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A particle-in-cell (PIC) method, FLIP [I], is extended to

magnetohydrodynamic (MHD) flow in two dimensions. Particles are

used to reduce computational diffusion of the magnetic field.

FLIP is an extension of "classical" PIC [2], where particles

have mass, but every other property of the fluid is stored on a

grid. In FLIP, particles have every property of the fluid, so

that they provide a complete Lagrangian description not only to
resolve contact discontinuities but also to reduce computational

diffusion of linear and angular momentum[3_ 4]. The interactions

among the particles are calculated on a grid, for convenience and

economy. The present study extends FLIP to MHD, by including
information about the magnetic field among the attributes of the

particles.

To formulate FLIP-MHD, one begins with the equations for

viscous,resistive MHD flow comprising a mass continuity equation,

Faraday's law, a momentum equation, and an energy equation. The
solenoidal condition on B,

V,8 =0,

is assumed as an initial condition.

To solve the MHD equations using the particle-in-cell method

requires four steps. :

I. Represent the fluid and the field by assigning

appropriate properties to finite-sized particles. Interpolate the

particle data on to a grid to initialize the dependent variables

Q, u, B, and p at the grid points.

2. Solve finite-difference approximations to the MHD

equations on the grid to advance the solution from t to t+At

3. Interpolate the solutions of MHD equations on the grid

back to the particles.
4. Move the particles through the grid to model convection.

In FLIP, a particle is assigned a mass, mp, a momentum,

mpUp, an energy, ep, and a position, Xp. The interactions among

particles are calculated on a grid. The data for the grid

calculation is the interpolation of the particle data on to the



grid. For example, the mass contained in a control volume Vc with

centroid xc is given by,

S(n)
Mc = E mp (x c - xp, h ) h

P

where S (n) is an nth-order B-spline and h is its support. When

'IXc-Xp I > (n+l)h/2, s(n) is zero.

To extend FLIP to MHD, one assigns a magnetic moment, _p, to

each particle from which one can calculate a magnetization by

projection,

_/_(X) = E _l,p s(n)(xp x;h) (1)
P

A solenoidal magnetic field is calculated from the

magnetization by subtracting the gradient of a scalar potential,

B=M-V¢

where _ is given by,

V,M= V2¢

Laplace's equation for _ is solved using a conjugate gradient

iteration[5].

'ro advance the magnetization from t to t+ At, evolution

equations for M and _are needed,

c]M o_B_ +V-_
o_t o_t o_t

Assuming,

d_
-- 0.

which qives the correct single-particle solution, one derives

dM dB
-_-- dt (Vu).V¢.

The second term on the right describes the change in V_ due to
strain.

At this point in a computation step, one has advanced the

magnetization on the grid, but not on the particles. To do so,

one must derive an evolution equation for the particle magnetic
moments.

If one differentiates Eq. (i), one obtains an expression _p,
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ddtf M dV = E d#--EpdtSPc (2)
Vc P

where x c is the centroid of V c and S is defined so that it

satisfies the equation,

dS
-- 0.

dt

(Spc is shorthand for S(xp-xc;h)) . It is impractical to calculate

Up using Eq. (2), because one would have to invert a matrix for

each particle. Instead, one can define an approximate inverse to
Eq. (2) , written,

dMoVo

d_p_E dt SPe

c E Sp'c
p'

where M(z) has been replaced by its average value over the
control volume, Vc,

MV c = fd3xM(x)
Vc

This expression conserves the magnetic flux globally. However,

some diffusion results from the substitution. (The magnitude of

the numerical diffusion is estimated by imposing a physical

resistivity that doubles the diffusion[6]. By computation, the
resistivity needed to double the diffusion corresponds to a grid

magnetic Reynolds number equal to 17. For an ordinary Eulerian

calculation, the value of the grid Reynolds number is
approximately 1. )

The magnetic field energy integral can be written,

E = dV-_ M,B - dsn,B¢
S

The second integral can be made zero by choosing the boundary

conditions appropriately. The particle magnetic energy is given

by,

I •
ep '= _p E BcSpc

C

The particle and grid magnetic energies are equal,
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= 1 • = 12 eo vo_-
p p c c c

Numerical results of calculations of the evolution of

contact discontinuities, the Rayleigh-Taylor instability, and the

evolution of a confined eddy are shown to demonstrate the low

computational diffusion, the rotational and Galilean invariance,

and the the conservation properties of FLIP-MHD.
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