines and temperature contours for 
Gr=lxl05, Ma=100, Ca=6.81xl0 - 5, St=7.91xl0"5, Pr=0.015, 64x24 mesh, and 
£=1x10 . At=2.0 between frames with 0iti6. 12 equal increments in y for 
1*,»inSr*lL,,.' 1 0 e t ) u a l increments in T for 0STS4. 
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Figure 14 Time-step size and pool depth at location A versus time for 
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the opposite trend is observed (see Figures 9 and 12). The curves for h, 
and v , reveal oscillatory behavior with small, but slowly growing 
amplitudes. The observed frequency is approximately 0.85. This result 
does not compare particularly well with the value of 0.722 calculated in 
Equation (41) for gravity-driven waves. Other effects such as those of 
surface tension may be important. The results for h, and v , agree quite 
well for the 64x24 and 48x18 meshes, and the values for the 32x12 mesh are 
slightly lower. However, for the 32x12 mesh, deviations from sinsusoidal 
behavior are evident as time progresses. 

The curves for h, and v , show mesh convergence, but do not reveal 
the high flow intensity indicated by the curves for At (see Figures 14 and 
15). Results from the time integration show that the largest fluctuations 
occur at the free surface near the contact line at x=0. The velocity 
component v R (see Figure 2) is plotted versus time in Figure 15 for the 
64x24 mesh. Although the primary frequency is approximately the same as 
for the other evolutionary variables, other higher frequency components 
are readily visible. The presence of these components is attributed to 
the abrupt change in boundary conditions, and the rapid deceleration of 
liquid which occurs near the contact line. It is possible that the use of 
Navier's slip condition may reduce the fluctuations in this region 
(Kistler and Scriven 1983). 

CONCLUSIONS 
The key results of this analysis are numerical solutions for time-

dependent liquid metal flows with free convection and free surfaces. Flow 
intensities overlap the range corresponding to pool flows in electron beam 
vaporizers. The spatial discretization is accomplished using the Galerkir. 
finite element method, and the time integration is performed using the 
Trapezoid Rule with step-size control. The method provides for the 
completely implicit solution of the equations of change. 

For the time-dependent flows driven by buoyancy forces alone, the 
effects of mesh refinement are much more important than time-step 
refinement. As the spatial resolution is increased, spurious oscillations 
are reduced. Although very fine meshes are needed to completely resolve 
the flow, the basic features of the flow are captured with the meshes 
employed. The results also show that increases in thermal convection add 
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stability to the overall flow pattern despite the accompanying increase in 
flow intensity. 

For the time-dependent case involving bouyancy and surface forces, the 
results converge as the mesh is refined. Despite the significant 
increases in flow velocity, the tangential surface forces seem to add 
stability to the overall flow pattern which changes little during the 
course of the time integration. However, velocity fluctuations in the 
vicinity of the downstream contact line are large and determine the pace 
of the time integration. 
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NOTATION 

f = dimension I ess frequency 
h = dimensionless depth of liquid in trough 
k = thermal conductivity (ML/t T) 
L = length of trough (L) 
N = total number of nodes 
N. = total number of free surface nodes h 
N = total number of pressure nodes 
n = outward pointing unit vector for free surface 
n = outward pointing unit vector for trough 
n» = outward pointing unit vector for free surface that satisfies 
"* Equation (16) or (17) 
p = dimensionless isotropic pressure 
tj = dimensionless heat flux vector 
R = dimensionless Galerkin residual 
s = dimensionless distance measured along interface 
s = unit vector tangent to surface 
T = dimensionless temperature 
T„, T. = temperatures at x=0 and x=4 (T) 
t = dimensionless time 
v_ = dimensionless velocity vector 
v = characteristic velocity, see Equation (7) (L/t) 
v , v = dimensionless x and y-components of velocity vector x y 
X = dimensionless position vector for liquid-gas interface 
x = dimensionless position vector 
Z = solution vector containing v_, p, T, and h 
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Z = BZ/Bt 

Creek 
a = thermal diffusivity (L 2/t) 
P = thermal coefficient of volumetric expansion -(8ln/>/9T) (1/T) 
r J = bilinear polynomial for finite element method 
S. = unit tensor 
£• = unit vector in direction k 
e = error specification for time integration, see Equation (38) 

= contact angle 
H = viscosity (M/Lt) 

2 v = momentum diffusivity (L /t) 
X = dimensionless total stress tensor defined in Equation (4) 
p = density (M/L 3) 

o 
a = surface tension (M/t ) 
* = biquadratic polynomial for finite element method 
fl = dimensionless stream function 
Superscripts 

corrected solution in Trapezoid Rule predictor-corrector method 
index for node 

J index for pressure node 
index for surface node 
predicted solution in Trapezoid Rule predictor-corrector method 
dimensional quantity 
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Subscripts 
, location A, see Figure 2 
„ location B, see Figure 2 

quantity that moves with the mesh m 
index for time step 

s standard or characteristic value 
, x and y directions x y 

. evaluated at wall x=0 or value for unstretched mesh 
, evaIuated at wa11 x=4 

DimensionIess Groups 

Ca=^p 

1/2 

G r -
* 0 L 

Ma 1 6<rFl-10] 
- /iQ dT I Lpg J 

°0 

St = 
9K 

f / ? ( T r T 0 ) ^ ] 

I 9 h s

2 L J 
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