


Theoretical calculations for
electron proton scattering



Theoretical calculations for
electron proton scattering

ACADEMISCH PROEFSCHRIFT

ter verkrijging van de graad van doctor
aan de Universiteit van Amsterdam,
op gezag van de rector magnificus
Prof. Dr. S.K. Thoden van Velzen

in het openbaar te verdedigen in de Aula der Universiteit
(Oude Lutherse Kerk, ingang Singel 411, hoek Spui)

op woensdag 21 februari 1990 te 15.00 uur

door

Melis van der Horst Jr.

geboren te Amsterdam



promotor: Prof. Dr. K.J.F. Gaemers
co-promotor: Dr. J.A.M. Vermaseren

Chapter 2 has appeared in Zeitschrift fur Physik C45 (1989) 123-127,
Chapter 3 has appeared in Nuclear Physics B316 (1989) 269-288,
Chapter 4 is submitted for publication to Nuclear Physics B.



Aan mijn ouders.
Aan Moaique.



Contents

1 Introduction 1
1 General Introduction 1
2 Introduction to this thesis 6

2 The production of charged scalar bosons at the HERA-colli-
der 12

1 Introduction 12
2 Matrix element and phase space integration 13

2.1 Matrix element 13
2.2 Phase space integration 16

3 Results 18
A 20

3 The process e~ p —* 7 e~ p as a fast luminosity monitor for the
HERA-collider 24

1 Introduction 24
2 Kinematics 25

2.1 General scheme of the phase space integration 26
2.2 Numerical accuracy 28

3 The matrix element 30
4 Results and discussion 33
A 37
B 43

4 QED-radiative corrections to the process e~p —* ~ye~p 46
1 Introduction 46
2 Bremsstrahlung corrections 47

2.1 Kinematics 47
2.2 Matrix element 53
2.3 Infrared divergencies 58

iv



Chapter 1

Introduction

1 General Introduction

It is expected that near the end of 1990 the construction of the HERA collider
at DES Y, Hamburg, will be finished. At HERA, it will be possible to study the
interactions between 30 GeV electrons (positrons) and 820 GeV protons. It
is foreseen to use longitudinally polarised electrons and positrons. HERA will
end a period of a few years in which no electron proton scattering experiments
at high energies were performed.

In a historical context, lepton nucleon scattering experiments have played
an important role in understanding the strong interactions. The leptons, which
are not subject to the strong force, probe the structure of the nucleon in a
clean manner. The first lepton nucleon experiments in the early fifties were
fixed target experiments [1] (energetic electrons colliding on static nucleons)
which investigated the structure of the nucleon by means of elastic scattering

e~N -* e~N. (1-1-1)

From these experiments it became clear [2] that the proton cannot be re-
garded as pointlike but must be considered as an extended object instead.
The elastic form factors of the proton showed a non trivial charge distribution
differing from, for example, the electron or the muon. With the introduction
of fixed target experiments at a higher momentum transfer Q2 at SLAC in the
late sixties it became possible to investigate deep inelastic scattering. The mo-
mentum transfer is denned as Q2 = -(fc - k1)2 with k(k') the four-momentum
of the incoming (outgoing) lepton. At SLAC (Stanford) the inclusive scatter-
ing process

e-p^e-X, (1.1.2)
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2 Chapter 1

was investigated at a maximal momentum transfer of Q2 up to « 20 GeV2.
In (1.1.2) uXn stand? for any possible hadron system produced. Only the
energy and the scattering angle of the electron in the final state were measured.
Also experiments with an isoscalar target (deuterium) were performed.

In the seventies, deep inelastic scattering experiments with (anti) neutrinos
and muons were started at CERN (Geneva) and Fermilab (Batavia). The
following inclusive reactions were studied:

-* fi~X, (1.1.3)

v»p — v»X,

fTp -> \TX.

Also deuterium and other nuclei with a more complicated structure were used.
The results of these experiments are well known [3] and give a beautiful exam-
ple of how theoretical ideas and results from experimental high energy physics
can support each other.

The remarkable fact, first observed at SLAC [4], was that the deep in-
elastic structure functions displayed a completely different behaviour from the
elastic form factors. Unlike the elastic form factors, which tend to fall off very
fast with increasing momentum transfer (oc Q~4 for large Q2), the inelastic
structure functions tend to stay large and nearly constant for large Q2 [5, 6].
It was found also that the deep inelastic structure function could be written
as a function of one dimensionless variable x. For a fixed value of x hardly
any Q2-dependence was shown. This effect is known as the Bjorken scaling of
the inelastic structure functions and was predicted on theoretical grounds [7].

These results can be interpreted as follows: the interaction of the electron
with the proton in the deep inelastic regime can be understood as the interac-
tion of the electron with the constituents of the proton. These paitons can be
considered to be pointlike and nearly massless. Furthermore the partons are
almost noninteractingat short distances (large Q2) before and after the lepton
parton interaction. Stated differently, one can say that at short distances the
nucleon can be treated as a gas of free partons.

The electron probes the structure of the nucleon by emitting a virtual
photon 7* which interacts with the parton q. The photon can be longitudinally

or transversely (7j) polarised. The corresponding cross sections, o*L and
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can then be defined for the transitions

It has been shown experimentally that the ratio

R = vllo*T, (1.1.5)

tends to be small [6]. This implies that the partons are spin-1/2 particles.
These ideas together with the assumption that the intrinsic transverse momen-
tum of the partons can be neglected is known as the naive parton model [8].

Before that time it was noticed that the structure of the hadron spec-
trum could be understood if one assumed that the hadrons were composite
objects [9]. This was based on group theoretical arguments. For the hadrons
known at that time the constituents had to come in three "flavours" carrying
spin-1/2. The spin-statistics theorem made it necessary to introduce a new
quantum number "colour".

With the success of proving renormalisability of non Abelian gauge theo-
ries [10], a theoretical framework for the strong and electroweak interactions
as a quantum field theory became possible. Within the model for strong in-
teractions, Quantum Chromo Dynamics (QCD), the strong force acts between
the constituents of the hadrons (the quarks, spin-1/2) and are mediated by
massless vector bosons (the gluons, spin-1). Both the quarks and the gluons
carry colour. By that time the partons and quarks were identified. In QCD
the inelastic structure functions can then be parametrised as a sum of (anti-)
quark and gluon distribution functions.

An analysis based on the renormalisation group equation [14] shows that
QCD is an asymptotically free theory which means that the strong coupling
constant decreases with increasing Q2. An encouraging fact is that in lowest
order in QCD it is possible to explain the asymptotic scaling behaviour of the
structure functions which was found in the early experiments. The observa-
tion of a clear violation of exact Bjorken scaling [12] posed a new problem.
This problem, however, can be solved by including higher order corrections in
QCD [11]. In this way QCD predicts a nontrivial evolution of the quark/gluon
distribution functions as a function of Q2. This supports the parton model
with logarithmically small scaling violations.

If one realises that at present lepton sucleon-scattering experiments are
performed with an effective maximum momentum transfer Q^ox = 200 GeV2

while at HERA Q2
max will be a few times 104 GeV2 it is obvious that deep

inelastic scattering can be studied at a completely new range of momentum
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transfer. The kinematical region which will be covered reaches a Q2 range of
order Myy and beyond. This implies that electromagnetic and weak effects
are of comparable magnitude, introducing a completely new feature in lepton
nucleon scattering.

In order to parametrise the structure functions of the nucleons in terms of
the distribution functions of the quarks and gluons it is necessary to use the
results of charged current (CC) processes

e~p -» veX, (1.1.6)

e+p —»• veX,

in combination with the results of neutral current processes (NC)

e~p -> e~X, (1.1.7)
e+p -» e+X.

The CC-processes are exclusively weak transitions (W*-exchange) while
the NC-processes allow for mixing of electromagnetic and weak interactions
(7- and Z-exchange). Hence, disentangling the CC- from the NC-events is a
problem of major importance for the parametrisation of the structure functions
at HERA.

It is a very important theoretical issue to test whether the measured struc-
ture functions are consistent with the evolution of the structure functions as
predicted by QCD. Another important problem is the measurement of the
gluon distribution function at a small Bjorken-ar.

The gluon distribution function is poorly known at present. It is however
important to determine this function in order to understand the QCD evolu-
tion. A good knowledge of the gluon distribution function is also important
for bb(ti)-physics. Nowadays many ideas on how to extract the quark distribu-
tion functions from the data with the smallest possible uncertainty have been
worked out [13]. In general one can state that at HERA it will be possible to
check the theoretical predictions accurately.

Another topic is asymptotic freedom which is not fully verified yet and
must become manifest at high Q2. An accurate determination of the ratio
R (eq. (1.1.5)) is interesting from a theoretical point of view because this is
related to the spin of the quarks. A theoretical advantage is that for large
Q2 the contribution of higher twist operators in the Wilson operator product
expansion in QCD is expected to be negligible. This reduces the theoretical
uncertainty in QCD-computations for HERA considerably.
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As far as testing the electroweak part at HERA is concerned it is interesting
to compare the electroweak parameters independently with other experiments.
It is an interesting idea that parameters in the standard model can be obtained
for large spacelike momentum transfer (—Q2 < 0) at HERA and for large
timelike momentum transfer (—Q2 >̂ 0) at LEP. It is possible to use highly
accurate determinations for some of the electroweak parameters from other
experiments in order to determine the remaining parameter(s) at HERA. It is
shown [15] that thf fundamental parameters of the theory can be determined
most accurately froxa the ratio of neutral 10 charged current cross sections

(1.1.8)
<?cc

As was mentioned before it is clear that experimentally the neutral current
events must be distinguished from the charged current events with a high
accuracy.

A possible choice of parameters would be to fix the fine structure constant
a and the Z-boson mass Mz which will be measured to better than 100 MeV
accuracy at LEP and the SLC. The third parameter, for example sin20w,
can then be measured very accurately using equation (1.1.8). In addition
one can treat the p—parameter as a variable allowing for possible deviations
from the minimal Higgs structure of the standard model. In general, the
numerical values depend on which set of fundamental parameters is chosen in
the standard model.

Longitudinally polarised electrons and positrons at HERA can be used,
assuming that a large degree of electron beam polarisation (A) can be reached,
to perform precision tests using the pure neutral-current asymmetry

A±(\\ -
A ( A ) "

and the charge asymmetry

However, these measurements look slightly less promising than (1.1.8).
Another topic of interest is "new physics" at HERA. HERA, like any ac-

celerator exploring a new energy domain, has certain windows for discovering
"new physics". With the notion "new physics", phenomena beyond the stan-
dard model are meant. Here one can think of new electroweak vector bosons
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in addition to the W* and the Z present in the standard model. This is possi-
ble in the case the structure of the gauge group is more complicated than the
gauge group of the standard model. Present day experiments exclude these
extra gauge bosons up to a certain mass. At HERA it will be possible to push
these mass limits to higher values. Also HERA has the potential to uncover
a new level of structure below that of quarks and leptons. Completely in the
line of lepton nucleon-scattering until now, it is interesting to investigate a
possible structure of the quarks. Also composite electrons can (probably) be
excited; the decay of an excited electron in an "ground-state" electron and, for
example, a photon gives rise to interesting signals which can be studied. Also
leptoquarks, objects with the quantum numbers of both leptons and quarks,
and leptogluons are ideal exotic candidates for HERA.

As is shown by other authors [16], supersymmetry predicts interesting
signals to be observed with a high energy ep-collider like HERA. For example
the pair production of the scalar partners of electrons and quarks is shown to
have interesting signals. The produced scalar partners decay into electrons and
quarks together with photinos. The latter are the spin half supersymmetrical
partners of the photons and will escape undetected. Hence these processes will
produce missing energy. At HERA it will be possible to improve the limits
on the mass of the scalar quarks and electrons. A detailed study of these
"exotic" channels must of course include the discussion of the background due
to missing energy events which are possible within the standard model [17].

2 Introduction to this thesis

Now we would like to discuss the contents of this thesis. The production of
standard model Higgs bosons at HERA was discussed by several authors [18].
As an extension, we discuss the possibilities of producing charged Higgs bosons
(H^) at HERA in chapter 2 of this thesis. In detail we will consider both the
elastic and inelastic processes:

e~p -> e~H+H-p, (1.2.1)

e~p -> e-H+H~X. (1.2.2)

Although this makes it necessary to discuss a possible extension of the Higgs
structure of the standard model, we can argue that the dominant contribution
for these processes is given by the electromagnetic transitions only. The model
dependent couplings of the charged Higgs bosons to the W* and the Z will
not be important in the case the mass of the charged Higgs boson is relatively
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small. This leaves us with the mass of the charged Higgs boson as the only
free parameter. In chapter 2, the cross section as a function of the mass are
discussed. Also the production of a relatively light charged Higgs boson at
an ep-collider with a higher center of mass energy is discussed. We find that
the total production rates are rather small. For example, if we assume a mass
of 15 GeV we find that at most approximately 10 events can be observed at
HERA. (Charged scalar bosons with a smaller mass are already excluded by
present experiments.)

It will be clear that the actual performance of the HERA collider must be
monitored accurately. One of the relevant machine parameters is the luminos-
ity of the collider. As a matter of fact the luminosity establishes a relation
between the experimental results ("number of events of a certain process V
measured per unit of time ) and the theoretical prediction ("the cross sec-
tion of the same process i"). If we denote these two quantities by n* and a,
respectively and the luminosity by £ the relation is:

ni = C<Ti. (1.2.3)

From this it follows that the luminosity of an accelerator can be determined
using the theoretical computation of the cross section of a well defined process
and the measurement of the number of events of that process. That process is
then called a luminosity monitor. It is not difficult to understand that certain
requirements must hold for a luminosity monitor in order to attain a lowest
possible uncertainty in the determination of the luminosity. Theoretically,
the computation of the cross section must not be ambiguous. It is not recom-
mended to use physics which is not well established. Also the background from
other processes must be small. On the other hand, as far as the experimental
physics is concerned, a measurement of the cross section must not impede too
many difficulties either.

The process
e~ p-+ je~ p. (1.2.4)

was proposed as a luminosity monitor for HERA in [21]. The proposed kine-
matical constraints on this process are such that both the detected electron
and photon are produced in the extreme forward direction which we take to be
the direction of the incoming electron. Although both the outgoing electron
and photon are produced in the forward direction a special experimental setup
makes it possible to detect them. The electron will, due to energy loss caused
by the interaction, be deflected from the direction of the non interacting elec-
trons by the surrounding magnetic fields. The photon will escape the beam
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pipe through a small 'window' and can be detected. Hence, although both
the outgoing electron and photon are produced in the very forward direction,
both particles can be detected.

The advocated advantage of this method is that the cross section of this
process with the proposed kinematical constraints is very large (of the order
of 25 mbarn). This makes it possible to perform an accurate measurement of
the luminosity in a relatively short period of time and to repeat the measure-
ment regularly. In this way it is not difficult to check for fluctuations in the
luminosity as a function of time. For this reason this process is called a fast
luminosity monitor.

Chapters 3 and 4 of this thesis are concerned with the computation of the
cross section of the process (1.2.4). In chapter 3 we compute the cross section
at lowest order. This value is compared with an approximation obtained using
the Bethe-Heitler equation where the proton is taken to be static, pointlike
and spinless. The difference between this approximation and the exact result
is small. Also some interesting differential cross sections are given.

The computation of the cross section is complicated by the kinematical
cuts on the energy and direction of the outgoing electron and photon. From
the proposed kinematical cuts it follows that many of the kinematical variables
are of the same order of magnitude as the mass of the electron or smaller. For
this reason it was not allowed to neglect the mass of the electron at any stage
of the computation. The integration over the phase space is performed numer-
ically using a Monte Carlo routine. Due to the fact that the kinematics is very
close to the boundary of phase space, Q2 can become as small as 10~24 GeV2,
special attention must be paid to avoid numerical instabilities. For example,
it is shown that the dominant term in the matrix element rapidly goes to
zero if one approaches the boundary of phase space. This is a radiation zero
for the kinematical configuration where the outgoing electron and photon are
collinear with the incoming electron. If expressed in terms of dotproducts or
kinematical invariants, the matrix element becomes small by means of cancel-
lations between large terms in the numerator. The matrix element is easily
overestimated if these cancellations exceed the precision of the computer. A
careful analysis for both the computation of the phase space integral as well as
the matrix element was necessary for a reliable computation of the total cross
section. For this purpose it turned out to be extremely useful to express the
matrix elements in terms of contractions between Levi-Civita tensors [19]. Us-
ing the Levi-Civita tensors, large gauge cancellations can be avoided. Also the
radiation zero becomes manifest and can be dealt with in an effective manner
in the numerical computation.
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Because of the kinematics of the process it can be argued that it is allowed
to neglect the contributions from the weak interactions and to compute the
contribution from QED only.

In chapter 4 we present the computation of the radiative corrections to the
process (1.2.4). The radiative corrections consist of the virtual corrections and
the corrections due to Bremsstrahlung photons. This amounts to computing
the cross section of the process

e-p^fje~p, (1.2.5)

and must be included to cancel infrared divergent terms in the virtual cor-
rections in the usual way. The phase space of the four particle final state of
the process (1.2.5) is discussed in detail. In extracting the infrared divergent
part present in the Bremsstrahlung process we do not neglect any infrared
finite contribution in the matrix element nor in the phase space integration.
In doing so we use a rather elegant method which was introduced in [20]. In
this chapter we introduce a method to collect the terms which exhibit large
numerical cancellations. These terms are rewritten as contractions of Levi-
Civita tensors. The problems with the large cancellations inside these tensors
are solved by using a new integration variable in the phase space integration.
For the virtual corrections it is also necessary to rewrite the analytical expres-
sions for the scalar loop integrals in such a way that no numerical problems
arise when evaluated in a computer programme.

Finally in chapter 5 we present a concise expression for the trace of gamma
matrices in four dimensions. This expression can be useful in writing a ma-
trix element (at tree level) in terms of contractions of two different tensors.
The expression found can be proven useful in an algebraic manipulation pro-
gramme. An example is discussed how the results obtained can be used in a
physical process.
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Chapter 2

The production of charged scalar bosons at the
HERA-collider

1 Introduction
At present moment there is no direct experimental evidence for the existence
of the Higgs boson in the standard model. For this reason, the Higgs sec-
tor is an important area to be investigated in the (near) future at HERA,
LEP and the SSC. The total cross section of processes with a Higgs boson
in the final state and the signatures which would support the existence of
the Higgs boson in the standard model have been discussed already in great
detail in [1]. Also extensions of the standard model where the Higgs sector
has a more complicated structure have been considered by other authors ([2]).
These models often incorporate, apart from additional neutral (pseudo-)scalar
bosons, charged scalar bosons as well. In these models, additional free pa-
rameters like mixing angles, coupling constants and mass parameters must be
introduced which, in general, are model dependent.

In this paper we discuss the production of charged scalar bosons at
HERA (30 GeV+820 GeV). For this purpose we consider an extension of the
standard model in order to incorporate charged scalar bosons. If the charged
scalar bosons are produced via W±- or ̂ -exchange the cross section will in gen-
eral be suppressed due to the propagators of the massive vector bosons. Hence
the dominant contribution to the total cross section for producing charged
scalars will come from the diagrams where the charged scalar bosons are cou-
pled to a photon. The coupling of the charged scalar bosons to the photon is
completely described by a scalar-QED sector in the extended standard model.
This sector will have no extra mixing angles or coupling constants and the
only extra free parameter is the mass of the charged scalar bosons. In a sense

12
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this means that the dominant mechanism to produce charged scalar bosons is
described by the minimal extension of the standard model which incorporates
charged scalar bosons and is almost model independent.

In the sequel we will, as a matter of convenience, denote these charged
scalar bosons as H±.

In the following section we discuss the phase space integration and matrix
element for the process

e-(pi) JKP2) - e-fo) H+(p4a) H-(p4b) X(p5). (2.1.1)

In the last section the results obtained are presented and we draw some con-
clusions.

2 Matrix element and phase space integration

2.1 Matrix element

In Fig. 2.1 the diagrams are shown which, at tree level, give a contribution
to the cross section of the process (2.1.1). However, the contribution of the
Bremsstrahlung diagrams (2.1.d) to the cross section can be safely neglected in
comparison with the contribution from the 77-fusion diagrams. This because,
for a sufficiently heavy Higgs boson, the photon decaying in the Higgs boson
pair is far off mass-shell: m7. > 2MJJ, (MJJ is the mass of the Higgs boson).
This is to be compared with a photon-propagator in the t-channel for the
77-fusion diagrams. This behaviour is known from 2-photon physics ([3]).

The amplitude for the subprocess 7*(?i)7*(92) —» H+(P4a) H~(p4b) reads:

A - Jl\ e l ' (P4a + fcl)e2 J (^1 ~ P4b) . Z% ' (|>4fl + ^2)^1 ' (^2 ~ P4b)

• ) •

- 2 e 1 . e 2 l . (2.2.1)

In here e, denote the polarisation vectors of the photons and we introduced
the vectors:

*? = tf«-9f, (2.2.2)
K = <&-?«• (2.2.3)

The last term in eq. (2.2.1) is due to the seagull diagram (2.1.c). Gauge
cancellations occur between this term and the other two terms.
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Figure 2.1: Diagrams for the production of charged scalar bosons H* as given
by scalar-QED. (Only one Bremsstrahlung-diagram (d) is shown.)

As was shown in [4] this expression can be written in terms of Levi-Civita
tensors only. The advantage of writing the amplitude in this form is that all
individual terms in the expressions obtained are manifestly gauge invariant.
This means that cancellations do not take place between different terms but
occur inside the same term. This guarantees numerical stability when the
formula is evaluated. If the Levi-Civita tensors are expanded to give dotprod-
ucts it becomes very problematic to control cancellations and the results can
become unreliable. Also it is obvious that they are symmetric with respect
to the transformations (?i,ei)«-+ (£2,62) and p\a *-* p«. The amplitude can
then be written as:

(2.2.4)
with

Q" = &- (2.2.5)

We write the lepton current in the following way (summing over the po-
larisation states of the leptons):
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+ 8 V1 ~ T~qi) V1" "1T9V' ( }

The hadronic structure functions W\, Wi are introduced by writing the hadron
tensor as:

&\w1 (2.2.7)

+8 6* - ^
For quasi-elastic scattering,

H+(p4a) H-(p4b) p{p5), (2.2.9)

we use the dipole form factors Fi,F2 of the proton:

( s £ r M » - : | ) (2-2U)

with

( 2\~2

1 - ^ J , (2.2.12)

(2.2.13)

where KV is the anomalous magnetic moment of the proton, KV = 1.792 and
fid = 0.71 GeV2.

For inelastic scattering

e-{Pi) P(P2) -* e'ito) S+(P4a) H-(p4b) Xfa) (2.2.14)

we use the structure functions F^c\

(2.2.15)
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The full matrix element of the (unpolarised) process (2.1.1) is obtained
by taking the square of the amplitude of the subprocess 7*(<fr)7*(g2) -»•
H+(p4a) H~(p4b) and contracting it with the lepton and hadron currents. The
square of the amplitude yields three terms of which every term is effectively
to be contracted with the tensors g^g11" •,gliXp%'p\,P\p\gtt'' and P\p\p%P2-

^ ( 2 - 2 - 1 7 )

- (<22

The results for these contractions are given in the Appendix.
As was pointed out in [4] the most severe numerical cancellations occur

in the Levi-Civita tensors contracted with p% and pJf, e.g. in ePigig2a€piqjaq2

and eP2<i2'iia€p2q2aqi. Suitable expressions for these Levi-Civita tensors can be
computed in a numerical stable manner using the kinematics of the problem at
hand. A detailed discussion of this method is given in the Appendix. Cancel-
lations in Levi-Civita tensors contracted with Q* cannot be calculated in this
way because they are not contained in the kinematics of the process (2.1.1).
These contractions can be evaluated in terms of explicit vector components
in the CMS-frame of the incoming particles. This should be done carefully
because cancellations can occur due to subtractions of the form (o0)2 — (a3)2,
with a** = c w « w . Before substituting numerical values, these cancellations
must be dealt with analytically.

2.2 Phase space integration

We now briefly discuss the phase space integration. The phase space integral
for a 2 -*• 4 process can be written as follows (omitting factors of 2ir):

<Pp4b

(2.2.18)
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with:

(2.2.19)

(2.2.20)

In this form an 'intermediate state' H+H~, with the momentum P** and mass
VP2 , is produced which subsequently decays in the Higgs boson pair. It is
Clear that 2Mff < y/F* < i/s — 7JI3 — TO5. Furthermore the '2 —• 3' phase space
integral of the process e~(pi) p{p2) -* e~{P3) H+H~(P) X(p$) was rewritten
in terms of the kinematical invariants, si,S2,h and t2, which is evaluated
using standard techniques [5] We used the kinematical function \(x,y,z) =
(x + y - zf - Axy and the Gram-determinant A^pi,P2,P3,Ps) = det \pi • pj\.
The invariants are defined as follows:

h — (Pi -P3)2 = qj>
S2 ^ ( P "f" P5) »
h = (P2-P5)2 =ql (2.2.21)

To take into account inelastic scattering we integrate over the mass squared
pi of the outgoing hadron system.

Finally, the last term in (2.2.18) integral is an integration over the direction
of H+ in the CMS-frame of the .ff+ff~-pair (denoted by the asterisk). Of
course in this frame, without additional cutoffs, the direction can be fixed at
random.

As was mentioned before it is necessary to evaluate some vectors in the
CMS-frame of the incoming particles. In order to obtain the vectors p%a and
p%b in this frame we perform a Lorentz-boost with:

and a rotation over the angle 9 with is given by

'(sPjP2)"1 . (2.2.23)
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Figure 2.2: a) The results of .^-production at HERA (y/s = 314 CeV) as
a function of MR. The dashed, dash-dotted and dotted curve show the total
cross section, the contribution from inelastic scattering and the contribution
from quasi-elastic scattering respectively, b) The same curves but now as a
function of T/S with MJJ — 15 GeV.

3 Results

In Fig. 2.2 the results for the total cross section of the process (2.1.1) at
HERA are shown as a function of the Higgs boson mass. In addition results
are shown for the production of two Higgs bosons with a mass of 15 GeV
at an e~ p-collider with a larger CMS-energy. The contribution from quasi-
elastic and inelastic scattering are given separately. For the inelastic scattering
process we used the structure functions as given by Eichten et al. [6].

As can be seen from Fig. 2.2, the contributions from quasi-elastic and
inelastic scattering are of the same order of magnitude; the contribution from
inelastic scattering is only a little larger than the contribution from quasi-
elastic scattering. Furthermore the results show that the total cross section
falls off rapidly with increasing Higgs boson mass and is rather small for even
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a relatively light Higgs boson. For example, if we take MJJ = 15 GeV we find
from Fig. 2.2.a that

er(e~ p -> e~ H+ H~ X) = 0.07 10"36 cm"2. (2.3.1)

(Charged scalar bosons which are lighter are already excluded by present ex
periments at PEP and PETRA.)

Using an integrated luminosity of / dtC = 100 pb-1/year for the HEE,A
collider we find that approximately 7 events a year can be expected. From
Fig. 2.2.b we find that the cross section increases with an order of magnitude
roughly if the CMS-energy is increased to 1 TeV.

Another contribution to the total cross section which is not discussed so far
comes from the diagrams (2.1.d) where the Bremsstrahlung photon is replaced
by a Z-boson. For Mz > 2Mfj the ^-propagator in the s-channel can become
large. Although an estimate for this contribution [7] is shown to be comparable
to the results as given in Fig. 2.2, the total cross section for the production
of such heavy charged scalar bosons at HERA is far too small to be of any
importance.

As a conclusion we can state that using the minimal model which allows
for charged scalar bosons and is least model dependent, the production rate for
the charged scalar bosons at HERA is probably too small to be of any interest.
Similar results were obtained in [8] using a different method to compute the
total cross section.
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Appendix A

In this appendix we will give the terms as occurring when the amplitude
squared is contracted with the lepton and hadron currents.

4ti*2 + 8

2 (Q2(hi

~(Q-qi

4fplP3 Pa *

(gi-92) 2

•2 + (<7l '

)2(h + k

h)2~Q>

, l P 3 Q p _

«2)2

>

)

)

- m ? )

(2.A.1)

(2.A.2)

(2.A.3)

(2.A.4)

) (2.A.5)

- ( Q • q i 2 Q

-ml- t2)
2 - m\t2) (2.A.7)

) (2.A.8)

(2.A.10)

(2.A.11)

(2.A.12)
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The contraction €PlPif>a€plP3ap can be written as follows (m\ = P 2 ) :

4e™>PaePlP3aP = h(Sl - «+)(* - <%) (2.A.13)

with

s+ =

. (2.A.14)
*\ v )

And

.-.+ _ mi(m4 ~ h)2 + fi(mf(mf - m\ - t2) + m\t2)
Sx Sx — .

In a similar manner:

•s j ) (2.A.16)

with

S 2 = m\ + m5

(2.A.17)

.̂ _ m2[m\ — <i)2 + t2{m2(m^ — m\ — t\) + m^tj)

+ ^ m 5 7 T O f (*i - *2>2 - rn\m\ - tx{m\ - m\) - t2{m\ + m )̂
12 v

+ m|(m| - ml)}. (2.A.18)

It depends on the order of integration of si,ti, s2 and t2 whether the bound-
aries sf (h,t2) and sf(ti,t2) as given in (2.A.14,2.A.15) and (2.A.17,2.A.18)
respectively define the correct boundaries of phase space. If the integra-
tion order dtidt2ds\ds2 or dt2dtidsid$2 is chosen, the boundaries sf(ti,t2)
(2.A.14,2.A.15) define the correct integration interval of s\. (The integration
boundaries of 82 are then given by the roots of the Gram-determinant ([5]),
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which is more restrictive than the equations (2.A.17,2.A.18).) If, on the other
hand, the order of integration of si and s2 is interchanged, exactly the oppo-
site holds: sf(h, $2) (2.A.17,2.A.18) will define the correct integration interval
of s2 and the integration interval of Si is to be determined using the Gram-
determinant. Choosing one of the two possibilities it is possible to derive a
suitable expression for either (2.A.13) or (2.A.16).

This is illustrated using the first possibility (sf(*i,<2) giving the correct
integration interval of si). In a Monte Carlo integration we fix a value for
ST ^ si ^ st using a random number x and a linear mapping:

Sl = Si + (sf - s^)x. (2.A.19)

We then find:

= (4m?-«i)A(*i,f2 ,m2)x(l-z). (2.A.20)

This expression can easily be evaluated in a numerical stable manner.
This completes the discussion of the matrix element and the phase space

integration.
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Chapter 3

The process e~ p —> 7 e~ p as a fast luminosity
monitor for the HERA-coIlider

1 Introduction
A fast luminosity monitor based on the Bremsstrahlung process

e~p-*'ye~p, (3.1.1)

was proposed for the HERA-collider in [1]. The idea is to consider events
where the photon and the outgoing electron are detected in coincidence. Al-
though both the electron and photon will be produced highly collinear with
the incoming electron it will be possible to detect them. The photon escapes
the beam pipe through a small window and the scattered electron will be de-
viated from the direction of the uninteracting electrons by a magnetic field
because of its energy loss during the interaction.

In this paper we compute the production rate of the process

, (3.1.2)

with the following experimental constraints

f 8 < E3 < 14 GeV,
i
f' 16 < JE?4 < 22 GeV,

0 < 013 < 2 mrad, (3.1.3)

0 < #14 < 25 mrad.

The pi between brackets are the corresponding four-momenta and 0,-, denotes
the opening angle between the (three-) momenta P,- and P j in the HERA-

24
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frame. The lower limit on the energy of the photon avoids an infrared sin-
gularity. Special attention will be paid to the numerical evaluation of the
differential cross section in order to implement it in an event generator.

The outline of this paper is as follows. In section 2 we discuss extensively
the phase space integration. In particular we discuss the method used to
incorporate the experimental conditions (3.1.3) in the integration boundaries
of the kinematical variables. In section 3 the matrix element is discussed and
finally in section 4 the results and the conclusions are presented.

2 Kinematics

In this section we describe the phase-space integration. Eventually we will use
a Monte Carlo method for the numerical integration of the matrix element
squared. We consider the process (3.1.1).

Using standard techniques [2] we can write the three particle phase-space
in terms of four invariants S\ , t\ , 52 , t2 '•

1 d3p3 d3p
J 2E3 IE.

16yA(j

The invariants are defined

4 d 3p5 4

as follows:

h =
s2 =

t2 =

KV. 1 in

(P3 +

(Pl~

(P4 +

( P 2 -

uto ds\ cLx\ cLS'y

— / \ -if pi • P2^ P3s P4J

P4)2,

Pa)2,

Ps)2 ,

PS)2-

(3 2 1)

(3.2.2)

Furthermore we have used the function X(x, y,z) = (x + y — z)2 — Axy. Finally
the Gram determinant &4(pi,P2,P3,P4)i$ defined as:

&4(pi,P2,P3,P4) = det \pi • pj\. (3.2.3)

The integration boundaries on s\, t\, s2 and t2 are completely given by
the equation ^A{PX,P2,PZ,PA) = 0. This is the restriction on the integration
domain given by four-momenta conservation. In our case, however, the ex-
perimental conditions as discussed in the introduction restrict the domain of
integration severely.
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2.1 General scheme of the phase space integration

The experimental set-up constrains the outgoing electron and photon to for-
ward cones with a very small opening angle. As a consequence the invariants
are very much restricted. For example the variable S\ which can take values
from mf to (v^ — n^s)2 due to momentum conservation is now restricted to
an interval:

ml < Sl < max [EiE4 (0a3 + «i4)2) « 10~2 GeV2. (3.2.4)

The invariant ti which is allowed to run from « 0 to a* —s is now confined to
an interval of similar size just below <2 = 0- Another example is illustrated by
the Chew-Low plot of the invariants 52 and t\ given in Fig. 3.1 where both the
full phase-space and the area which is allowed by the experimental cutoffs are
displayed. From these examples it will be clear that the part of phase-space of
interest here is only a very small part of the full phase-space ( in fact the ratio
is of the order 10~16 ). For this reason we will incorporate the experimental
cutoffs in the integration boundaries of the variables s\, ti, J?2 and ti as much
as possible. Otherwise too many kinematical configurations generated in the
numerical integration will not satisfy the cuts and must therefore be thrown
away. In this way we are able to increase the efficiency.

Due to the propagators in the matrix element it will be clear that the
dominant part of the cross section comes from the region where the invariants
s\, t\ and %2 are small. This corresponds to the case that both the electrons and
the photon are (almost) collinear. Then s\ and t\ are of the order mf and the
momentum transfer can become as small as 10~23 GeV2. As was mentioned
before only the cutoff E$ prevents *2 from becoming exactly equal to zero.
These small values force us to be very cautious of numerical cancellations. In
the sequel we give expressions in a numerically stable way which are relevant
for a reliable treatment of the kinematics.

The dominant behaviour of the matrix element comes from the photon
propagator (t^1) and to a smaller extent from the fermion propagators ((.Sj —
ml)'1, (ml - Zi)"1). It turns out to be crucial that the boundaries tf do not
fluctuate too much. Only then the ^-behaviour can be smoothed using a suit-
able mapping function. This implies that t-i is to be integrated out last so that
the integration boundaries tf do not depend on the other integration vari-
ables. In this way the boundaries of t2 are constant throughout the numerical
integration. Also we keep si and t\ as explicit integration variables to account
for the fermion propagators. For this reason we have used the following order
of integration: ti, s\, t\ and $<i. Bearing in mind that in the numerical com-
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- 6 0 . -<0
(.(GeV1)

Figure 3.1: Chew-Low plot of (S2, h) showing the full phase-space and the
region allowed by the kinematical constraints as given in (3.1.3).The physical
boundaries of tt are (approximately) -210~3 < t\ < 210~7 GeV2
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putation the integration order is reversed we proceed in the following manner:
first we determine a value for t2, then for s i , for ti and finally for s2 •

The Gram determinant A4(pi,p2,P3,P4)ca,n be written as a quadratic
polynomial in one of the invariants. We use the following expression:

16A4(j>i, P2, Pz, PA) - Ps\ -2Qs2 + R
= P(s2-s2)(s2-s+). (3.2.5)

where P, Q and R are functions of Si, t\ , s2 and the masses m,-. The integra-
tion boundaries s^ define the phase-space and are given in terms of the other
invariants. In particular we have:

P = X(Sl,mi,t2). (3.2.6)

Following the discussion in [3] we rewrite the expression (3.2.1) in such a
form that s2 is expressed in terms of a new variable x. Hence:

S2 =
 S1 + S2 +4-82 cos{jrxh O < * < 1 (3.2.7)

If we also rewrite the Gram determinant in terms of x we see that the in-
dependence of the denominator in the phase space integral is cancelled against
the Jacobian \ds2ldx\. Hence the singular term (—A4)

-1^2 (although the
integral is convergent) is mapped away. We then find the following expression:

dt2 ds\ dt\ ds2

x 2

2)

We will use this expression to integrate out the phase space. Of the rather
technical discussion of the method we used to incorporate the kinematical
constraints in the boundaries of the kinematical invariants as much as possible
we relegate to Appendix A. Furthermore, in the sequel we will use the fact
that in our case m4 = mi (electron mass) and m5 = m2 (proton mass). Hence
in the expressions derived we omit factors like m% — m\.

2.2 Numerical accuracy

In order to see whether the kinematical constraints are respected for a partic-
ular point in phase space we need expressions for the laboratory variables E3,
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E4, di3 and di4 (dij = 1 — cos#tJ). To evaluate the matrix element we will
also need the energy transfer from the lepton current to the proton current
AE — E3 + E\ — E\ and the cosine of the azimuthal angle c^.

Suitable expressions for the energies are:

AE = E3+E4-E1 (3.2.10)

The last expression for the determination of AE is to be preferred because
AE can be of the order 10~9 GeV. Hence first calculating E4 in a similar way
as for Ez and then numerically determining the difference E3 + E4 — E\ would
involve a loss of around 10 digits in accuracy.

In computing the differences (£13, d\4 and d^A it is possible to lose 5 digits in
a single subtraction. However, for the input parameters like the experimental
constraints a Taylor expansion solves this problem easily. For other expressions
it is often possible to derive a (more) stable expression analytically e.g.

^ .
1 + C13C14 - S13S14

( 3 . 2 . 1 2 )

Oij and s,j = y'l - c£.)
Another example is provided by c^ which tends to equal —1. A convenient

expression is:

1 -2 _1 — CJ, —

Hence all the terms of order d$ can be collected in a A-function.
This is not difficult to understand if one realises that in the limit

eq. (3.2.13) reads
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p p

Figure 3.2: Feynman diagrams for single photon radiation from the lepton
current.

( sfj = 2d{j + O{dfj) ). This is just the area of the surface spanned by the
unit vectors (Px/|Pi|,P3/IP3I, P4/JP4I) in the limit where the curvature of the
surface can be neglected.

As was mentioned before we give the explicit expressions and calculations in an
extensive manner in Appendix A. This has been motivated by the many subtle
problems we have encountered in setting up a numerically stable procedure
for the integration of the matrix element over a region of the phase space that
is an exceedingly small part of the full phase space.

3 The matrix element
In this section we discuss the matrix element. For the kinematical region
we are considering it is only necessary to consider radiation from the lepton
current. The reason for this is that if the photon is emitted from the incoming
or outgoing hadron it must have an opening angle with the hadron which is
very close to ir due to the cutoffs imposed. But in that case the momentum
transfer is much larger than in the case where the photon is emitted by the
electron and we can safely neglect this contribution to the cross section. The
contribution from Z-exchange is suppressed by a factor t^jM^; hence can be
neglected as well.

This leaves us with the two diagrams as shown in Fig. 3.2. The amplitude
for the lepton side reads:
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The lepton tensor is then given as:

L"" = '$2 A? (A?)*. (3.3.2)
vol.

The hadronic structure functions W\, W2 are introduced by writing the hadron
tensor as:

( g"u - £$A Wt (3.3.3)

+ 8 (rf - Z^t) (rf ~ *f-<£) Wb. (3-3.4)

with <# = f2 - ft.
(We adopt the convention as used in ref. [3] that is, the normalisation is such
that for spin-\ point particles W\ and W2 are both equal to one.)

For the case of elastic scattering we use the dipole form factors Fi, F^:

{£i)iih) (3-3-6)
with

(3.3.8)

where np is the anomalous magnetic moment of the proton, KP = 1.792 and
Hd = .71 GeV2.

In ref. [3] the 2-photon subprocess 7*7* -* fi~fi+ is discussed in great de-
tail. Special attention was paid to the problem of large numerical cancellations
due to gauge invariance. For the same reason we have expressed our results
in terms of Levi-Cevita tensors as much as possible. The main advantage of
this approach is that the expressions become manifestly gauge invariant. We
will show that the Levi-Cevita tensors are also useful to handle cancellations
which appear in the case that all momenta are collinear (p% = ( JE, ,0 ,0 ,P;) ,
i = l , . . . ,5) or almost collinear.
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The result for the 2-photon process can be used for the (quasi-)Compton
scattering process ey* —• ey, ej —*• cy* we are interested in. This is done using
crossing and putting one of the photons on its mass-shell. The result is:

w —

with

Mi = -

- Q\2m\ + ql)) - 4 ™ ^ • Q)2(2m? + qfr } , (3.3.10)

M2 = -

- 2m? (fa • Q)2e^^Cp2q2Ml, + \ (e^^€P3QM^ } , (3.3.11)

and Q" = tfx + fA.
It can be shown that in the case that all momenta are collinear only the

components L1 1 and L2 2 are nonvanishing:

= L22 = S(E1E4-P1P4)

This implies that in the collinear case M? becomes zero while Mi reduces to
the simple expression:

^B' P ^ E \ W* - W. (3.3.13)
mf

In other words, there is a radiation zero for the scalar part of the hadron
tensor (for a more extensive discussion of radiation zeroes see for example
[4]). Expression (3.3.13) together with the radiation zero of M2 can serve as
a powerful check of the numerical evaluation of the matrix element.

A closer look at M2 (eq. (3.3.11)) reveals that it consists of three terms
which vanish independently for collinear momenta. This is obvious if one
notices that the components of the vector oP = ewyp*** are equal to zero
for pf = (£,-,0,0,/\) ( i,j,k = 1,...,5). Prom eq. (3.3.11) we then find
immediately that both the determinants

and

(3.3.14)
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vanish for collinear momenta. Although it is for the third term not as clear as
for these determinants it can be verified that also

to* • Q)2e™*">cpawt, + I {eW^Q^f, (3.3.15)

vanishes in the collinear case.
If one naively expresses the terms (3.3.14) and (3.3.15) in terms of the in-

variants si, t\ , S2 and ti it is found in the numerical computation that indeed
the term M2W2 drops several orders of magnitude for collinear momenta but
one the other hand is still larger than M\W\ (eq. (3.3.13)). This is mainly
due to large numerical cancellations between Ei and (P«)z which can exceed
the precision of the computer. As a consequence the matrix element is over-
estimated.

In order to avoid this problem we derive expressions for the components
of the vectors a?- = eP2PiP'fi which depend almost only on the combinations
Ei — (-Pi)a, (Pi)x and (Pi)y These expression are given in Appendix T*. Hence
all the important cancellations can be dealt with, especially those between
the two terms in eq. (3.3.15). Furthermore, all the terms can be shown to be
proportional to s$j. This gives us the proper behaviour of the radiation zero
which does not depend on significant cancellations.

It is noted that problems of this kind occur only very near or at the bound-
aries of the phase space.
(The Gram determinant A4 = — cPlP2P3P4fPlP2p3p4 equals zero in the collinear
case too.)

4 Results and discussion

We now present our results for the process

e~p-±~fe~p. (3.4.1)

For the integrated cross section (using the kinematical range as given in (3.1.3))
we find:

a(e~ p-+-ye-p) = 24.60(4) 10~27 cm"2. (3.4.2)

In Fig. 3.3 the differential cross sections

da da
(IE3 (IE4
da da
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ik + Et- El}, (3.4.3)

are shown. It can be shown from Fig. 3.3.a that dofdEz shows a typical
Bremsstrahlung behaviour i.e. it is proportional to E^1. Furthermore, because
da/dAE is sharply peaked around AJ5 = 0, as can be seen from Fig. 3.3.f, it
can be understood that dafdE\ increases with increasing E4 (viz. Fig. 3.3.b).
The fact that da/d9i3 and da/dOu are decreasing for increasing opening angles
013 and 0i4 respectively (Fig. 3.3.c,3.3.d) is due to the fact that the momentum
transfer | ^ | is smallest for small opening angles 0\$ and #14 (viz. eqs. (3.A.20)
and (3.A.23)). For the same reason c,f, = - 1 is favoured (Fig. 3.3.e).

Numerical estimates for the process (3.4.1) using the Bethe-Heitler equa-
tion [5] were used in [1], The Bethe-Heitler equation describes, in our case, the
scattering of an electron on a fixed target (taken to be a static, pointlike and
spinless "proton"), thereby emitting a photon. As a consequence it gives the
contribution to the cross section due to the scalar part of the proton (which
is proportional to W2 (eq. (3.3.4)) in the rest frame of the proton. It also
implies exact energy conservation at the lepton vertex ( AE = 0 ). As is clear
from the previous discussion this is expected to account for the major part of
the cross section. The integrated cross section as given by the Bethe-Heitler
equation for the kinematical range

8 < £3 < 14 GeV , E4 = Et - E3, (3.4.4)

(no constraints on the opening angles), reads

a{e~ p -> 7 c~ P)B-H = 24.66 10~27 cm"2. (3.4.5)

Hence the difference with the result (3.4.2) is small.
To conclude the presentation of our results we would like to mention that

we have cast our calculation in the form of an event generator using the package
of Kawabata [6,7]. The results for a sample of 10s events are shown in Fig. 3.4.
Using the event generator it is straightforward to modify cuts or add additional
cuts to the ones used so far. This makes it possible to use the results obtained
in a detector simulation.

A discussion of the radiative corrections to (3.4.1) will follow in the follow-
ing chapters.

In principle it will also be necessary to consider the contribution to the
total cross section of the production of 7 e~ via the channel

e-p->~fe-X. (3.4.6)
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18 19 20 21

10 r-

10 t-

1.25 1.75 . 1 0 - 3

-0.5 • 10- 6

Figure 3.3: Differential cross sections as obtained by integrating the cross
section numerically. Showed are: a) da/dE3 (mbarn/GeV), b) d<r/dE4,
(mbarn/GeV), c) d<r/ddi3 (mbarn/mrad), d) da/d$14 (mbarn/mrad) , e)
do/dcos<t> (mbarn), f) d<r/dAE (mbarn/GeV).



36 Chapter 3

„- 3

10

10

10

10

- 1

- 2

- 3

- 4

=r

\ \
fS, fin i n

1 w-

0. 0.5 1.5

1 =-

10

10
- 3

- t . -0.5 0. - 6

Figure 3.4: Results as obtained by an event generator (sample of 105 events).
Vertically the fraction of events is displayed; horizontally is shown: a) dajdEz
(mbarn/GeV), b) da/dE*, (mbarn/GeV), c) dajdexz (mbarn/mrad), d)
da/d$u (mbarn/mrad), e) d<r/dcos(f> (mbarn) , f) d<r/dAE (mbarn/GeV).
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Appendix A

In this appendix the integration boundaries of the kinematical invariants are
discussed in some detail.

For the full phase space it holds:

t2 =

Q + m\ - m\)(s + mj - st) T y/X(s, m\, m\)\(s, ml,
_

It can be shown that

for
m\ < 5X < (VJ- ms)

2 . (3.A.3)

The equal sign in equation (3.A.2) holds if Si = m\ = m\.
Furthermore it holds that, for the interval (3.A.3),

* Z M > o . (3.A.4)

Hence:

t* = %(*T). (3.A.5)

Instead of using the lower limit s^ = mf we can determine the bound-
aries tf more accurately by tailoring sjf with respect to the kinematical con-
straints (3.1.3). We have

si = (p3 + P4)2

= m2
4 + 2^3(^4 - P4C34)' (3.A.6)

where we have used the notation Cij = cos 0ij,Sij = Jl — c?-. Also all vari-
ables, as far as they are not relativistically invariant, are understood to hold
in the laboratory frame. In addition:

C34 = ai3si4C^ + ci3c1 4 . (3.A.7)

is the cosine of the azimuthal angle <f>.)
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The variables in equation (3.A.6) are E3, E4, C13, c\4 and cj,. We will as-
sume that no restriction is imposed on c^; hence it can take all values between
—1 and +1. Then, for example, the function C34(c13) describes an ellipse if 0i4

and 4> are kept constant.
The minimum and maximum of S\ read:

4 = m2
4 + 2Ef (Ef - Pfc* ) , (3.A.8)

{Ft = E\ - mi)
with

34 ~~ A 34v 1 3 ' 1 4 ' 4* "™" / 1 3 14 ^i}».A»y>J

[ 1 otherwise,

and
I C34VC13'C14'c"^ ~" 1 ^ "• C13 <• C14

C34 = \ C3i(C13iC14'C<l> = ~^) if Cf3 > " ^ (3.A.10)
[ —1 otherwise.

For the kinematica! constraints (3.1.3) the case

44 = +1,

occurs most frequently. Furthermore it holds

| ^ = -2E3P4 < 0, (3.A.12)

-(E4-P4) i f C 3 4 = l

-ml- E<$?y]E\ - m\) ifO<c34<l
f?4|C34|) i f c 3 4 < 0 ,

with £4 = 7714/334.
Hence we must distinguish the following cases in order to determine Ef. For
the minimum s^ we have:

-1 ,.+ 1 .
1. c 3 4 — 1 .

2. 0 < cj4 < 1 :

E4 = E}, (3.A.13)

E4=\E4 HE-<E4<E+ (3. A. 14)
E% otherwise,
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3. 4 , < 0 :
E4 = E4. (3.A.15)

And for the maximum sf:

E4 = E^, (3.A.16)

2. 0 < cZA < 1 :

{ EX ifE4<El
E4 if Et<E4 (3.A.17)

Ef for si(Ef,cli) > s1(£4
F,cJ4) otherwise,

3. cj4 < 0 :
E4 = E}. (3.A.18)

This enables us to find the minimum and maximum of si as determined
by the kinematical constraints. Of course the minimum and maximum thus ob-
tained, should be checked against the boundaries of the full phase space (3.A.3).
In practise however, this does not impose any additional constraint.

We now use s^ to find the boundaries tf(s^) as given in eqs. (3.A.1)
and (3.A.5). Both tf(s^) will need special care, ^ ( s f ) because of large can-
cellations and t2($i)~ because it gives a too small value (« —s) to be of any
practical use. The first objection however can be remedied by rewriting the
expression as:

4(si) = (3.A.19)

i - ml)2

J\(s, m\, m | ) A ( s , s j " , m\) + (s + m\ — m\)(s + m\ — s^)

As far as the determination of t? is concerned it is possible to find a more
accurate estimate for the lower boundary of t2 than <J(5f).

According to the definition of ti:

h = (P2-Ps)2

= (Pi -P3- PA)2

l + PiA). (3.A.20)
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( Pij = Pi • Pj-)
If we regard si, piz and P14 as independent variables (which is an approxima-
tion of course) we can give a lower limit of £2 which is expected to be only
slightly smaller than the exact lower boundary:

t~ = ml + sj" - 2(pf3 + pf4). (3.A.21)

We use

P13 = E3(E! - PlCl3)
\

(3.A.22)
Pl4 — E1E4— P1P4C14

P4 r » .
+PlP4dl4- ( 3 A

It then holds

p™ = E* { T T + P l r f + ) ' (3>At24)

pf4 = ^4(^4,^4). (3.A.25)

with

( E+ if El < El
EA=\ El if E% > E\ (3.A.26)

( Ef for pi4(^4
fc» cf4) > Pi4(E4> cr4). otherwise,

( 3 - A 2 7 )

To summarise, we will use the following estimate for £J:

q = ml + sf - (3.A.28)

The inverse of equation (3.A.1) is used to determine sf after having fixed a
value for t-i.
sf=s + ml- (3.A.29)
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(s + ml - m\){2ml - t2) T y/(t2 ~ 4m|f2)A(s, m\, m

Because s^(t2) < m\ it is not necessary to evaluate sj". It is important to
realise that

t = m\. (3.A.30)

Hence a cancellation of order s/mf occurs and it is better to rewrite sf in the
following form:
s+ = ml+ (3.A.31)

, ml, m\) + t2(s - m\
2m| '

The boundary s\ is to be checked against the boundary sf from eq. (3.A.3)
to see whether the upper limit is restricted more after having fixed a value for
t-i- As a lower limit, s\ from eq. (3.A.8) is used.

The invariant i\ can be written as a function of t2 and 8\ .

t~ = ml - (Sl ™^ [sx +m2
1-t2 +

t+ = ml - (Sl~sf
4) (si +ml-t2-

Again these must be compared with the boundaries as obtained using the
kinematical constraints to eliminate any redundancy.

h = ( P i 2

if = ml-2Ef(^^- + P1d^j. (3.A.33)

Finally a value for s2 must be fixed. This is done using the variable x in
eq. (3.2.7). The boundaries ^ (^ i t ' i ' t s ) ^ &ven by four-momentum conser-
vation only are determined by the equation

= 0. (3.A.34)
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The corresponding boundaries of x read

x~ = 0,

ar+ = 1. (3.A.35)

The boundaries of s2 as given by the cutoffs can be calculated using

S2 = (P4 + Pbf

= 8-2E3[E2 + P2+ _, ' -(P2-.Pi)rfi3 , (3.A.36)

where we used that C23 = —C13 (head on collision). Using the fact that P2 > Pi
it is clear that:

P2 + ̂ L - (P2 - P,)d±j . (3.A.37)

It should be noted that the boundaries sf are in general overestimating the
integration interval of s2 • The reason is simply that 51, t\ and t2 are already
fixed at this point. As a consequence the boundaries of E3 and ̂ 13 are in
most cases restricted to a smaller region than is allowed by the experimental
cutoffs.

The boundaries x* now can be adjusted by comparing the boundaries sf
as given in eq. (3.2.5) with the boundaries S± as given in eq. (3.A.37). This is
illustrated with the following possibility:

s2 < SJ,

4 > *t- (3.A.38)

This determines the new boundaries for x as follows

= arccos

Having fixed x, s2 is obtained using eq. (3.2.7). This completes the discussion
of our method to integrate out the phase space with the kinematical constraints
imposed.
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Appendix B

We give the expressions for the epsilon-contractions as used in
eq. (3.3.11).

We begin with defining the auxiliary quantities:

Q" = rf + rf, (3-B.l)
P" = Pi-Pi- (3-B.2)

We also introduce the quantity Sp associated with an arbitrary four-vector
p as the difference of the associated energy pe and the z-component of the
momentum pz:

Sp = pe- pz, P = P2,P3, ?2, Q, P. (3.B.3)

(pi, i = e,x,y,z are the covariant components of the vector p".)
Then the epsilon-contractions read:

_ (3.B.4)

-Pi { )

P2z) *

~ P3yPe)) ,

(3.B.5)

P2z) *

' Q i™211")2 + \ if^^VtQ^? = (3.B.6)

2 (-O72(a + 2p3eSQ)
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Using the expressions:

a = P3ed12Qz-p3xQx-p3yQy, (3.B.7)

7 = P2e92* + P2zi2e, (3.B.8)

0 = -fPSeduQe (3.B.9)

- (P2e + P2z)(q2x(p3eQx ~ P3xQe) + q2y(P3eQy ~ P3yQe))

This concludes the discussion of the matrix element.
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Chapter 4

QED-radiative corrections to the process
e~p —*• 7 e~p

1 Introduction

In this chapter we discuss the QED-radiative corrections to the process

e~p^>/ye~p. (4.1.1)

In the previous chapter it was mentioned that this process is a candidate to
be used for measuring the luminosity of the HERA collider. For this, the cross
section must be known as accurately as possible. Therefore, it is important to
know the contribution of the radiative corrections to the cross section.

In the following we restrict ourselves to the computation of the QED-
radiative corrections to the lepton current. The weak corrections are expected
to be much smaller because of the kinematical constraints we are interested
in. Furthermore the corrections to the proton current are complicated by the
structure of the proton and the computation of these corrections is worth an
independent discussion.

In section 2 the radiative corrections due to Bremsstrahlung are discussed.
The requirements on the kinematics of the extra Bremsstrahlung photon are
such that it remains undetected. The first possibility is that one of the two
photons is produced isotropically and sufficiently soft. The second possible
kinematical configuration is that the photons cannot be distinguished from
each other. This is the case if the angle between the direction of the photons
is smaller than the angular resolution of the detector.

In Chapter 3 it was shown that the term in the matrix element which is
proportional to W-2 (viz. eq. (3.3.4-9)) gives the largest contribution to the
cross section. This term exhibits a radiation zero when the boundary of phase

46
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space is approached. If the radiative corrections give terms which alter this
behaviour only a little then these terms can give a significant contribution
close to the boundary of phase space even if these terms are rather small
away from the boundary. For this reason we will not neglect any (infra red)
finite contribution in the computation of the radiative corrections. In the
computation of the Bremsstrahlung corrections we will also keep the correct
momentum flow in the matrix element. In addition we will perform the inte-
gration over phase space without neglecting any terms. Hence, the momentum
of the Bremsstrahlung photon will not be neglected anywhere in the matrix
element nor in the phase space integration. This, in clear distinction with the
soft photon approximation in which only the infrared divergent terms are kept
and recoil effects are neglected. In section 2.1 the basic kinematics and the
integration over phase space for the Bremsstrahlung process are discussed. In
section 2.2 a numerically stable expression for the matrix element is derived.
This is done by introducing Levi-Civita tensors. These Levi-Civita tensors
are used to collect combinations of terms which exhibit large cancellations
when evaluated numerically. The Levi-Civita tensors can be introduced using
a rather simple method. In section 2.3 the infrared divergencies (IRD's) are
discussed. As an infrared regulator we use the mass of the system consisting
of the outgoing electron and the soft photon. Using this method it is neces-
sary to interchange some of the integration variables. This will introduce new
infrared finite terms which will not be neglected but discussed in detail.

In section 3 the QED-virtual corrections are discussed. The method to
obtain a numerically stable expression for the matrix element in the case of
Bremsstrahlung can also be used to derive a stable matrix element for the vir-
tual corrections. Furthermore, much attention will be paid to numerical can-
cellations inside the scalar loop integrals and to cancellations between terms
proportional to different scalar loop integrals.

Finally, in section 4 we present and discuss our results.

2 Bremsstrahlung corrections
2.1 Kinematics

It this section we discuss the kinematics for the Bremsstrahlung process

c~(p4) KPs) 7(Pe). (4.2.1)

The method presented will be useful in order to extract the infrared divergent
terms from the matrix element of the process (4.2.1). These terms are then
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to be cancelled against similar terms present in the virtual corrections [1, 2],
To start with, we define the kinematical invariants for the process (4.2.1)

as:

*i = (P3 + (P4

*2 = (Ps + (PA + Pe))2,

h = (Pi-Ps)2,

h = (P2-Ps)2. (4.2.2)

As is clear, these are just the invariants defined for the process where e(p4) +
7(p6) is regarded as a single state:

{e~(p4) + 7(Pe)} p(p$) • (4.2.3)

In addition we define the kinematical invariants of the subprocess

e~(pi) 7*(«) -* 7(Pe) e~(p4) 7(ft»)- (4.2.4)

with q = p2 — ps, as

« = (Pi + ?)2,

5i = (P4 + Pe)2,

h = (P4 + p3)2,

h = (Pi-Pe)2,
U = {q-Pzf. (4.2.5)

It is not difficult to show that:

J = si,

q2 = «2,

i2 = si + m? - si - h + t2. (4.2.6)

Here and in the following we will use the fact that m4 = mi and m5 = m-i.
The integration over phase space for the full process (4.2.1) reads

d3
P3 d

3
P4 d

3
P5 d

3
P6 4

2^217 2^217* (P: + P2-P3-P4-P5-P6

/
,» ^ /" d<2 ds! dt\ ds2

116y/X(s,ml,ml)-' \/-&4{Pi,P2,P3,Ps)
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d3p4 d3p6 £4, D _ _ x[d*p4
J ZJli4

IT f dti ds\ dt\

/
IT f

Q,S\ — I —

16^(5,m\,m\)J V-
f d**dii (427)

J 8y/-A4{pi,q,P3,P4)

In the derivation of (4.2.7) we have used that :

which holds for the subprocess (4.2.4) in the rest frame of the outgoing electron
and photon:

In eq. (4.2.7) A4 denotes the Gram determinant:

A4(pi,P2,P3,Ps) = - (cPlP2P3p5)2, (4.2.10)

and \(x,y,z) is the function

2 (4.2.11)

The Gram determinant of the subprocess A4{p\, q, p$, p4) will be denoted by
A4 in the sequel. The integral (4.2.7) is our starting point for the discussion
of the integration over phase space.

Using standard techniques it can be shown that for the integration order
as given in (4.2.7) the integration boundaries of $2 are given by:

&2 = 8 „ ,

S} = i - (Ji - m\). (4.2.12)

Or, defining AJi = ii - m\, AS2 = s — $2:

As^ = Ah,

= Aixf. (4.2.13)
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The integration boundaries of t\ are defined by the equation:

= 0. (4.2.14)

Similar as for s2 we use the transformation

tx = - 2L_i . o < x < 1 (4.2.15)

Or, defining Ai\ = m\ — i\:

AQ:, - ,/DTCOSirxh = h I U
I (4.2.16)

In here
h h h . (4.2.17)

Then

^ $2L (4.2.18)

In order to compare the integration boundaries of i\ with the ones as obtained
by the kinematical constraints we need AQ^ and D^ explicitly. The expres-
sion (4.2.16) is preferred because large cancellations occur between mf/^ and
Qit when evaluated numerically. These can be dealt with analytically:

«I(AS 2 - As - t2) - As2(As + i2 - 2t2)

+ As(As -h + ii2) - 2m\(i,2 - 22)}

- As2 {Asi2 - 2m\{t2 ~ i2)} • (4.2.19)

Furthermore

(4.2.20)

The contractions between the Levi-Civita tensors in D$ can be expressed as:

2 + (4.2.21)
)2 = (£2 - t2)(jf2 - Jj^) + (4.2.22)
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From these expressions we see that AQ^ and D^ are both proportional
to ASi. Hence,

Asf = A^= = 0 iff ASi = 0. (4.2.23)

Hence for this order of integration, AJj can be regarded as the relevant pa-
rameter for the infrared divergencies.

As far as the integration boundaries of si,S2,h and t2 are concerned we
must repeat the derivation in Chapter 3 in order to account for the fact that
now Aii can be larger than zero. For this we replace m\ by i\ in the original
expressions. The integration boundaries Atf and Asf then depend on
The boundaries of Ah are determined by the equation

_ o. (4.2.24)

This gives the result

At+ = ASl~Si
Ah (*i + ml-h + J\(suml *2)) ,

^ 2 (4.2.25)

This is already written in a form which does not cause any difficulties when
evaluated numerically. Again the boundaries of As2 are useful in order to
compare with the boundaries as given by the kinematical constraints. They
read

As2 =

With

P,2 = \{sum\,h), (4.2.27)
AQa3 = sPB2+Q,2, (4.2.28)

= s {A$i(Asi — Ah) — t2(Asi + Ah)}

+12 { -

+ AJi {t2(ml - ml + s) + Asi{mfml - s)\

= 64 (c^P3^^')")2\(?iwf. (4.2.29)
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In D92, the first epsilon contraction equals

4 (ePiP3(P*+P6),*y = 5 l ( A f l _ A*+)(At! - AtJ"), (4.2.30)

and hence is a function of A§\. The second contraction reads

4(ePlP2P5M)2 = s(t2-tt)(t2-%), (4.2.31)

if = 2m!-£ j j (3 + m^-m?)(s + m!-s i ) i :

/^m^m^A^m*,*! )} (4.2.32)

and is independent of Asi.
The last integration boundary to be defined is sf. The full boundaries

read:

J+ = ( v ^ - m a ) 2 . (4.2.33)

As was already emphasised in Chapter 3, due to the kinematical con-
straints, that part of phase space which is relevant is only a small fraction of
the full phase space. Therefore it is worthwhile adjusting the full integration
boundaries discussed so far in a similar manner as was done in Chapter 3. The
only difference is that now the kinematical constraints on j(p6) will affect the
integration boundaries too. Also, the boundaries of AJi, As2 and Ai\ must
now be considered.

For example, if 7(j>6) is emitted isotropically with the cuts E$ for the
energy, the boundaries (4.2.33) are to be compared with:

- P4") (4.2.34)

sf = ml + 2E£(Ef + Pf) (4.2.35)
(4.2.36)

with Pf = \/(Ef)2 — mf. The modified integration boundaries of the other
invariants can be obtained using the methods given in Chapter 3 and will not
be repeated here.

To summarise, the results derived so far enable us to perform the inte-
gration over phase space using the integration order ds\dt2ds-idtids2ds2di\.
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7(P»),

Figure 4.1: Feynman diagrams for the Bremsstrahlung process.

Furthermore, having adjusted the integration boundaries according to the
kinematical constraints we have increased the efficiency of the Monte Carlo
considerably. In the next section we discuss a numerical stable form of the
matrix element of the process (4.2.1).

2.2 Matrix element

First we consider the subprocess

g) - 7(Ps) e~(p4) I(PB)- (4.2.37)

The six Feynman diagrams are shown in Fig. 4.1. As in the case of the tree
level amplitude we must be cautious in handling large numerical cancellations.
For the process (4.2.37) we define the leptonic current L^"

L"%c = X) M • e {Ai - e)*. (4.2.38)
pol.

In here e" is the polarisation vector of f*(q) and there is summed over the
polarisation states of both the electrons and 7(7*3), 7(pe)- Large cancellations
occur if the lepton current is contracted with the tensor p%p%. This term comes
from the hadronic current as given in Chapter 3. The term LMi/p£pg gives rise
to terms of order s2. But the kinematical setup forces the matrix element to be
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evaluated close to the boundary of phase space where it is expected to become
very small. As a result, typically cancellations of the order (s/Ati)2 as 10~18

are found. This of course, forces us to find a numerical stable expression for
the matrix element. A form simply expressed in dotproducts or kinematical
invariants will not be useful. From eq. (4.2.38) it is clear that the cancellations
are due to gauge cancellations related with (<7, e),

L""gM = 0. (4.2.39)

If we are able to collect the terms which tend to cancel each other in a single
term the problem will be simplified considerably. For this we use the following
trick. Because of gauge invariance (eq.(4.2.39)) we can write,

e.A = ?Slle.A
Pi 9

Expression (4.2.40) shows the term &e<*P which is manifestly gauge invariant
with respect to (q,e). Furthermore it is clear that the vector p, can be chosen
arbitrarily as long as p, • g ^ 0. Hence

q\2
 L / w (4.2.42)

In here we have taken pt = pj for simplicity.
It can now be shown that all the relevant cancellations are hidden in the

epsilon contractions

Pa = Pi, P3, P4, P6, q (4.2.43)

and
(4.2.44)

Hence for a numerical stable evaluation of the matrix element we have to
concentrate on these contractions.
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Before we proceed we notice two things.
First, we must choose p, in such a way that the dotproduct p, • q is not

extremely small. Hence taking Pi = q would not be a smart choice because q2

can be of the order —lO'^GeV2, but for example p,- = pi would be fine. For
this choice it is also immediately clear that the contraction

f9P2«/*PlPlQ/? (4.2.45)

vanishes. This reduces the total number of terms in the matrix element con-
siderably.

Second, the method discussed is completely independent of the form of the
process. Gauge cancellations related to any (virtual) photon can be dealt with
in this way.

Of course, the problem to be solved is how to compute the epsilon contrac-
tions which exhibit large cancellations in a numerically stable manner. This
problem however, can be met by making a specific choice of the integration
variables in the integration over phase space. In order to discuss this we list
the occurring contractions in terms of dotproducts and kinematical invariants.
The following notation is adopted:

« = 3,4,6 (4.2.46)
eq = Cwfft™"0, (4.2.47)

(4.2.48)

Then

2 €3 = (A<i - AS2XAS1 - t2) (4.2.49)
+ (s - m\ - m\){As\ — ASi - A*i),

2fe = (a ~ mi ~ m2)(Ai2 — At\) + 2j?2 "PB('2 ~ Asi), (4.2.50)
2e, = t2 \2(& — ml — m\) - As\ + t2j , (4.2.51)

ltd = t2{s -ml- ml)2 + (A«i - t2){m\Asi - *2(s - mf)),(4.2.52)
€4 — eq — €3 - €fl. (4.2.53)

By experience it follows that the most severe cancellations are in €3. Cancel-
lations are also present in e& but these turn out to be rather harmless. In the
next section it will be discussed how the cancellations can be removed.1

1 Algebraically 01 numerically the epsilon contractions can be introduced by the substitu-
tions: pi • pi = 0, pa • pt = Cd/(2pi • q)2 and pt • pa = e</(2pi • q).
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Before proceeding a remark about p% • pe must be made. As is known,
for a "2 -* 4"-process it is not possible to express all dotproducts as a linear
function of the kinematical invariants. One dotproduct, we choose P2~p&, must
be determined in a slightly more complicated manner. In principle one can
use the condition ([3]):

As(PliP2iP3iP4>P6) = 0, (4.2.54)

but the roots iotfa-pe are hampered with large numerical cancellations. These
cancellations can be controlled however if another method is applied. For this,
the momenta of the process (4.2.3) are Lorentz-transformed to the rest frame
of (p4 + peY- This is straightforward and all the relevant cancellations are
hidden in the Lorentz-beta constant and (co)sines which can be determined in
a stable manner using standard techniques. Of course, the condition (4.2.54)
can be used to check the result obtained.

Next we consider the infrared divergent (IRD) terms in the matrix element.
The IRD-terms are proportional to

(4.2.55)

As can be seen from eq. (4.2.13), integration over A«2 will give a factor ASi.
In order to extract the IRD-poles, the terms in the matrix element containing
a factor (4.2.55) are first expanded around AS2 = Ah = 0. For this the
dotproducts and propagators are expressed in a part where the numerator is
of order O(Ai\, AS2) and a part where the numerator is of order 0(1). For
the propagators we obtain for example:

7 T-Aa 2 = TT—U+ A *~
(P3 + PA)2 - m\ Asi I Ast - As2

(4.2.56)

1 _ 1 L AJ2 - Ah \

(P4 - ?)2 - mj -Ah - AJi \ -At i - Asi + AJ2 - A^ / "

The terms listed in (4.2.55) are integrated over Ai\ and Aa2:

1 4 x 1
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and

(4.2.59)

* ** y/Hh,*i.toT?*\T
- i2

(Of course, these results can also be obtained using eq. (4.2.8) together with
the relations AJi = 2p4 • pe and Ai\ = 2pi • p&.)

Finally we expand around As% = 0. This leads us to the 'pure' IRD-terms.
For example we use:

_
-Ah - Ah -A*i

Also eq. (4.2.59) is expanded:

-Ah -
(4.2.60)

(4.2.61)

( 4 - 2 ' 6 2 >

with

a = - t2,

i. (4.2.63)

The resulting terms of order C?(l/Aii) are the IRD-terms. As expected the
IRD-terms factorise as (omitting an overall constant):
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(Notice that a = 2pi • pA .) The expression |Mo|2 is the matrix element

at tree level. It is given in Appendix A. There is only one difference: we
have not expanded C3(AJi) around AJi = 0. The reason for this is that we
would introduce large cancellations between different Monte Carlo integrations
which is not acceptable. This problem will be discussed in the next section in
connection with the integration over phase space of the IRD-terms.

In principle the expression for |Mo|2 as given in Chapter 3 can be used too.
However, in order to use this expression in a stable manner, it is necessary
to express the epsilon-contractions in terms of Lab-variables. This is more
complicated than using the expression given in Appendix A where no Lab-
variables are needed to evaluate |Mo|2. This is especially true when we do not
put Aii equal to zero in every term in |Jifo|2 as is needed here.

For §i larger than an intermediate cutoff sf, which will be specified in
section 4, the matrix element is integrated using a 7-dimensional Monte Carlo.
For this case it is not necessary to use the expansion discussed above. The
matrix element consists then of 545 terms proportional to W\ and 800 terms
proportional to Wjj- For 3\ < s\ the potential IRD-terms are expanded as
was discussed above. Because of this, the number of terms which are still a
function of ASj, AI2 and A<i (and must be integrated using a 7-dimensional
Monte Carlo) is slightly larger. We then have 618 of these terms proportional
to W\ and 914 terms proportional to H^- Also for s\ < if, the terms in the
matrix element which were integrated over AJ2 and At; analytically and are
of the form

(4.2.65)

do not give rise to IRD-terms. These terms are integrated over Si, t2, $1 ,
t\ and s2 using a 5-dimensional Monte Carlo. Here €3 is kept intact and
considered to be of O{\). There are 64 terms of this form proportional to W\
and 70 terms proportional to W%.

Finally the IRD-terms are to be integrated over As\ analytically and over
the rest of the phase space using a 4-dimensional Monte Carlo. The integration
of these terms is the subject of the next section.

2.3 Infrared divergencies

In the last section it was shown that after integrating over 52 and ix the IRD-
terms are of the form 1/Asi. The integration over s\ will then give rise to
explicit IRD logarithms which are to be cancelled against similar terms from
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the virtual corrections. This is discussed next and much attention is paid to
the IR-fmite terms. As a result we do not make any approximation at all.
The method was first used in [4] for the discussion of the Bremsstrahlung
subprocess

e~ 7* -»• e~ 7. (4.2.66)

The main idea is that the integral

V^AT All v '

gives rise to terms of the form

(4.2.68)

with §1 > (7714 + A)2 ( A a fictitious photon mass). In order to do so we must
change the order of integration from ds\ dti dsi dti ds2 to dt2 dsi dti ds2 ds\.
Note that it is important not to alter the order of dt2 dsy dti ds2 because oth-
erwise the result will be much more difficult to evaluate numerically due to
instabilities. Changing the order of integration obviously affects the integra-
tion boundaries. As was discussed in section 2.1, the integration boundaries of
t2 and st are independent of $1. Hence dsidt2ds\ can be changed in dt2dsidsi
without modifying the integration boundaries of t2 and «j. As far as the
boundaries tf are concerned it follows from eq. (4.2.25) that:

§ | > 0. (4.2.69)

Hence interchanging the order of di\ and dti gives:

/ dh I dh= dh I dh-
J Jt-(h) JtT(K) J

(4.2.70)

In the last equation we have omitted the t2- and si-dependence in tf.2. In
principle are the boundaries if the maximally allowed boundaries but these
are restricted by the kinematical constraints to be discussed later.

In order to interchange the integration order of 3\ and 52 we use the equa-
tion

= 0. (4.2.71)
2The integration over ta, «i, ti and »a will be done using a Monte Catlo; hence ta and »i

aie fixed at this point
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•91

Figure 4.2: The Gram determinant as a function of Ji and 82. Shown is the
contour £4(^2, Ji) = 0. The actual shape of the contour depends on the values
for S\, t\ and #2*

This equation describes a closed curve in the (s2,3i)-plane whose interior
defines the physically allowed phase space. For the boundaries sf as a function
of si the following condition on the roots if of eq. (4.2.71) must hold

s+(s2) = K(s2). (4.2.72)

This is clear if Fig. 4.2 is consulted.
In order to find the roots if we use a generalisation of the result that the

Gram determinant can always be written as a quadratic polynomial in one
of the kinematical invariants. This is now also true if one chooses one of the
masses squared instead of one of the invariants. Furthermore, in Appendix B
it is shown that the coefficients of this polynomial have a similar form and can
be found in a similar manner as in case of the invariants.

The roots i f of eq. (4.2.71) are:

st = (4.2.73)

Hence in order to satisfy eq. (4.2.72) we must have

DSl = 64 (ePlP2J>blif (ePmp3»f - 0. (4.2.74)

For fixed value of t2 and 51 the first epsilon contraction is a constant. From

" = 0 (4.2.75)



QED-radia.tive corrections 61

it follows that

4 = s ~

or

~ ( (4.2.76)

Afr
2m?

(s + m? - mf + A(s, TO?, m')),

(4.2.77)

must be used as the new integration boundaries if we interchange the order of
ds2 and ds\.

Again the integration over *i can be written as

4irdxds\

^ A 4

(4.2.78)

with Pa, = \(s, ml, m%). But we also need if explicitly in order to compare
with the boundaries as obtained from the kinematical constraints. It turns
out to be necessary to use A Ji instead because of cancellations in

We find

l = (s - m? - \h = o)

(4.2.79)

(4.2.80)

This completes the discussion how to interchange the integration over
ds\ dt2 ds\ dt\ d&2 to dt2 ds\ dt\ ds2 ds\. In order to increase the efficiency of
the Monte Carlo we must incorporate the kinematical cuts as much as possible
in the integration boundaries.

The IRD-terms can be extracted using the result

(4.2.81)

- A4{m\))
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provided A^mJ) < 0.
For §i = ml we use the IR-regulated expression s^ — (mi + A)2.

Rewriting the result for A4(mf) < 0 and sf = (mi + A)2 then gives:

(4.2.82)

The IRD-term log(mi/A) only appears in that subspace which is the phase
space of the "2 —>• 3"-reaction

(Pi)P(P2) (4.2.83)

because it holds that Alx = 0. Hence, if the terms proportional to 1/Asi
are integrated over that part of phase space which is not present in the phase
space of the reaction (4.2.83), the result must be IRF. In short we can state
that these regions are characterised by A ^ > 0. These IRF-terms are found
by splitting up the phase space in different parts. Reminiscent of the fact that
the boundaries tf and sf both depend on si we write the phase space integral
as follows:

/

/"'fC™?) fatimi) f ds\
dtvdsx I dti I d&2 I —

Jt~ J*2(mi) J V—&4

+ I dt2dsi < I dt\ I di

ftf ( ft r*2

j X dix (4.2.84)

In eq. (4.2.84) we used (viz. eq. (4.2.25))

V+ — %,•* I 0 1 —• if-t

(4.2.85)
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IV HI

m

*t(m\)

Figure 4.3: The partitioning of the phase space.

and sf are the full boundaries given by (4.2.76). Furthermore tf{m\) is given
by eq. (4.2.25) with 8\ = m\ and s*(mf) are determined by the equation

^4(*2,5i = m\) = 0. (4.2.86)

This partition of the phase space is clear from Fig. 4.3; here the (roman)
numbered areas correspond to the integrals in eq. (4.2.84). The first integral
is exactly the integral over the phase space for the process (4.2.83) (apart from
the integration over sj).

The discriminant of eq. (4.2.86) reads

Da3(h - m\) = (4.2.87)

The first contraction is negative and is independent of ti. The second con-
traction, on the contrary reads

- if (mf)). (4.2.88)= Sl(tl _

Hence D,%(m\) is positive for tj" > t\ > <f(mf). From this it follows that the
second integral vanishes. The third and fourth integral give, in general, a non
vanishing contribution.
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We notice the following: for the integration intervals:

s+ >s2> 4("»f) , (4.2.89)

it holds that
A4(s2,h = ml)>0. (4.2.90)

This can be understood if Fig. 4.2 is considered. The projection of the areas
III and IV onto the axis ^ — m\ is outside the physically allowed phase space.
For this reason we can not use the result (4.2.81) but we must use

(4.2.91)

arcsin - 8
(

instead. This result can be simplified using

16A4(m?) = Ph {m\ - s?(s2)}{m? - (4.2.92)

In here sf(s2) are the full boundaries of Si as obtained by eq. (4.2.71) after
having fixed a value for s2. From this it follows

2A4(mf)

i _ o

(4.2.93)

-Si

For the last three integrals in eq. (4.2.84) it always hold that s^ = Jj"(s2).
Then, for 3^ the argument (4.2.93) simply reduces to —1. For sf = sf (JS2)
the argument equals +1 .

A similar simplification can be made in eq. (4.2.82) for sf = sf(s2). Using
A4(sf) = 0, (si(s2) - ml) < 0, we find

-A4(m?)-
(4.2.94)
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That this expression does not cause any difficulties when integrated can be
seen if we use

(4.2.95)

This gives the result (sf = s^(s2)):

(st - ml)dA4(h)/dsi

L ds2 1 + 2A4(m?) Sf- mi

/

which is perfectly integrable.
With the results derived so far we are able to compute the correct IRD-

terms and IRF-terms. As usual, the IRD-terms are to be cancelled against
similar terms in the virtual corrections.

In the previous section the matrix element was given in a form containing
the epsilon contractions £3, €4, e6, e9 and c .̂ Some of these contractions ex-
hibit large numerical cancellations when expressed in terms of dotproducts or
kinematical invariants. For €3 the cancellations can involve 13-15 digits which
is clearly not acceptable. Also e& is unstable but the loss of accuracy is less
serious. The cancellations in 63 can be dealt with if it is used as an integration
variable. This is similar to the method used in [5]. We note that (3 is linear in
Asi and AS2 (viz. eq. (4.2.49)). For the integration order dsidt2 dst dt\ ds2

we integrate over €3 instead of s2 (or x). For the order dt2 ds-i dt\ ds2ds\ we
replace the integration over s\ by the integration over C3. The full integration
for the first case then reads (again these are useful in order to compare with
the boundaries as determined by the kinematical setup):

+ (s - ml - m\)(Aii + A*! - Asx). (4.2.97)

It turns out that the expression e3((As£+AsJ)/2) exhibits large cancellations.
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The numerically stable expression reads:

(4.2.98)

-t2 {*2A*i

»))
- 2m\) + 2A«i(2mf + m2 - s) + 2m\t

- -)} IP*

Similarly for the second case which we need for the computation of the IRD-
terms:

~{s-m\- m\)

( 2 mf <2 (5 - TOj —

- Am\m\{t2(A

+ t2 A*i (* - wij — m| ) 2 - 2 m2 A<i (s - mi

± ( 3 - m 5 - m l ) Z ? S j ) / P 5 a . (4.2.99)

In eq. (4.A.3) an expression for the potentially IRD-terms was given. The
only difference between this expression and the expression for the matrix el-
ement at tree-level is that in the former €3 is still a function of s\. Hence
integrating the terms

^ n = l ,2 (4.2.100)

will give rise to (additional) IRF-terms. The third and fourth integral in
eq. (4.2.84) give rise to serious cancellations if €3 is separated in the terms
€3(A5i = 0) and €3 — «3(AJi = 0). The idea of integrating analytically only
the terms

Ji-rrr-, (4.2.101)
V - A 4 AS l

 v '
while the terms

1 O( A.5, "i
(4.2.102)
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are integrated numerically cannot be maintained for the terms (4.2.100). Break-
ing up the gauge invariant quantity €3 introduces cancellations between two
different Monte Carlo's which are very difficult to handle.

We write
£3 = C3 + Asi(3. (4.2.1UJJ

Furthermore it holds

A [(S. _ a-"» _ (*+ _ s ^ l
(4.2.104)

(4.2.105)

arcsinm ——Trp—^r ; —\ •

The results are valid for both An{m\) < > 0. From this it follows immediately
that for A^mf) < 0 no difficulties are expected because no cancellations will
occur between the logarithm and the arcsin. For A^mf) > 0 the problems
are caused by the quantity

/ (4.2.106)

A stable expression reads

(s-m\- ro|) {(s -m\- ml)t2At1/2

- m\ (2ml(Ati - Asx) - h{Atx - As2))}}

(y/t y/pj
-4- g ' (4.2.107)

Hence by keeping the gauge invariant quantity €3 in one piece we are able
to deal with all cancellations analytically within the same Monte Carlo. The
price we must pay is that we must treat some terms which are manifest IR-
finite in the matrix element in the same manner as the IRD-terms.

We conclude with the following remark. So far we have discussed the
two orders of integration namely dsidti ds\ dt\ ds2 and dt2 ds\ dt\ ds2ds\. In
principle the latter would be sufficient to perform all the integrations. How-
ever the first order is simpler both to derive and to implement. Especially
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adding the kinematical constraints on d&2 and ds\ for the order of integration
dt2 dsi dt\ dsvdsi is involved. Hence the first mentioned order of integration
is preferred for the terms which are integrated using a 7-dimensional Monte
Carlo. Furthermore it provides us with a good check on the validity of the
integration order dt2ds\ dti ds2ds\.

3 Virtual corrections

In this section we discuss the QED-virtual corrections to the lepton current.
The virtual corrections to the hadron current are complicated due to the fact
that the proton can not be considered as an elementary particle. Further-
more the weak corrections are expected to be smaller than the electromag-
netic corrections for the kinematical region of interest. The scalar loop inte-
grals with a Z- or W-boson are several orders of magnitude smaller than the
QED-scalar loop integrals (this was verified using the computer programme
described in [6]). Hence these are not discussed in the following.

The Feynman-diagrams for the QED-radiative corrections to the process

(p4) fips) (4.3.1)

are given in Fig. 4.4. It is convenient to apply the mass-shell renormalisation
scheme where the coupling constant is normalised at zero momentum transfer.
This implies that the virtual corrections tend to be small for small g2. For this
reason we do not expect the virtual corrections to be large for the kinematics
we are interested in. Nevertheless, a correction of a few percent is still relevant
for measuring the luminosity at an acceptable precision.

The lepton tensor of O(a2) reads

) (4.3.2)

In this expression Ao is the amplitude at tree level and Av the amplitude as
given by the loop-graphs. (Here and in the remainder of this section we will
drop the index on the mass of the electron.)

Next we apply tensor reduction [7, 8] to L^". However, three remarks can
be made first.

The first remark is that the general scheme of tensor reduction runs into
difficulties if applied to the 2-point function

/

dnk if

(2»)»(*»- ( 4 3 3 )
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P(pi)

Figure 4.4: Feynman diagrams for the virtual radiative corrections (QED).
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Contraction with p£ cannot be used to solve i?i(p3, m, m) because p\ = 0.
This is a well known problem and it is not difficult to show that for this case
we have:

Blips, m, m) = -Bo(0, m, m). (4.3.4)

The second remark is concerned with the vacuum polarisation graphs.
Renormalising the coupling constant and the photon wave function, the re-
sulting contribution reads

Lft" = e2 (ll(q\ m) - 11(0, m)) Lg" (4.3.5)

with

^ ^ t f (4-3.6)

It is preferred to keep the expression Ti(q2, m)—11(0, m) in one piece because of
large cancellations in the case that |<72| becomes small. Hence, tensor reduction
is not applied to II'"' but a numerically stable expression for U(q2, m)-II(0, m)
is given in Appendix C.

The final remark concerns the 4-point integrals. Although tensors of rank 3
are present, it is not necessary to introduce the form factors
D31 • • • D313 ([8]). The integrals of rank 3 read,

/

,-, pi, 0, m, m, m) = (4.3.7)
dnk

(i = 1,2, h = Pi + q,h = Pi -P3-)
At most two indices of these integrals can be contracted with P2 from the
hadron tensor W " . Hence, at least one index is to be contracted with one
of the vectors pi, p\ or /,-. This implies that always one propagator in the
expressions (4.3.7) can be cancelled immediately and a 3-point function of at
most rank 2 remains.
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After the tensor reduction the following scalar integrals are left:

A0(m) (4.3.8)
Bo(pi,0,m) (4.3.9)
Bo(li,0,m)

i?o(/3, m, TO)
B0(q,m,m)
C0(pi,P4,0,m,m) (4.3.10)
Co(pi,li,0,m,m)

Co(q, —h, m, in, ™)

Do(pi,p4,U,0,m,m,m) (4.3.11)

with h = P1-P4 and i = 1,2. We have used that

) = Bo(pi,0,m) (4.3.12)
) = Co(q,—l3,m,m,m).

The last equation can be proved by shifting the integration momentum.
In order to check the result we note that the coefficients of the listed scalar

integrals are gauge invariant independent of each other. (This is not changed
by the fact we did not include the photon self energy diagrams because these
form a gauge invariant subset.) Furthermore it is of course necessary that
the ultraviolet divergencies which are extracted from Ao and Bo cancel. The
cancellation of the IRD-terms from the virtual and Bremsstrahlung corrections
is checked easily either using the explicit expression for the scalar 4-point
functions as given in Appendix C or using the relation:

4,U,0,in,m,m)=: (4.3.13)
/ dnk 1 1

J (2*)* ft* ((* + p,)2 -
f dnk 1

~ J (2JT)» fc2

((k + ft )* -

* ? -
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The first term, Co(pi,p4,0,m,m), is infrared divergent. The other IRD-term
is dG2(m)/d $\m with G<i the electron self energy. This term is due to wave
function renormalisation and is given in Appendix C.

3.1 Numerical stability

As will be clear from previous discussions, the numerical evaluation of the
virtual corrections must be done with great care. This is in any case true for
the region in phase space where q2 tn 0 but cancellations can occur in other
regions of phase space as well.

We can distinguish three classes of numerical instabilities:

1. Cancellations which occur while evaluating the scalar 2-, 3- and 4-point
functions. As is known, these are due to the fact that (di-)logarithms
tend to cancel each other for specific values of their argument.

2. Cancellations between terms in the coefficients of the scalar functions.
These are similar to the gauge cancellations encountered before in the
matrix element at tree-level and for the Bremsstrahlung process.

3. Cancellations between terms proportional to different scalar functions.
Here, a number of scalar functions tend to be a function of each other
in a certain kinematical limit.

The cancellations of the first case can be remedied by considering the
(di-)logarithms in the scalar functions in the limit q2 —>• 0. There is a col-
lection of relations between dilogarithms with different arguments [9]. Using
these, the dilogarithms which tend to cancel each other can be written in terms
of dilogarithms which become small by themselves. In other cases, a Taylor
expansion is necessary. Numerically stable expressions for the scalar integrals
are given in the Appendix C.

The cancellations in the coefficients of the scalar integrals are most ele-
gantly removed using the epsilon contractions discussed in the previous section.
The result is a set of stable expressions which can be evaluated numerically
without any problem for q2 « 0. It is stressed that evaluating the coefficients
in terms of dotproducts or kinematical invariants is an utterly hopeless busi-
ness. Also here the expressions in terms of Levi-Civita tensors were checked
against the same expressions in terms of dotproducts in that part of phase
space where the latter do not cause any difficulties. A last remark concerns
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the introduction of the determinants

(4.3.14)

by the tensor reduction method. Cancellations for the case that l^l is small
between the inverse of these determinants and the terms 2/As\, 2/At\ are
removed if we use

2 f t2(2m
A * 2 \ +

- t2/2)\2 y
1

=

Atf
Also terms proportional to

1

T | t2{2m2 - Ah - t2f2)\
( (ePiVtif}2 J

are introduced by the tensor reduction. In principle 2 p^ • q = Asi — Ah can
become zero. Another example is the introduction of the determinant

2 = ~~T( \2 ~ 7 (4.3.17)

In the extreme forward direction it can be seen that this epsilon contraction
vanishes. Or, for \t2\ very small, the epsilon contraction becomes proportional
to Asi — Ah and hence can become zero. These are all spurious poles which
can be dealt with analytically by bringing the relevant terms over a common
denominator.

The third possibility, cancellations between different scalar functions, causes
some difficulties with Bofo, ra, TO), Bo(q, m, m) and Co(q, —h, m, m, m) in the
case that

'"""" "' ~ ' « 1. (4.3.18)

Using /§ = q2 — 2p$ • q we write

) = B0(q,m,m) (4.3.19)

C0(q,-l3,m,m,m) = ^ l _ l | c o + — ^ C i J . (4.3.20)
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The coefficients B2, Co and C\ are given in Appendix D.
This concludes the discussion of obtaining a numerically stable matrix

element for the QED-virtual corrections.

4 Results

In this section the results obtained are presented. As a start the following
kinematical constraints are used for e~(p4) and 7(^3):

8 < E3 < 14 GeV,

16 < E4 < 22 GeV,

0< 0i3 <2mrad, (44.1)

0 < B14 < 25 mrad.

In Chapter 3 the result for the tree level matr ix element was given to be
(T0 = 24.60(4) mbarn.

For soft, isotropic Bremsstrahlung the energy of ̂ (pe) is restricted by:

E6 < 0.1 GeV. (4.4.2)

The result for the sum of the virtual and soft Bremsstrahlung corrections then
reads

av+3 = -0.13 mbarn. (4.4.3)

For the calculation of the soft Bremsstrahlung we had to decide when to
integrate over <i,«2 and Jj analytically or numerically. Initially we used the
'intermediate cutoff'

s\ = ^Ee = 0.1 GeV, E4 = 22 GeV, 046 = 0). (4.4.4)

For this value it holds that for Si < if we have E& < 0.1 GeV which is the
maximum energy for a soft photon. However we have also used different values
for if and the result remains the same. This must be the case indeed because
no approximations were made.

The dominant part of av+a is due to the virtual corrections and the IRD-
factorised matrix element. It should be noted that the IRF phase space cor-
rections in eq. (4.2.84) give a significant contribution. Nevertheless, the result
is small compared to <T0.

In order to compute the contribution of the vacuum polarisation to the
virtual corrections we used the (effective) quark masses [10] mu = mj =
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0.032 GeV, ma = 0.15 GeV, mc = 1.5 GeV, mb = 4.5 GeV and mt = 80 GeV.
The contribution of the vacuum polarisation decreases rapidly as a function
of the fermion mass. In fact the contribution of the vacuum polarisation
graphs is completely dominated by the electron loop and only the light quarks
contribute a small part. Hence the result is completely independent of the
mass of the top quark.

For hard Bremsstrahlung we demand that 7(2)3) and 7(^6) can not be
resolved and only one photon seems to be detected. This case is covered by
the constraints:

0.1 GeV < E6 , (4.4.5)

8 < Ez + E6 < 14 GeV, (4.4.6)

0 < 036 < 0.05 mrad, (4.4.7)

0< 0J36 < 2 mrad. (4.4.8)

In here 036 is the angle between P3 and p& and #136 the angle between the
beam axis and the combined system 7(^3) + fipe) defined as (dij = 1 — c^):

rf136 = j T T P ' (4-4-9)

In order to prevent double counting the additional restriction EG < E3 is
imposed.

We find
ok = 0.05 mbarn. (4.4.10)

In Fig. 4.5 we show dohldfiw if we take 0 < 9^ < 0.1 mrad instead of (4.4.7).

As a result we can state that the total radiative corrections for the kine-
matical constraints as given above read:

+ ^h = -0.08 mbarn. (4.4.11)

This is approximately 0.4% of OQ.
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Figure 4.5: The difFerential cross section dcrh/d6a6 for 0 < 63$ < 0.1 mrad and
the other kinematical constraints as given in (4.4.7).
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Appendix A

In this appendix, the expression for |Mo|2, the matrix element for the tree
level process (4.1.1) in terms of the Levi-Civita tensors (4.2.48) is presented.
Using

|Mo|2 = (212 Wt L£ + 8 W2L^ p£p2) q2 (4.A.I)

the relevant contractions read:

L£ = 4*2 {-<

- 2 (Asi Atf1 + Ah Asf1

- 8m? [ro2 (AS^1 - A^1)* - ( A ^ 1 - Asf1)} (4.A.2)

and

x ]•

+ AfiAsf1 +

(4.A.3)

These expressions can be used as an alternative for the expression for |Mo|2

as given in Chapter 3. The advantage of the expressions given here is that it
is not necessary to use Lab-variables in order to avoid numerical instabilities.
As is discussed above, it is only necessary to use £3 as an integration variable.

Appendix B

The Gram determinant can be written as a quadratic polynomial in one of the
masses squared. In this appendix we show that the coefficients can be cast in a
similar form as in the case where the Gram determinant is expressed in terms
of one of the invariants. Furthermore, the simple mnemonic rules ([3]) can be
used also for this case. We assume the process {specifying the momenta and
masses only)

(Pi, mi) (P2, m2) -*• (P3, m3) (p4, m4) (p5, m5). (4.B.1)
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The Gram determinant can then be written in terms of m^ as:

with

Mill —MT14

16A4 =

m\,

2m?
m* —

(4.B.2)

m\
2s

m( — $2 + *i a —

s — a-i + m
7T13 + Si

= 64(cPlP2P5 '4)2 (4.B.3)

The mnemonic rules look very similar to the case where m\ is replaced
by one of the invariants. For example Pm< is obtained by contracting both
neighbour "legs" of p4 (pa and ps) with p± This gives (^3 + p4 + p&)2 = s.
This invariant (s) together with the remaining masses (mf and m%) form the
arguments of the A-function. For Dmt the first epsilon contraction is obtained
by contracting^ and p$ (so that p\, p2 and p$ are left). The second epsilon
term is obtained by contracting^ and p$ (so that pi, P2 and ps are left).

The proof is obtained by making a specific choice of the momenta. We
consider the "process"

(Ps - P2) + P2 -* (-P3 - PA) + (P3) + (P4 + P5), (4.B.4)

which diagram is given below on the RHS. Comparing this diagram with the
diagram on the LHS belonging to (4.B.1) which is used to express the Gram
determinant as a quadratic polynomial in one of the invariants, the coeffi-
cients (4.B.3) are found easily. The Gram determinant in terms of another
mass is obtained by a cyclic transformation of the momenta in the diagram or
by rearranging the momenta.

m\
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Appendix C

In this appendix we give the expressions for the scalar integrals listed in the
previous section. The integrals are computed using dimensional regularisa-
tion [11]. The number of dimensions is denoted by n = 4 - 2c. We define

In here \i is the normalisation scale and ys = —r^'(l) = .5772..., is the Euler
constant. Note that this definition differs from the one given in [12].

C.I One-point scalar function

The scalar function Ao(m) reads

im2

C.2 Two-point functions

In order to evaluate the derivative of the self-energy diagram for an on shell
electron we introduce a mass A for the virtual photon to regulate the infrared
divergencies. With

it follows that

The two-point scalar function is given by:

Bo(p,mo,mi) =

(4*)2
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with

F(p2, ml ml) = Jdx log (x2p2 ~ x(p2 - m\ + mg) + m§) . (4.C.6)

For the combinations we are interested in it follows that:

F(m2 ,0,m2) = - 1 , (4.C.7)

_. 0 „ ,. ., m2 — p2 , f m 2 — p2 \

F(p2,0,m2) = - i . — f L t o g j — Z - j ,
F(0,m2 ,m2) = 1.

For ^(p 2 , m2, m2) we distinguish the following cases:

• 4m2 > p2 > 0:

F(P
2,m2,rn2)=l + 2 { \ / { - ^ - - /

(4.C.8)
In this equation, the terms between parenthesis tend to cancel each other
for p2 —* 0. This can be solved using a Taylor expansion. (This expres-
sion is not needed in our case because for all BQ(p, m, m) it holds that

F(p2, m2, m2) = 1 + (/? log { £ ± i } - 2) , (4.C.9)

D = f-
with

Also here large cancellations occur in the limit p2 -+ 0. A Taylor expan-
sion in terms of x = 1/Z?2 gives:

+ | + ^ .

This expression is useful to evaluate £0(9, ro, m) and 5o(/3, m, m).
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Next we give an expression for the vacuum polarisation. Using eq. (4.3.6)
we find

Tl(q2, m2) - n(0, TO2) = (4.C.12)

^oX / \X \L — x/ / y)

(4.C.13)

with x = \f\J\ — 4m21q2 < 1. The last expression is to be used for x -C 1.

C.3 Three-point scalar functions

For the discussion of the infrared divergencies we need to evaluate the (on
shell) three-point scalar function.

nf - m\){{k + p4? - m»)'
(4.C.14)

The result reads:
—i 1 1 — a;2 I

,P4,A,m,m) = ( 4 a . ) 2 2 m2 a \ (4.C.15)

with « = l/^/l - 4m2//! and ([9])

In the limit that x -* 0 cancellations take place between the dilogarithms and
the logarithms. The derivative with respect to x of the expression between
braces in eq. (4.C.15) except for the infrared divergent term reads:
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Hence a cancellation of the order of x3 takes place. For small values of x
we then use the Taylor-expansion of (4.C.17) and integrate the result. The
integration constant can be checked to be equal to :aro. The result is:

C0(Pu PA, A, m, m) = ' ^ < (4.C.18)

For the scalar three-point functions Co(pi, /», 0, m, m) and Co{p4, U, 0, m, m)
remark that we can distinguish two cases {p\ — p\ = m2):

In the first case we find

Co(pi,/i,0,m,m) = {^)Hm2\q) JLi2 ^ - Li2 ( l ) | . (4.C.19)

Similarly for Co(p4, hi 0, m, m).
For the second case we distinguish the following three possibilities: The

first possibility is for S\ = m2 -l\> -q2. We then find

\
l

(4.C.20)

+ -

+
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In here we have used

q2

— £ ? • <4-c-2I>
= *l/2I

1*1=0

and

«•) = { J; * < 2. (4-C22)
In the limit that q2 —• 0 we find that

i i = -%, (4.C.23)

^2, ̂ 1/2 = 0.

In this limit all the logarithms and all the dilogarithms except for the first one
vanish independently and we recover the result (4.C.19).

The second possibility is for 62 = TO2 - 1 \ < —q2. We then obtain a similar
result.

CQ(puh,0,m,m) = t~'u , * I (4.C.24)
M i 2 ) 1
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In the limit that ^ - + O w e now have:

m2 '
0.

(4.C 25)

(4.C.26)

The third and last possibility is for the case that \S{\ < \q2\. This can be possi-
ble for both Si > 0 and Si < 0. This situation can occur for Co(Pi5 ̂ 2»0, TO, m)
and Co(p4,/i,0,TO,m). The following expression is then best suited for nu-
merical evaluation:

Co(p,l,0,m,m) = —i

This completes the discussion of the functions Co(pi,lj,0,m,,m).
The last three-point scalar function to evaluate is Co(?, —/3, m, m, m). This

expression is relatively simple:

, m, m) = (4.C.28)

with

a;2 =

•v/1 - 4 m 2 / g 2 '
1

(4.C.29)

(4.C.30)
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Of course, the arguments of the logarithms must be evaluated with care for
xi or X2 close to 1. Also, using the relation / | = q2 — 2p$ • q we see that if
q2 — 1% = 2jp3 • q is small, cancellations are expected. A numerically stable
expression is given, among other things, in Appendix D.

C.4 Four-point scalar functions

Using dispersion integral techniques it is possible to write the four-point scalar
functions in the following form [7,13];

A)(ft,J»4,/iiO,m,ro,m)= (4.C.31)

We defined:

(4.C.32)

k
(4.C.33)

with

5 -
- JL

The first term is obtained by putting g2 = 0. The term / , gives the O(q2)
corrections. Performing the integration leads to:

/o = i^lij (4.c.35)

+ Li2(a:)--Li2(
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with
x = (4.C.36)

For Iq we distinguish two cases:

• In the case 5 < q2 < 0 we use:

h =

Li2(-^-))-Li2fz^±f))}
V x - y J \ x - y ) J

• In the case q2 < s < 0 we use:

(x[\-y)\ (x(l + y)\ }l Hr^;- L l 2 l^r^J / (4-c-38)
In these expressions we have used:

v = TT^W (4C39)

This completes the discussion of the scalar functions AQ, BO, CO and Do with
the arguments needed in this computation.

Appendix D

In this appendix the coefficients B-i, Co and C\ from equation (4.3.20) are given.
Defining

y = tps-q/q2, (4.D.1)



QED-rHdiative corrections 87

-4m 2

-4m 2

+ ao,

0,0 =

a =

Do =

a =

and using the results from Appendix C we find:

B2 =

ao(D + 1) log(l - a)
D){D0 + 1) a

a + log(l - a)
a2

ao(£-

(4.D.3)

'6l/log(l-q)y
2 V a /

/a + log(l-a) ao(/?-

Of course we must expand the logarithms in the case that a « 0 :

log(l - q) _ _£-> a"

a + log(l-a) _
« 2 " n=0 n

(4.D.5)

(4.D.6)
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Chapter 5

Concise expressions for traces of 7-matrices in four
dimensions

1 Introduction

In this chapter we give explicit expressions for the trace of a string of gamma
matrices in four dimensions. The expressions are written in terms of (multiple)
contractions of two different tensors, c and n. These expressions are useful for
writing matrix elements squared in a concise manner. Further reduction of
the number of terms of such a matrix element squared can then be achieved
by using the (anti-) symmetry properties of both the tensors. Also in this
way contractions of Levi-Civita tensors are introduced in the matrix element
squared. If these contractions are (sub)determinants of the Gram determinant
([1]) they can be evaluated using the kinematics of the problem at hand. This
procedure was shown to be powerful for a numerically stable computation of
the cross section in [2, 3].

2 Results

2.1 Derivation
The procedure is very simple. We repeatedly use the identity:

fa fa fa = Hs'VnePiP2P3't + Pi • P2 fa ~ Pi • J>3 fa + P2 ' Pz fa

Here we used the notation,

fPlP2P3« = PlPlPVapw, (5.2.2)

89
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and we introduced the tensor Kt"/ap which is denned as

KPlP2P3P4 =pi -P2P3-P4-P! •P3P2-P4 + P1-P4P2P3- (5.2.3)

Furthermore dtv<r'' is the Levi-Civita tensor with

e0i23 = I- (5-2.4)

We now apply the identity (5.2.1) to the three rightmost gamma matrices of
a trace of (n + 2)-gamma matrices (n even). We have

fa ... p"n-i p"n fn+\ P"n+2)
= Tr(p\ fa... ̂ n

= Tr(p\ fa... j*n_ l7/.)
-iTi(KP\fa... in-xi*)ew^w. (5.2.5)

In a similar manner,

p\ fa...
= Tr(75 p\ fa... ;fn-i

(5.2.6)

Both equations are used until the basic traces

Tr(p\fafafa) = 4
TT(<y5 P\ fa fa h) = 4M»'W»*, (5.2.7)

can be used.
To illustrate this we explicitly give the traces of four, six, eight, ten and

twelve gamma matrices ( with and without a 75) in Appendix A. From these
examples the pattern is clear and traces of larger strings of gamma matrices
can be written down immediately. The results can be checked easily with an
algebra programme like SCHOONSCHIP [4] or FORM [5]. The only complication
occurs for traces with n > 8. In traces of this size multiple contractions of
Levi-Civita tensors appear which can give different results when evaluated in a
different order. However, use of the Schouten identity for Levi-Civita tensors,

(5.2.8)
shows that the results are actually the same.
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2.2 Symmetry properties

If a matrix element squared is expressed in terms of n- and c-tensors it can be
useful to use the symmetry properties of Knp2P3P*:

KPlP2P3Pt — KP3P2PlP*

= KP2PlP*P3

= KPIP3P2PI. (5.2.9)

Also the anti symmetry properties oiepiP2P3P* and the cyclic symmetry of the
trace can be of great help in reducing the number of terms.

Using these properties it can be verified immediately that indeed

n-X--.fa p\) ,
njk_i...j$2/Ji). (5.2.10)

In addition we give the possible contractions including a K-tensor. These
relations are found directly by inspection or using the expression for a trace of
six gamma matrices containing a contraction. In the latter case the Chisholm
identities ([6]) are applied. For the contraction of two K-tensors we find:

+ ePlP2t>v {P* • Psipiptw - PA • P6eP3P5vv + Ps • P 6 W 4 / " ) .
. — AKP2PlP3Pt _L fP\P2V-V
P3P*I"' — IK T t tp3p4/ i l / ,

_ n

— £

= 2 (

= 40. (5.2.11)

And for the contraction of a it- and an e-tensor we find:

= 0. (5.2.12)
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Other contractions can be found using these expressions and the symmetry
properties of K (viz. 5.2.9) and e.

For the contractions of equivalent K-tensors we have the following relations:

PlP2P3P

f

= 64. (5.2.13)

3 Example

As an example how the expressions given in Appendix A can be used we give
the matrix element squared for the process e(pJ)7*(A;1) —* e(p2)7*(^2)- At tree
level two diagrams contribute. We will sum over the polarisation states of the
electrons. The polarisation vectors of the photons are denoted by t\ and e2.

\M\2 = Tr

/(a2-62)

In here we made use of the following definitions:

(5.3.1)

5, = -
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(5.3.2)

In the derivation we have also used the relation,

fafoh+fchh= 2KWWWV (5.3.3)

Because it holds that

(5.3.4)

the result is symmetric under interchanging the vectors of the incoming par-
tides with the vectors of the outgoing particles.

4 Discussion

We have presented concise expressions for the traces of gamma matrices which
exhibit a clear pattern. A trace of n+2 gamma matrices can easily be obtained
from a trace with n gamma matrices. The number of terms only doubles.

A matrix element squared expressed in this way can in general be simpli-
fied using the symmetry properties of both the tensors introduced. Another
advantage occurs if the result can be written in terms of a small set of differ-
ent contracted tensors only. This can then be used to simplify the numerical
evaluation of the result obtained. A special case of this is the introduction of
Levi-Civita tensors using the expressions from the Appendix. Contractions of
Levi-Civita tensors which are (sub)determinants of the Gram determinant are
sometimes already computed in the phase space integration.

Another application is the use of the obtained expressions in a symbolic
algebra programme.
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Appendix A
In this appendix we give the expressions of traces up to twelve gamma matrices
with and without a 75 matrix.

f _ (KP1P2P3'1

(5.A.2)

\ fa) (5.A.3)
— J. f KP1P2P3PK _|_ fPlP2P3ltf 1

fa ho) (5.A.4)
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h h fa jfe fa h fa fa ho fa hi) (5.A.5)

_ (KPlP2P3ltf _ fPlP2P3PK \ t.p»P7Pf\ K

The trace of twelve gamma matrices gives 4383 dotproducts when expanded.
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Traces including a 75 are.

(5.A.6)

—— TV (75 p \ $2 $3 &4 jfc P&) (5.A.7)
_ ePiP2Pa».

—jTriysfafofafafcfcfap's) (5.A.8)
1 I fplP2P3ltmc jJPlP2PAI*f I JJP

_ [£PIP2P3>»C 4. KPlP2P3f*K ]

-Tr(7s p\p2J3p'4p)ifafrAifo P\o)

(5.A.9)

(fPlP2P3Pf 4 . t.PlP2P3l*K \ fPOPTfif ] ~ X
V* *P«P5«'** T « ''PtPSI'l'^ J ''PSPSPIOP +

[ _

f 4 . tPlP2P3lK \ fPOPTfi

ePtP7PVe

CP$P»PlOP|K P 8 P 7 ' t 'J

(5.A.10)
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— J T T (75 fa fa jh fa 7*5 jfe fa p8 fa fao "fax 7*12)

— f
fWPlP"

— KPlPtP3l*e \fPeP7P"

1 (—(^ ^

PiP2P3fi

From the pattern shown it is not difficult to write down the corresponding
expressions for higher traces.
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Samenvatting

De Nederlandse titel van dit proefschrift luidt:
"Theoretische berekeningen voor elektron-proton verstrooiing"

Het standaardmodel voor de hoge energie fysika is ogenschijnlijk in een goede
conditie. Alle waarneembare verschijnselen ten gevolge van de elektro-zwakke
en sterke wisselwerking kunnen met een hoge nauwkeurigheid beschreven wor-
den door het standaardmodel. Het model voorspelt echter meer dan tot nu toe
is waargenomen. Eén van de problemen behelst de werkelijke struktuur van de
Higgs-sektor in het standaardmodel. In het standaardmodel is het minimaal
noodzakelijk één (elektrisch) ongeladen en spinloos deeltje, het Higgs-boson,
te introduceren. Als de Higgs sektor ingewikkelder is dan kan dit aanleiding
geven tot extra deeltjes. Onder andere geeft dit een geladen en spinloos deeltje.
Dit deeltje wordt gemakshalve als het geladen Higgs-deeltje aangeduid. Om
dit soort problemen op te helderen is het belangrijk dat nieuwe experimenten
in de toekomst ondernomen zullen worden.

Experimenten met behulp van elektron-proton botsingen hebben in het
verleden een belangrijke bijdrage geleverd om de struktuur van de sterke wis-
selwerking te begrijpen. Met het in gebruik nemen van de HERA-versneller
("Hadron-Electron Hing Anlage") in Hamburg aan het eind van 1990 zullen
elektron-proton reakties een nieuwe bedrage gaan leveren aan het onderzoek
van het standaardmodel.

In hoofdstuk II van dit proefschrift wordt bekeken in hoeverre HERA
geschikt is geladen Higgs-bosonen te produceren. Hierbij wordt een minimale
uitbreiding van het standaardmodel verondersteld. In deze uitbreiding worden
de geladen Higgs-bosonen voornamelijk via de elektro-magnetische wisselwerk-
ing geproduceerd. Het blijkt dat de detektie van dezo geladen Higgs-bosonen
met HERA echter moeilijk zal worden vanwege de kleine werkzame doorsnede.

Een probleem waarmee men zich altijd gekonfronteerd ziet als een nieuwe
deeltjesversneller in gebruik genomen wordt is de luminositeit van de ver-
sneller. Gegeven de werkzame doorsnede van een bepaalde reaktie, is het
aantal keer dat per tijdseenheid deze reaktie optreedt recht evenredig met de
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luminositeit van de versneller. (Hoe vaak deze reaktie werkelijk waargenomen
zal worden is natuurlijk afhankelijk van meerdere faktoren zoals het funk-
tioneren van de detektoren en de achtergrond van andere reakties.)

In hoofdstuk III wordt de reaktie

e~ p-* fe~p

beschouwd als een mogelijke kandidaat om de luminositeit van HERA te
'ijken'. Theoretisch heeft deze reaktie weinig onzekerheden voor de gegeven
kinematisch randvoorwaarden voor de uitgaande deeltjes. Dit maakt het een
geschikte 'luminositeits-monitor'. De praktische berekening van de werkzame
doorsnede echter werd bemoeilijkt door numerieke instabiliteiten. Dit was
voornamelijk het gevolg van de kinematische randvoorwaarden. In hoofdstuk
III (en in hoofdstuk IV) wordt een aantal manieren uit de doeken gedaan hoe
aan deze problemen het hoofd kan worden geboden. De instabiliteiten kunnen
met sukses voorkomen worden als het matrixelement herschreven wordt met
behulp van Levi-Civita tensoren.

De QED-stralingskorrekties op de luminositeits-monitor worden berekend
in hoofdstuk IV. Hiervoor moest de Bremsstrahlung-reaktie

bekeken worden onder de omstandigheden dat maar één foton gedetekteerd
wordt. Deze korrekties worden zonder een enkele benadering berekend maar
de korrekties op de werkzame doorsnede blijken klein te zijn.

In het laatste hoofdstuk worden enkele manipulaties met gamma-matrices
beschreven. In het bijzonder wordt een alternatieve uitdrukking geformuleerd
voor het spoor van een aantal gamma-matrices. De gevonden uitdrukkingen
vervangen het spoor van de matrices door kontrakties van tensoren. De al
eerder genoemde Levi-Civita tensoren spelen ook hier een rol. De procedure
kan voordelen hebben als het gebruikt wordt in een algebra programma op de
computer.
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Allereerst wil ik Karel Gaemers bedanken. Na een interessant skriptie-on-
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Ik heb het geluk gehad Jos Vermaseren bij mijn komst op het NIKHEF-H
aan te treffen. Enerzijds omdat hij de sfeer op de theorie afdeling zeer levendig
wist te houden. Anderzijds omdat Jos op dat moment aan enkele computer
programma's werkte waaronder het algebra pakket FORM. Dit programma
was op veel punten onmisbaar en gelukkig was Jos altijd ontvankelijk voor
nieuwe suggesties tijdens de ontwikkeling ervan.

Het onderzoek beschreven in het eerste hoofdstuk is in samenwerking met
Karel Gaemers en Jos Vermaseren gedaan, het tweede samen met Karel. Hun
opmerkingen en kritiek op de werkwijze en het manuskript waren zeer belang-
rijk.

Jos Engelen wil ik graag bedanken voor zijn goede uitleg van de experi-
mentele kanten van de HERA-versneller en de ZEUS-detektoren in het bijzon-
der.
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"Electro-weak subgroup" was de leiding van R. Rückl stimulerend. De wil hem
bedanken voor zijn inspanningen ons werk in goede banen te leiden. Dit werk
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standaardmodel en gebeurde samen met Karel Gaemers en Rohini Godbole.
Rohini wil ik bedanken voor de prettige samenwerking tijdens deze periode.

Het NIKHEF werd frequent bezocht door Jack Smith. Hem wil ik be-
danken voor het feit dat hij altijd bereid was over mijn werk te praten hetgeen
mij vaak een stuk verder hielp. Tijdens zijn bezoeken verscheen W. van Neer-
ven vaak op het NIKHEF en dit leverde menigmaal een fris idee op.

Uiteraard wil ik de anderen van de theoriegroep bedanken voor de pret-
tige werksfeer op de derde verdieping. In het bijzonder wil ik Geert Jan van
Oldenborgh bedanken voor zijn moeite om onze resultaten van de skalaire
lus-integralen te kunnen vergelijken.
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Als laatste realiseer ik mij zeer goed dat zonder alle inspanningen van de
computergroep en de operateurs die het systeem draaiende wisten te houden en
altijd bereid waren te helpen, ik dit werk domweg niet had kunnen voltooien.


