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Abstract:

We find the angular momentum L of a point particle with electric charge e held at

a fixed position in the presence of a black hole with magnetic charge g. (For a point

charge in the presence of an ordinary magnetic monopole, it is known that L = e g).

The angular momentum does depend on the separation distance between the particle

arid the black hole; however, L --, eg for a large separation. Implications for the

: cosmic censorship hypothesis, the quantum hairs and other physical situations are

discussed.

E-Mai! Address: daveg(_voodoo.bitnet; soo_OJuflaepa.phys.ufl.edu, soo@ufpine.bitnet.

LJ, " DISTRIBUTION OF THIS DOCUMENT IS UN MITED



0 • ,

2

1. INTRODUCTION

One of the most remarkable consequences of tile existence of magnetic monopoles is that

it implies the quantization of electric charge. One simple way to see this is to calculate the

angular momentum L of a stationary point charge e in the presence of a point monopole

of magnetic charge 9. The result is L = eg where the angular momentum points irom the

charge to the monopole. 1 Together with the quantization of angular momentum this result

then implies that electric charge is quantized.

Most grand unified theories possess t'Hooft-Polyakov magnetic monopoles 2. They are

nonsingular, finite energy field configurations with nontrivial abelian magnetic charge. In

general relativity there ex;sts a different sort of magnetic monopole: a magnetically charged

black hole. Even though the metric is singular at the origin, it is shielded by the event

horizon. Therefore, this is regarded as a valid classical field configuration. This is in fact a

magnetic a.nalog of the electrically charged black hole described by the Reissner-Nordstrom

metric 3, and is related to it by a duality transformation, lt is known that a magnetic

monopole with mass greater than (crG)-1/2 forms a magnetic black hole4. Even though

these magnetic black holes evaporate initially, after reaching the extreme Reissner-Nordstrom

limit (maximally charged magnetic black hole), they remain absolutely stable.

In this paper we examine the angular momentum of a point electric charge held in piace

in the presence of a magnetically charged black hole. This calculation is complicated by the

fact that the black hole can posess an intrinsic spin in addition to the angular momentum that

comes from the electric and magnetic charges. Therefore we must distinguish between these

two contributions to the total angular momentum. In the next section we calculate the total

angular momentum of the system. Surprisingly, we find that the total angular momentum

depends on the separation distance between the black hole and tile electric charge. This

gives a possibility to spin up the black hole by moving the charge closer to it. However, in

the extreme Reissner-Nordstrom black hole case, tile angular momentum is precisely e g, so
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spinning up the black hole is not possible as long as the charge stays outside the horizon.

Physical implications of our result are discussed in the last section.

2. ANGULAR MOMENTUM

Let M, g and e be respectively the mass and magnetic charge of the black hole and the

electric charge of the particle. We treat the case where e is small and calculate the angular

momentum to first order in e/g and e/M. Then to zeroth order the spacetime is a black

hole with magnetic charge and zero spin. The metric is the Reissner-Nordstrom metric 3

g(O) _ f dt 2 + f-l dr 2 + r 2 @02 + sin20d¢2) (1)ab --

where

2GM Gg 2
f _=1 r t- _ . (2)

The radius r H of the black hole horizon is

r H = GM + _2M2-Gg 2, (3)

which attains its minimum size for the case of the extreme Reissner-Nordstrom black hole,

9'2 = GM 2.

The hole's electromagnetic field tensor is (in CGS units)

F}_ ) = 2g sin OV[aOVb]¢ . (4)

Let the point charge be located at r = b, 0 = lr. then its current vector is

ja = e t_(r - b) 6(0 - Tr) . (5)2_rb2 sin 0

The system (the black hole plus particle) is stationary and axisymmetric and thus has

the Killing fields (O/Ot) a and (0/0¢) a. We want to solve to first order for this system the

Einstein-Maxwell equations

Rab = (;(2.Pac Fb_ -. i_;gabF_dFCd) , (6)
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Va Fab "- --4 rrjb . (7)

(The stress-energy of +'e particle makes a contribution to Einstein's equation, but not to

• the _ngular momentum; so we neglect it). Actually we need only those components of the

metric and Maxwell tensor that determine the angular momentum. The angular momentum

L:(r) contained within a two-sphere S of constant r and t is defined by

1 (8)
c(,) -16, 6. /s ,abcdVC( ) a

Thus, the total angular momentum L is given by L = limr_ocZ:(r). Let us define the

quantity X, k and Z by

X =_gt¢ , (9)

= X sin0 dO , (10)

Then using equation (9) it is straightforward to show that

1
=--- lim Z . (12)L 6G r.--._

Thus to find the angular momentum we need only to determine Z.

We now find an equation for Z. From the Bianchi identity V[aFbc ] = 0 and the fact that

the Lie derivative of Fab with respect to (0/0t) a vanishes, it follows that there is a scalar U

such that

Ft, = . (13)

Define the quantity u by

u = U sin0 cosOdO (14)

Taking the t--o component of Einstein's equation and the t component of Maxwell's equation

and evaluating all quantities to first order, we find the following equations for u and ,k.

d2_ 2( 2Gg 2 ) 4Ggf dr 2 r2 .f + r2 k + --_u = 0 , (15)
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/0).2 - --5-u + = 67r jt sin 0 cos 0 dO (16)7 .

Boundary conditions and equations (11) and (15) allow us to express ;_ and u in terms

of Z. Equation (16) then leads to the following equation for Z.

d-'_ r2_rr k,, -_r -- 2 1 + r-----U- Z = - f jt sin 0 cos 0 dO (17)

The term on the right )land side of equation (17) vanishes when r ¢ b. Thus for ali values of
/

r other than b the furi_sctionZ is a solution of the homogeneous equation. The three solutions

of the homogeneous equation are

Z1 = r 2 , (18a)

4g2
Z2 =6 Mr ' (18b)

fr ° d_Z 3 = 3A(r) f(_) A2(_ ) . (18c)

where the function A(r) is given by

2Gg 4
A(r)-r 2 - 3Gg 2 + Mr " (19)

We find that A(r) is monotonically increasing function of r for r > r H and vanishes at

r = r H for the extreme Reissner-Nordstrom black hole case. Furthermore, the quantity Z1

is badly behaved as r _ cc and Z 3 is badly behaved as r --+ rg. It then follows that Z is

given by

Z = k1zl -t- k2Z 2, r < b (20a)

Z = k3 Z 2 + k4 Z 3 , r > b (20b)

where kl,"', k4 are constants.

It follows from equations (18c) and (19) that limr--ocrZ3 = I. Then using equations

(12) and (20b) we find L = k3/G. We now have to separate out the intrinsic spin of the black

hole. In order to insure that none of this angular momentum is due to intrinsic spin of the
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black hole we impose the condition that there is no angular momentum contained within the

black hole's event horizon: that is Z;(rH) = 0. Using equation (20a) this condition becomes

kl Z l (r H) 4- k2 Z2(rH ) - O . (21)

It follows from equation (17) that Z and dZ/dr are continuous at r = b. Usirlg equation.s

(5) and (17) we find that the discontinuity in d2Z/dr 2 is given by

[d2Z] b+C _ 12Geg (22)
L-j;T 2jb_- b2f (b) •

Equations (21)and (22) along with the continuity of Z and dZ/dr then yield four linear

equations for the quantities kl,' ", k4. Some straightforward but tedious algebra then leads

to the following expression for the angular momentum:

[ ( )]A(rH) r H 3Mb- 2g2 _ 2Z3(b) f(b) GMb'Gg2
L = eg 1 A(b) -'b-3Mr g - 2g2 2r H - GM " (23)

Equation (23) is the main result of this paper. Most importantly, the angular momentum

L does depend upon the separation distance b. However, in the extreme Reissner-Nordstrom

black hole, L = e g still because A(r = rH) vanishes identically.

3. DISCUSSIONS

1. Tile total angular momentum L in Eq.(23) consists of two contributions. The first

term in Eq.(23) is due to the electromagnetic field (i.e., the electric charge and magnetic

monopole contribution as in flat spacetime). The second term comes from the modification

due to the gravitational interaction. The electromagnetic energy-momentum tensor modifies

the metric, and similarly the angular momentum. This is clearly seen if we consider the

limit G _ 0. Then, from Eq.(3), the horizon r H goes to zero as expected. Using this fact,

we find the second term in Eq.(23) vanishes as we turn off the gravity.
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A similar simplification arises when the separation distance b _ oc ' we tlave L _ e g,

the same value as for an ordinary magnetic monopole plus a charged particle. Keeping the

next leading term, we find

L---,eg (1 2rH((-72M2-Gg2))b2 (2r H - GM) asb---,¢c (24)

It also follows from equation (23) that L _ 0 as b --_ rH. By differentiating equation

(23) with respect to b one can show that L is a monotonic function of b. Thus L changes

monotonically from 0 to e g as b goes from r H to z_.

2. The quantity L is the angular momentum that the system has when the black hole

carries no spin. However, in general, the black hole can have an intrinsic spin. We may

define the spin of black hole as the angular momentum inside the event horizon.

1 (25)S - 16rG "rH

Then, the total angular momentum f = /_ + _,qis conserved. Now, let us imagine lowering

the electrically charged particle into the magnetically charged bl_ck hole. Since the system

is axisymmetric, the total angular momentum J is conserved. However, since L depends on

the position of the particle, it follows that the intrinsic spin of the black hole changes in

the lowering process. Since L is a monotonic function of b, the intrinsic spin of the black

hole increases monotonically as the charge is lowered. Thus lowering the charge spins up the

| black hole.

In a system consisting of the 't Hooft-Polyakov monopole and a charge with nonzero

] isospin I, it is known that I_ = _q+ f is conserved. Thus, the isospin degrees of freedom of

the charge field can be transmuted into the spin of the monopole-charge composite 5; if we

turn on the gravity to convert the monopole into the magnetic black hole, since the inner

core of the monopole is completely collapsed down to a singularity, we do not have such a

possibility. Instead, we have a novel mechanism of angular momentum transmutation from

: the charge to the spin of the black hole which is not possible for the monopole-charge system.
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This transmutation of angular momentum also raises an intriguing question regarding

the cosmic censorship hypothesis. The mass M, the electric and the magnetic charges e, g,

and the angular momentum J of a black hole must satisfy an inequality

M 2 > (J/M) 2 + (e 2 + 92); (26)

otherwise the black hole disappears, leaving behind a naked singularity. The extreme (Kerr)

Reissner-Nordstrom black hole saturates this inequality. Therefore if one could increase

the charge or angular momentum of an extreme Reissner-Nordstrom black hole without

changing its mass; then one could turn a black hole into a naked singularity; thus producing

a counterexample to cosmic censorship. Thought experiments to turn black holes into naked

singularities have been analyzed and in all cases studied cosmic censorship holds. 6,7 In our

case for the extreme Reissner-Nordstrom black hole L = eg for all values of the separation

between charge and black hole. Thus we cannot spin up the black hole by lowering the

charge toward the horizon. One could change both the angular momentum and the charge

of the black hole by lowering the charge through the horizon. We calculated all quantities

to first order in e and the contributions to the inequality are second order in e. Therefore

our calculation does not resolve completely the issue of whether cosmic censorship can be

violated by lowering the charge into the black hole.

;3. A similar phenomenon may well arise within the pure gravity. In gravity, the analog

of the electric and the magnetic charges are the mass M and the 'dual' mass N. This

can be understood, for example, from the analysis of the post-Newtonian limit of general

relativity 8 The metric solution that carries both the mass and the 'dual' mass (therefore, a

proper 'gravitational dyon') is a cover of the Taub-NUT metric 9 with a topology S 2 x R 2.

An analog of the electric-magnetic duality transformation is the Geroch transformation 10

in the mass-'dual' mass plane of the Taub-NUT solution. Furthermore, it is known that

' the 'dual' mass N has a topological origin, and is thus exactly conserved 11 From ali these

analogies, if a. point particle of mass m is placed in the Taub-NUT background, we expect
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that the system acquires an angular momentum similar to Eq.(23) with e _ m and g --, N

, in analogy with the electric charge-magnetic black hole system.

4. Finally let us imagine that the black hole and charge system wi'_h total angular

, momentum J is studied in the Higgs phase of the U(1) theory in which the condensate
',,

carries electric charge n e (n = integer). The original U(1) symmetry is now broken down to

Zn. This situation raises an apparent puzzle: the field strength decays exponentially away

from the ,_ources. Thus, there seems to exist no field angular momentum associated with the

electric charge and magnetic black hole in the Higgs phase. However, the Higgs condensate

is not expected to break the Lorentz invariance, and in particular, the rotational invariance.

Therefore, even after the vacuum is changed from the Coulomb to the Higgs phase, the

(separation-dependent) angular momentum ought to be conserved. In fact, even though

the classical electric field decays exponentially from the charge, there still remains a large

fluctuations of quantum mechanical electric field that can be detected through the Aharonov-

Bohm interference 12. Being a quantum hair, it cannot be exting'lished even behind the black

hole horizon. We suspect that the Aharonov-Bohm interaction gives rise to the quantum

mechanical field angular momentum; however, we have not explicitly calcula*.ed this effect.
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