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ABSTRACT

The structures of the N.P. and G.H.P. formalisms are reviewed in order to understand

and demonstrate the important role played by the commutator equations in the associated

integration procedures. Particular attention is focused on how the commutator equations

are to be satisfied, or checked for consistency. It is shown that Held's integration method

will only guarantee genuine solutions of Einstein's equations when all the commutator

equations are correctly and completely satisfied.



1.Introduction.

The N.P. [1] and G.H.P. [2] formalisms have been in use for some time but there still

seems some uncertainty in the literature about exactly how the sets of equations in these

formalisms relate to Einstein's equations [3,4]. It does not seem to be well known that the

correspondance between the N.P. formalism and Einstein's equations has been dealt with

comprehensively by Papapetrou [5,6,7]; a similar discussion has been given for the G.H.P.

formalism in [8].

There is also some uneasiness when a new equation or a new result makes a first ap-

pearance in a tetrad formalism rather than in a more traditional notation e.g. Teukolsky's

equation and its separability [9,10], the post-Bianchi equations [11]. However the structure

of the post-Bianchi equations has been clarified in [12] and a conventional derivation of

Teukolsky's equation has been given in [13].

The integration methods [14,15,16,17] associated with the N.P. and G.H.P. formalisms

have also been the focus of some discussion and they are the subject of this paper.

One of the first applications of the N.P. formalism — the Newman-Unti integration

method [14] for asymptotically flat vacuum spaces — contained a logical gap, since not all

of the N.P. equations were solved to all orders; and so it was not shown explicitly that all

the information had in fact been extracted from the N.P. system of equations. Dixon [18]

gave an indirect proof that this was so, and Papapetrou [6] has also shown more directly

that all N.P. equations are indeed satisfied to all orders.

The integration method, proposed by Chandrasekhar [17] for perturbations of known

metrics in the N.P. formalism has raised a number of intriguing questions; some of which

have been considered in [19].

Held [15,16] has developed an integration method for algebraically special vacuum

metrics in the G.H.P. formalism. Recently, Rendall [20] has raised the question as to

whether there might be some very special situations where Held's method might give

'solufions' of the N.P. system which do not correspond to a metric. (Rendall himself had
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found - in a rather different situation [20] — when solving the Ricci and Bianchi equations

for the Riemann tensor that, in some very special circumstances, his solutions were not

genuine Riemann tensors i.e. they could not be obtained from a metric in the usual way.)

In informal discussions on the G.H.P. formalism and, in particular, on the role of the

commutator equations, the present author has, on a number of occasions, found that there

is a degree of misunderstanding on these matters which might lead to the type of situation

feared by Rendall. The main purpose of this paper is to emphasise the fundamental role

played by the commutator equations in tetrad formalisms, to determine explicitly how they

can be seen to be solved, and to highlight the points where misunderstandings can arise.

With respect to Held's integration method in the G.H.P. formalism, it is demonstrated that,

providing one follows Held's procedure with understanding and care — and in particular

ensures that all the commutator equations are satisfied completely — the situation feared

by Rendall will not arise; however the danger pointed out by Rendall could arise if one is

careless in the application of Held's method.

In the following section the overall structure of the complete systems of equations

used in tetrad formalisms is discussed, and particular attention is paid to the role of the

commutator equations and to the redundancy within the complete system. In Section

3 these results are easily translated into the N.P. formalism, and in Section 4 they are

translated into the G.H.P. formalism.

In section 5 Held's integration process is outlined and the role played by the commu-

tator equations carefully examined. It is emphasised that the commutator equations are

an essential ingredient in the complete system of equations and so have to be solved —

and seen to be solved — in their entirity. Precisely how these equations can be shown

to be satisfied is discussed in detail. As long as the commutator equations are recognised

as equal partners alongside the Ricci and Bianchi equations and care is taken to ensure

that all equations are completely satisfied, then Held's method will provide only genuine

solutions of Einstein's equations. It is often sufficient — because of the redundancy within
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the three sets of equations — to use only a subsystem of the complete system, and in

particular to use only a subset of the commutator equations; but in such situations care

has to be taken to ensure than a genuinely sufficient subsystem is used. The details of

exceptional cases which could aiise are discussed in the Appendix.

In Section 6 some examples of the uses of Held's method are looked at in detail, to

illustrate the points made in the previous sections.

Our emphasis on the theoretical role of the commutator equations as equal partners

with the Ricci and Bianchi equations, leads us to the question as to whether it would not be

useful to give them a more prominent practical role in actual calculations. (In applications

of Held's method the Ricci and Bianchi equations are usually solved explicitly at the first

stage, with the commutator equations only being considered explicitly at the last stage —

when in fact many of them are found to be identically satisfied.) In the following paper

[27] we will use the insights gained in this paper into the role of the commutator equations

to develop a variation of Held's integration method, where the commutator equations will

be solved explicitly right at the outset of the calculations.



2.Complete systems of equations in tetrad formalisms.

In tetrad formlisms * we consider the complete system of equations consisting of the 3 sets.

•̂ mnp = 7mnp ~ Zma:f,Zn Zp
 = " (2.1)

= Rmnpq ~ 2V[,7|mn|p] - 273m[?7
S|n|pj — ^lm^"!3[pq] = 0 (2.2)

[?-R|am|np] ~ 2Ä,m/[n7'pg] + #[p,|tm7',|n] ~ R[pq\t»l'm\n] = ° *2.3)

in the three sets of variables ZJf, 7m n p , Rmnpq', where the metric tensor gab can be obtained

from the orthonormalised tetrad vectors Z£, by

gab = Z^Zn
brjmn (2.4)

where rjmn is the flat space metric. (The labels A',nnp, Ymnpq, F m n p , r , introduced by

Papapetrou [7], will enable us to keep track of individual equations.) In (2.2) and (2.3)

the Ricci tensor part of the Riemann tensor is replaced, using Einstein's equations, by the

energy momentum tensor. When all the equations in the three sets (2.1), (2.2) and (2.3)

are solved for the unknown variables Z^, 7mnp7 Cmnpq (the latter being the trace-free part

of the Riemann tensor) the solution obtained is a solution of Einstein's equations [6].

One usually considers an alternative equivalent set of equations to (2.1) — the com-

mutator equations

*[m'n]V/7? = {V (mVn] + 7Im'nlV,}i; = 0 (2.5)

1 The orthonormal tetrad vectors are denoted by Z^, the Ricci spin coefficients by

7mnp> and the tetrad components of the Riemann tensor Rmnpq- In general, the Latin

letters in the latter half of the alphabet, m,n,p,..., will be used for tetrad components of

an object, while the letters at the beginning of the alphabet will be used for co-ordinate

components. All indices run 1,2,3.4. The covariant derivative will be denoted by Va while

the intrinsic derivative will be denoted by Vm (= Z^Va). Antisymmetrization will be

denoted by square brackets.
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To solve (2.5) one can either consider r/ as a completely arbitrary scalar quantity or

equivalently consider rf (i=1.2,3,4) as 4 real (2 complex) functionally independent scalars

i.e. the four real gradient vectors Va77'(i = 1,2,3,4) are linear independent.

In the latter case

- V " 1 V ' ^ = ° allm,n,i (2.6)

implies

A-[m'n] = 0 allm,n.l (2.7)

and because of the orthonormal properties of the tetrad vectors (2.7) is equivalent to (2.1),

[6]. So one has an alternative complete system of equations in tetrad formalisms — the

commutator equations (2.5), the Ricci equations (2.2) and the Bianchi equations (2.3). In

practice it is this complete system which is used in most investigations and applications

using tetrad formalisms.

It is emphasised that it is when all equations from these three sets are solved that a

genuine solution of Einstein's equations is guaranteed. A solution of a subsystem of the

complete system would not usually be a genuine solution of Einstein's equations.

It is obvious that there is considerable redundancy within these three sets of equations

which constitute the complete system. (A trivial example is that the Bianchi equations

(2.3) are automatically satisfied providing that the commutator equations (2.5) and the

Ricci equations (2.2) are all satisfied — in these circumstances the set of equations (2.3)

are truly the Bianchi identities. But it is not so easy to exploit this redundancy in other

practical ways, e.g.,Are some, or all, of the Ricci equations (2.2) identically satisfied

providing that the commutator equations (2.5) and the Bianchi equations (2.3) are all

satisfied?)

However this redundancy has been set out explicitly by Papapetrou [7] in a set of

identities linking the three sets of equations by their labels Xmnp, Ymnpq, Vmnpgr; these

identities enable us to answer directly such questions as the one above. It is therefore pos-

sible, by judicious choices, to obtain various subsystems of the complete system which are
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themselves sufficient to guarantee that the complete system is satisfied, when redundancy

is taken into account via Papapetrou's identities.

In general, in any integration procedure — exact or approximate — based on the

complete system of equations (2.2), (2.3) and (2.5), various individual equations will turn

out to be identically satisfied when earlier results are substituted; this should not be a

surprise since it is a direct consequence of the inherent redundancy of the complete N.P.

system. A systematic study of the problem under consideration can sometimes suggest,

at the outset or quite early in the investigation, a possible sufficient subsystem which can

be confirmed by Papapetrou's identities, so avoiding the task of having to solve explicitly

at least some of those equations which in fact contain no new information. We shall give

some specific examples for the specialised formalisms discussed in the next sections.



3.Complete systems of equations in N.P. formalism.

The N.P. formalism is simply the normalised tetrad formalism with specific null vectors

chosen as the tetrad vectors Z^, and with explicit symbols given to each differential

operator Vm , spin coefficient 7mnj> and Riemann tensor component Rmnpq- The results

of the last section apply directly and so the N.P. commutator equations, the X.P. Ricci

equations and the N.P. Bianchi equations form a complete system of equations in the three

sets of variables: the tetrad vectors la,na,ma,ma (or equivalently the N.P. differential

operators D.A.6,6); the N.P. spin coefficients a,/?,7,e,p, (x, A, cr, r. TT, K. i/; and the N.P.

Riemann tensor components "J*Q,$O^, A.

The standard integration method in the N.P. formalism simply uses this complete

system of three sets of equations and chooses explicitly the 4 real quantities {r/1} as the 4

co-ordinates {x1}. The operators are written out explicitly in terms of these co-ordinates.

Vm = Zm
aVa = £ . A - m=l,2,3,4 (3.1)

and the coefficients ££, are related directly to the metric by

9ab = £U^ m " (3-2)

When the commutators are applied to each co-ordinate in turn a new set of equations for

the metric coefficients £{£, are established — called 'the metric equations',

Clearly the metric equations, the N.P. Ricci equations and the N.P. Bianchi equations

form a complete system in the three sets of variables: the metric coefficients ££,, the N.P.

spin coefficients and the N.P. Riemann tensor components.

So, as in the general case in the last section, it is when all equations from these three

sets are solved that a genuine solution of Einstein's equations is guaranteed. Therefore

the uncertainty sometimes voiced [3,4] regarding how the different sets of N.P. equations,
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especially the commutator equations, relate to Einstein's equations is clarified — when the

metric equations (3.3), the Ricci equations (2.2) and the Bianchi equations (2.3) are taken

all together then the commutator equations simply play the role of auxiliary identities: but

if one wishes to develop a different integration procedure which does not make use of the

metric equations, then the commutator equations (or some directly equivalent set) are an

essential constituent — together with the Ricci and Bianchi equations — of the complete

system.

But, of course, as we have noted in the last section there is considerable redundancy

within this complete system — the most obvious example being that the Bianchi equations

are redundant when considered with all the commutator and Ricci equations. However,

in practice, the Bianchi equations are often the simplest to integrate and provide the

starting point for most integration processes, and so we would, in principle, prefer to find

sufficient subsystems which include the Bianchi equations — but exclude some of the more

complicated equations from the other two sets. Another rather straightforward example

of redundancy is what Chandrasekhar calls the 'eliminant relations* [17] — six complex

and four real linear combinations of some Ricci equations. From these relations, it can

be deduced that eight (complex) Ricci equations are identically satisfied modulo the other

ten Ricci equations and the commutator equations.

However, as Papapetrou's identities confirm, the above cases are rather superficial

examples of a very substantial and complicated redundancy, which is a fundamental aspect

of the N.P. system. So it should not come as any surprise when in calculations using the

N.P. formalism some of the equations turn out to be identically satisfied: or when after

only a subsystem of the complete N.P. system has been solved , it is evident that all the

information in the complete system has been extracted. The latijr was the situation in

the original N.U. integration procedure — although only a subsystem was solved explicitly

there was other evidence to suspect that all possible information had been extracted;

Papapetrou [6] later confirmed directly from his identities that the remaining unsolved
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equations were indeed identically satisfied. Similarly it has been shown [19]— for a number

of different subsystems — that the reason why Chandrasekhar's integration procedure,

when applied to each of these particubir subsystems of the X.P. equations, extracts all

the information contained in the comDlete N.P. system, is that each of these particular

subsystems is a sufficient subsystem.
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4.Complete systems of equations in G.H.P. formalism.

Turning now to the G.H.P. formalism it is clear that the variables and equations are not

simply a relabelling of the variables Vm(= Z£,Va), fmnp, Rmnpq and of the equations

(2.2), (2.3) and (2.5) as in the case of the N.P. formalism. Although the G.H.P. formal-

ism uses the same Riemann Censor notation as the N.P. formalism, the G.H.P. formalism

uses only eight of the twelve N.P. spin coefficients; but precisely those four missing spin

coefficients (a, /?, 7, e) are incorporated into the G.H.P. operators which have additional

spin and boost weighted parts compared to the N.P. operators.(The G.H.P. formalism ac-

tually uses a slightly more compact labelling of the spin coefficients and Riemann tensor

components by exploiting the ' symmetry of the formalism and writing p' for — n etc.) A

similar transfer takes place within the system of equations. Although the G.H.P. Bianchi

equations correspond directly to the N.P. Bianchi equations, the G.H.P. Ricci equations

consist of only twelve equations, compared to eighteen in the N.P. formalism; but precisely

those missing six equations are incorporated into the G.H.P. commutator equations as ad-

ditional spin and boost weighted parts. So in fact the whole G.H.P. system of equations is

equivalent to the whole N.P. system and so the G.H.P. system forms a complete system in

the three sets of variables : the G.H.P. operators |>,|>',d, d'; the G.H.P. spin coefficients

p,fi(= —/>'), <7,A(= —(T'),T,7T(= —r'), K,V(= —«'); and the Riemann tensor components

Therefore the G.H.P. commutator equations are an essential part of the G.H.P. for-

malism but to ensure that they are completely satisfied is not as straightforward as in

the N.P. case. We will consider below one of the commutator equations to illustrate the

procedure explicitly.

In order to see explicitly the structure of the G.H.P. commutator equation,

[dd'-d'd]r}= [(p'-p')

(4.1)
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it can be written using the labels of equations (2.1,2,3,5) as

| 1* Y3ii3)TJ + | ( r i 2 3 4 " r3443)»7 = 0 (4.2)

where r\ can be considered as a completely arbitrary quantity of arbitrary spin and boost

weight.

In practice 77 represents specific quantities — occuring naturally or introduced — in the

analysis. Suppose that the commutator equation (4.1) is satisfied for four real functionally

independent quantities 77' of zero spin and boost weight.

Therefore from (4.2),

V 4 ] V , r / ' = 0 (i = l,2,3,4.) (4.3)

and it follows that

X[3'4] = 0 for all 1. (4.4)

Suppose in addition that the commutator equation (4.1) is satisfied for a complex quantity

rj\= T)5 + ir)6) of non-zero spin and boost weight, so that from (4.2),

+ I3443 V + q(Yi23i - Y3ii3)v' = 0 (4.5)

and also by applying (4.2) to the complex conjugate 77',

q(Y123i + Y3443)f}' + p(l"i234 - I W j r j ' = 0 (4.6)

Providing p ^ ±g(spin and boost weight non-zero) the two additional equations,

Y1234 = 0 = r3443 (4.7)

are satisfied. So to solve the G.H.P. commutator equation (4.1) we need to apply it to four

real functionally independent quantities of zero spin and boost weight and to one complex

quantity of non-zero spin and boost weight. Similar considerations show that the same

condition also applies to the other commutator equations.
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Some practical points should be noted:

(1) In order to check explicitly for functional independence of the iour quantities rf

of zero spin and boost weight we need to calculate their gradient vectors which are given

respectively for i=l,2,3,4 by,

Var/' = [/af>' + n a p - mad' - fhadW (4.8)

(It should be noted that this simple correspondence between gradient and G.H.P. operators

is only for quantities of zero spin and boost weight; for non-zero weighted quantities the

badly behaved spin coefficients a, (3,7, t have to be used explicitly.) Therefore the four 77'

are functionally independent if the determinant, formed from the coefficients of the tetrad

vectors la,na,ma,fha in the four equations (4.8), is non-zero.

(2) We have avoided talking about functional independence of quantities of non-zero

spin and boost weight and need not in fact introduce it. For, suppose that we are given

thref different complex quantities which satisfy the commutator equations where more

than one of them has non-zero spin and boost weight; since two such quantities can always

be transformed into one complex quantity (two real quantities) of zero spin and boost

weight and one complex quantity of non-zero spin and boost weight, we can easily change

our three given complex quantities into the required type, and test for functional inde-

pendence on the four real of zero spin and boost weight. (Alternatively we could try and

stipulate equivalent conditions of functional independence directly on the three given com-

plex quantities; however when testing for functional independence, we prefer to work with

quantities of zero spin and boost weight since for such quantities the non-gauge invariant

spin coefficients a, /?,7, t — equivalently the non-gauge invariant vectors aa,f3a — need

not be used explicitly.)

(3) From the discussion on the commutator equation (4.1) it is obvious that each dif-

ferent commutator equation could be applied to a different set of three complex quantities

— but in practice the number of suitable quantities available is very limited, so usually all

commutator equations will be applied to the same set.
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(4) We have already noted the considerable redundancy in the complete system (2.5),

(2.2) and (2.3), and hence within the equivalent G.H.P. complete system of equations; so

obviously there are various sufficient subsystems which could arise in the G.H.P. system.

In particular there will be sufficient subsystems where only a subset of the commutator

equations are required explicitly. In fact it has already been shown [8] that those six

equations which are originally in the N.P. Ricci set but which transfer into the weighted

part of the G.H.P. commutator equations, are, in general, redundant — modulo all the

other equations from the complete system. Hence, in general, it is sufficient to apply the

G.H.P. commutators to four real (two complex) functionally independent zero spin and

boost weighted quantities, alongside the G.H.P. Bianchi and Ricci equations. However an

important condition on this result [8] is that there are some very specialised spaces where

this weakening is not permitted; we consider these details in the Appendix. In specific

calculations, there will of course be other examples where a reduced set of commutator

equations are still sufficient.

So, to sum up, it is when all the G.H.P. Bianchi, Ricci and commutator equations —

applied to four real (two complex) functionally independent zero weighted quantities as

well as to one complex non-zero spin and boost weighted quantity — axe solved, that the

solution obtained is always guaranteed to be a genuine solution of Einstein's equations.

However, for all except a very few specialised spaces, the application of the commutator

equations to the additional complex quantity of non-zero spin and boost weight is not

strictly necessary.
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5. Held's Integration Procedure.

Held [15,16] has modified the G.H.P. operators to the new operators (p ,p ,d,d ), kept

the same notation for the other variables, and developed an integration procedure within

this modified formalism, for algebraically special vacuum metrics.

The modified Bianchi equations are simply linear combinations of the G.H.P. Bianchi

equations; the modified Ricci equations are simply linear combinations of the G.H.P. Ricci

equations; the modified commutator equations are simply linear combinations of the G.H.P.

commutator equations combined with some G.H.P. Ricci equations. All of the G.H.P.

equations are included in the modified formalism and both systems have the same number

of equations with no significant structural difference. (The purpose of Held's modifications

is to facilitate computations in the integration procedure.) So the conditions found in

the last section for complete systems in the G.H.P. formalism apply also to the modified

G.H.P. formalism.

Held's method of integration within the modified N.P. formalism is described below:

(i) The first step in the method is a co-ordinate free integration technique for the

operator p (analagous to the radial integration with respect to the affine parameter, r,

in the N.U. integration method [14]). Each of the radial Ricci and Bianchi equations i.e.

those with an p operator term, are integrated and this enables these Ricci and Bianchi

equations to be reduced to a set of polynomials in p and p for each spin coefficient and

Weyl tensor component; associated with each variable thare will of course be an unknown

'integration constant' which is annihalated by p .

(ii) The second step is to substitute the appropriate polynomial expressions into the

remaining non-radial Ricci and Bianchi equations, and this provides us with a table of

differential equations linking the unknown 'integration constants' of the polynomials; in

additional there will be equations for the action of the four differential operators on p.

The number of unknown quantities (p and the unknown 'integration constants') and the

complexity of the different equations linking them will vary in different situations.
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(iii) The third step is a technique to introduce a co-ordinate system. One unknown

complex function, whose spin and boost weights are non-zero, is set equal to a constant

— using the guage freedom of the formalism — and four real (two complex) unknown

quantities are chosen as the four co-ordinates.

(iv) The fourth step is a technique to determine the tetrad components (and hence the

metric). The 'weighted gradient operator' 6a is linked to the modified G.H.P. operators by

0a = Va - täa + sJ3a = /a(J> +fb+rd) + na%> - pmad - prhad (5.1)

Applying 6a first to that quantity (of spin t and boost s) which has just been transformed

to a constant enables the non-guage invariant vectors äa,f3a to be obtained in terms of

the tetrad vectors. The operator 6a is then applied to each co-ordinate quantity in turn

to determine the tetrad components directly. (Depending on the number of unknown

quantities and the complexity of the relationships between them, there will likely be some

remaining non-linear partial differential equations to solve.)

It is important to note that there are possible variations in Held's method — the

outline above applies to what he calls the 'optimal' situation. In the 'less than optimal'

situations there may not be enough unknown quantities occuring explicitly, and additional

quantities are introduced from geometric considerations; in other cases a simplifying ansatz

is used or some specific symmetry properties imposed. In these variations, the three

complex quantities are not always identified as clearly or explicitly as in the 'optimal

situation'.

It is clear from the above summary that in Held's integration method all of the Ricci

and Bianchi equations are solved explicitly. Further, a close examination of the details of

the method used in specific calculations [15,16,22,23,24] reveals that in order to facilitate

the solving of these equations some of the commutator equations are also used.

The point which we now wish to emphasise — which was established in the last

section — is that the commutator equations have a fundamental role alongside the Ricci
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and Bianchi equations as constraint equations, and as such they all need to be solved —

and seen to be solved — explicitly and completely, in the manner described in the last

section. In fact Held does usually stress explicitly that the commutator equations must be

solved — but it is not stated explicitly just, how the commutator equations are "checked

for consistency' [16]. It is the present author's experience that some workers in this field

still think of the commutator equations only as an aid in calculations, or as a tool which

can help to clarify trivial ambiguities in the choice of co-ordinates; this impression could

be strengthened by studying some of the applications, where there is no explicit evidence

given, nor even a statement confirming that a check has been carried out to confirm that a//

the commutators equations have been satisfied completely.

But we have just noted that at least some of the commutator equations are actually

used explicitly in all of the specific calculations that we have examined closely. So since we

clearly always have to use some of the commutator equations in actually integrating the

Ricci and Bianchi equations, might it be that we will always find ourselves having to use

all the commutator equations explicitly, or at least that subset of the commutator equa-

tions used explicitly will always be sufficient, when taken alongside the Ricci and Bianchi

equations, to guarantee a sufficient system (when redundancy is taken into account) i.e.

might the technique of integrating the Ricci and Bianchi equations automatically guaran-

tee explicit consideration of enough commutator equations to ensure a complete system

has been considered? If this is the case then the summary of Held's method given above

is adequate; but if all the commutator equations (or at least a sufficient subset) cannot

be shown always to be automatically satisfied then an additional step requiring that this

condition be shown explicitly will need to be added. So we now look carefully at the details

of Held's method.

Held's modifications resulted in the first three commutator equations having especially

simple structures

[hd] = - ( - + "r){> (5.2a)
P P
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V f,
(5.26)

[̂ '] = (y+- ' , - f i -^ (5.2c)

These equations are even simpler when applied t e a " marked quantity — any quantity

annihilated by the operator |> i.e. f>7/° = 0. The modified differential operators have the

important properties that

i r^ V = [MW° = M V = 0 (5.3)

These results imply that, if a quantity T/° is annihilated by the £> operator then so are

the quantities £> »7°, $77°, 5 T)°; or, in other words, the quantities £'TJ0, brf, d rf are also

° marked quantities. This property is built into Held's modified formalism and is used

frequently in the first two steps. So, in effect, the technique of Held's method actually

entails applying the three commutator equations in (5.3) to various ° marked quantities.

In addition, as already noted, an examination of the details of specific calculations

reveals that some (at least) of the other commutator equations are also applied to some

0 marked quantities and, as well, some (at least) commutator equations are applied to p

— as part of the process of integration, simplification, and choosing a co-ordinate system.

However there is certainly no evidence that this overall process will always ensure that all

commutator equations be explicitly applied to three complex quantities of the appropriate

type.

For this reason it is suggested that there should be added to Held's integration pro-

cedure an additional simple step which emphasises the role of the commutator equations

explicitly.

(v) The fifth step ensures that all the commutator equations are completely satisfied.

The commutator equations are applied to three complex quantities — one of which has

non-zero spin and boost weight, while the other two have zero spin and boost weight and
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have been confirmed to be four functionally independent real scalars. (Alternatively it

could be checked that the commutators are satisfied for only the last two complex scalars

just mentioned — provided that the space is not one of the excluded ones considered in

Appendix I.) Of course, in this last step, use will be made of work in earlier steps, and

as we have already noted, usually the first three commutator equations (5.2) have been

satisfied as they have been built into the notation and technique of Held's method, and it

is also likely that some of the other three commutator equations will also applied explicitly

in the analysis.

It will be noted that the precise type and number of the quantities to which the

commutator equations must be applied has been carefully stated. It might be thought that

applying the commutator equations to 'every possible quantity' would be an appropriate

precaution. However that prescription may not always be adequate e.g. where a co-

ordinate is associated with a Killing vector and does not appear explicitly in the metric

[15].

It might still be argued that there is usually internal evidence within calculations to

confirm when all the information has been extracted, and therefore it would be impossible

to carry out unwittingly an incomplete analysis — by failing to apply the commutator equa-

tions to sufficient quantities — since the answer would be obviotisly incomplete. However

there is usually an element of ambiguity and available freedom in the choice of co-ordinates

and calculation of the tetrad components, and it is by no means certain that it will always

be obvious from internal evidence how much of this freedom is genuine and how much

can be absorbed (especially when the method is being used in unfamiliar spaces, or being

combined with other techniques like perturbation analysis ). It is worth noting that there

has been at least one occasion when an incomplete answer has succeeded in deceiving;

working in the N.P. formalism Chandrasekhar believed that he had extracted all possible

information [25] from a subsystem of the complete N.P. system, but later had to consider

an additional Ricci equation which he had previously mistakenly assumed was superfluous
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[26].

It is hoped that the addition of this final explicit step to Held's integration method

will prevent any misgivings about ambiguities arising in very special situations, avoid

misunderstandings about the role of the commutator equations and prevent the (albeit

unlikely) possibility of an incomplete answer being mistaken for genuine.
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6.Examples of Held's integration method.

In this section we will look briefly at some investigations where Held's integration method

has been used, paying particular attention to the role of the commutator equations. It

might seem pedantic, or even presumptous, at this stage, to suggest some additions to the

presentation of these successful investigations ; but it should be remembered that these

investigations were usually of well known metrics and, in a sense, the 'answer' was known

in advance — there was no likelyhood of failing to consider all necessary equations. Also

it may well be that in the original investigations the commutator equations were actually

applied to the additional quantities which we recommend, but no explicit reference was

given since these particular equations were found to be satisfied identically — but we feel

it is essential that there should be an explicit demonstration, or at least statement, that

the commutator equations have been used to guarantee the full and complete application

of the method. This is particularly important if existing calculations are to be used as

models when we try to explore less familiar territory. (There is of course no question that

we will discover any new information in these familiar cases, rather we wish to formally

confirm that all possible information has already been extracted.)

We shall usually be requiring that the commutator equations be applied to three

complex quantities as stipulated in step (v), although we could of course weaken that

requirement, provided we check that none of the special spaces considered in the Appendix

fall into the case under discussion.

Case 1. In the optimal situation [15] Held requires that all his three complex quan-

tities be 'linearly independent' — we assume that by this he means that the gradients

of the six real quantities 77*(2 = 1...6) are linearly independent where for the purpose of

this definition the non-gauge invariant vectors äa (real) and 0a (imaginary) are considered

linearly independent of the tetrad vectors /", na,ma, fha . Held also requires that all three

complex quantities used in step (iii) should have non-zero spin and boost weight [15]; but

this seems to be unnecessary strict, since his procedure works satisfactorily provided only
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that the first complex quantity has non-zero spin and boost weight. It is clear that these

conditions on the three complex quantities will supply us with the one complex quantity

of non-zero spin and boost weight and the four real functionally independent scalars of

zero spin and boost weight which are required in the additional step (v). Therefore in the

optimal situation step (v) would simply entail applying all the commutator equations to

all three complex quantities used in steps (iii) and (iv) — where this has not already been

done.

Case 2. In [15] it is stated explicitly that all the commutator equations were applied

to the quantities p(= — 1/x4 + zx3/2), />'"(= p'°), r° , ty° — which appear to supply seven

different real quantities. These supply one zero weighted complex quantity, (^2)2/(/)">)3

which is constant, one zero weighted complex quantity, p2p'° and one zero weighted real

quantity, T°f°/(p'0)2 which are functionally dependent, as well as one complex quantity

of non-zero spin and boost weight, r°. In addition the co-ordinate x1 is introduced from

geometric considerations and the commutator equations are applied to it. Therefore the

commutator equations have been applied explicitly to only three zero weighted real quanti-

ties — one less than the number required to guarantee that these equations are completely

satisfied. But we noted in the last section that the application of the first three com-

mutator equations to a variety of ° marked quantities is implicit in the first two steps

of the integration procedure; however we note for this particular case that there are no

additional functionally independent quantities other than those considered above. So, for

completeness, step (v) should be carried out, which in practice means that the commutator

equations should be applied to one more quantity, functionally independent of the those

already used; x2 is the obvious choice.

Case 3. In [16] all the commutator equations are used explicitly on £ = x3, £ = x4, x1.

These three real quantities are all of zero spin and boost weight, but in this specialised

case this is not really important since the non-gauge invariant vectors da and /3a are zero,

and so are the weighted terms in the commutator equations. It is therefore clear , from
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commutator equations are identically satisfied for only one other functionally independent

real quantity — p more than satisfies that requirement.

Case 4. In [24] Stewart and Walker apply all the commutator equations to the two

zero weighted real co-ordinates i 3 and x4. In addition at various stages of steps (i) and

(ii) they apply some of the commutator equations to p, ^ a n ^ T°. The obvious way to

complete step (v) is to ensure that all the commutator equations are applied to p, $° and r°

(which can be shown to supply the remaining four real quantities of the appropriate type).

There is one further comment which should be made on Stewart's and Walker's cal-

culation [24]. When they come to the third step of Held's method they choose four real

co-ordinates xa, i = 1,2,3,4 which they explicitly state to be of zero spin and boost weight,

and apply to them the zero weighted form of the differential operator Öa; later they identify

the real and imaginary parts of 1/p as the co-ordinates x1 and x2. Since p has boost weight

one and spin weight zero, such an identification is invalid. Normally this would lead to an

error; but in this particular case the non gauge invariant vector a" had previously been

chosen zero, and so the zero weighted differential operator 6a which Stewart and Walker

incorrectly apply to p has exactly the same form as the correct operator of boost weight

one, which should have been applied.

Our analysis has demonstrated that the actual technique of Held's method certainly

does not automatically guarantee an explicit display that the commutator equations are

completely satisfied. It may be possible to prove in each of the cases just discussed that

the subsystem of equations originally solved (i.e. all the Ricci and Bianchi equations

and a subset of the commutator equations) is actually a sufficient subsystem — and use

Papapetrou's identities to prove it; but this does not seem to be likely. It would therefore

appear the confirmation via step (v) that all information has been extracted, is very

necessary — especially in less familiar cases than those discussed.
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Appendix I

When the G.H.P. commutator equations are applied to two complex (four real) functionally

independent quantities of zero spin and boost weight, then (by the same reasoning as in

Section 4) the following equations are satisfied

Xm>n=0 allm.n.p (.41.1)

In addition we use explicitly the twelve G.H.P. Ricci equations labelled by

V'i3mn = 0 = y M m n all m,n (.41.2)

and all the G.H.P. Bianchi equations labelled by

Vmnpqr = 0 allm,n,p,q,r (-41.3)

The redundancy of the complete system of equations (2.1,2,3) is given explicitly by

Papapetrou's identities [7]. When (Al.l) is substituted into the first of these identities,

the identity yields

0 allm,n,p,q

When the twelve G.H.P. Ricci equations (A1.2) are substituted into (A1.4) it is found that

the additional equations are automatically satisfied

= ^3424 = ^1234 = ^3412 = 0 (.41.5)

When the equations (Al.1,2,3,5) are substituted into the second of Papapetrou's iden-

tities [7], the following conditions are obtained on the only remaining non-zero equations

7131^3434 = 0 = 7421^3434

7132^3434 = 0 = 7422^3434
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7423^1212 = O =

7133^1212 = O = 7424^1212

V1F3434 + (7134 + 7143X^1212 ~ ^3434) = O

V2I3434 - (7423 + 7324X^1212 — ̂ 3434) = O

V3F1212 " (7132 ~ 7231X^1212 ~ ^3434) = O {Al.6)

There are clearly three different cases here, which are given below in the more familiar

G.H.P. notation for the spin coefficients,

(i)

^3434 = 0

(iii)

9Vl212 - (r + f')ri212 = 0

(ii)

= 0

= 0

= 0

= 0
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So, in general, there will be some very specialised spaces where applying the G.H.P.

commutators to only four real (two complex) quantities of zero spin and boost weight —

alongside the Ricci and Bianchi equations — may leave one or two of the original field

equations unsatisfied,

(i) If p = p' = a = o' = 0 then equation F1212 may not be satisfied.

(ii) If K = K' = r = T' = 0 then equation Y3434 may not be satisfied.

(iii) Hp = p' = a = a' = K = K' = T = T' = O then equations Y\2\2 and 13434 may

not be satisfied.

Turning now specifically to Held's integration method, we are only concerned with

algebraically special vacuum spaces and the tetrad vector la is chosen in the direction of a

degenerate principal null vector, such that

K = <7 = 0 (41.7)

It is easily seen that there are no algebraically special vacuum of type (iii) and that types (i)

and (ii) become even more specialised. Finally we have noted, in Section 5, that built into

Held's modified notation is the possibility that the first three of the commutator equations

(5.2) may have been applied to a variety of other quantities; the third commutator equation

can be written in Papapetrou's notation as

*[i '2]
 v ' - |(^i2i2 - r3412) - | (F 1 2 1 2 + y34,2) = 0 (.41.8)

A consequence of this equation, applied to any quantity (with p ^ q), together with (Al.l)

is that

F1212 = 0 (41.9)

which eliminates the possibility of type (i). So the only possible algebraically special

vacuum spaces where, using Held's integration method, it may be insufficient to apply the

commutator equations explicitly to only four real (two complex) zero-weighted quantities,

is the class with

K: = «' = T = - ' = 0 = #0 = * i = #3
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and

(a) a' = 0 = $4

or

(b) p = 0 = * 2

since the equation I3434 may not be satisfied. Such a class is obviously very specialised,

but the possibility must be kept in mind if the commutator equations are applied explicitly

to only four zero-weighted real quantities.
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