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Abstract

We study, using a density functional approach, the properties of the two dimensional

system formed by 3He atoms on the surface of liquid 4He, as a function of 3He coverage

N3. We find that the excited state recently proposed by Dalfovo and Stringari in the case

of infinite dilution does survive when the number of surface 3He atoms increases. For small

values of JV3, the surface tension a is, as expected, linear in N%. For N8 cz 0.035 atom per

square-Angstrom, i.e. half a inonolayer, a new type of surface state starts being occupied,

and this feature manifests itself by a change in the slope of v as a function of N% and,

more clearly, by a discontinuity in the surface specific heat, which increases by a factor of

almost 2. These predictions call for experimental inveF*,igations.
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The equality of the two above expressions provides a strong test of the numerical



I. INTRODUCTION.

The surface tension a of liquid 4He, at low temperatures, depends strongly on the

presence of small 3He impurities. For 3He concentrations less than one atomic layer, o

decreases by almost 25%, compared to its value for pure 4He. This fact was correctly

interpreted a long time ago by Andreev1 as the signature of the existence of surface states

with larger binding energy than that of a 3He atom in the bulk of liquid 4He. When the

temperature is sufficiently low, the ripplon contribution to the surface tension becomes

negligible and <r(T) exhibits the typical T2-dependence of a 2-dimensional Fermi gas (2-

DFG). This system has been studied experimentally by several groups for various 3He

coverages2"6. In addition to the surface tension, Edwards et al.4'5 have also measured the

velocity of "surface second sound", a compression mode of the 2-dimensional Fermi gas

predicted by Andreev and Kompaneets7.

The whole set of experimental data has been analyzed by Edwards et al.4'5 using an

extension of the original Andreev model to the case of (weakly) interacting particles. The

quasi-particle energy spectrum is expressed as

where — eo denotes the energy of the Andreev ground state with respect to a free 3He atom

in the limit of infinite dilution, m^ its (surface) effective mass and k a momentum parallel

to the surface which has a maximum value k/, related to the number of 3He atoms per

unit surface N3 by

*?
Ns = to' ^

The quantity V0
3 characterizes the strength of the interaction between the surface 3He
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atoms. Expressions involving the three quantities £o, m^ and V0
5 can be derived for the

surface tension and the velocity of surface sound. In Réf. 4 the values resulting from the

fit to the data was found to be (mz denotes the bare mass of a 3He atom)

EO = (5.08 ± 0.03) K

^ = 1.3 ±0.1
m?

V0
3 = (0.5 ± 2)10~31 erg.cm2

= (3.6 ± 14.5) KA2

whereas in Réf. 5, inclusion of data for smaller and larger 3He coverage lead to

60 = (5.02 ± 0.03) K

^- = 1.45 ± 0.01
mg

V0" = (11.6 ±10.1) KA2.

The theoretical studies of this system have been devoted to the limiting case of one

3He atom on the surface of liquid 4He, using the Leckner-Feynman theory (see Refs. 8-13);

of course in this limit one does not have to consider a quasiparticle interaction. In these

varia tional approaches, the properties of the system are described by the solution of a

Schrôdinger equation in which only the asymptotic behaviours of the effective potential

experienced by the 3He atom are well determined (they are related to the properties of

pure 4He). They provide a semi-quantitative understanding of the surface states, except

for the existence of an effective mass larger than the bare mass.

In a recent paper14, Dalfovo and Stringari have addressed this question using a Density

Functional method, already proposed for the description of pure 3He and 4He as well as

for homogeneous mixtures of the two isotopes. Extension to spherical clusters has been

discussed by F. Dalfovo15. They found values close to those quoted above (e0 = 5.4 K and

mo/ma = 1.3) and the interesting result that there was an excited state (with one node in
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the wave function) with energy 61 = 3.6 K and effective mass mj/m3 = 1.7. It was shown

also that the existence of this excited state was closely related to the shape of the density

profile of pure 4He; the larger its surface thickness, the smaller the localization and the

kinetic energy of the 3He atom -hence more binding. The surface thickness of pure 4He

was found in Réf. 16 to be 7 A, in agreement with the microscopic calculations of Réf. 17.

This value is significantly larger than that used in the previous calculations of e0 where

only one bound state was obtained.

The results of Dalfovo and Stringari raise the following questions :

i) are the discrepancies between their values and those extracted from experiment

significant or not ?

ii) does the excited state survive when one increases the number of 3He atoms per

unit surface Ns 1

m) if it does survive, then what could be its experimental signature ?

Notice that the states we are interested in are different in nature from those in-

vestigated by Bhattacharyya, Di Pirro and Gasparini18"20. These authors consider 3He

impurities on 4He films; in these sytems, a clear distinction between bulk and surface

states is not as meaningful as in the case of the bulk surface. Also, the potential of the

substrate plays an important role in determining the structure of the impurity potential,

as has been shown by Krotscheck and co-workers in the framework of Hyper-Netted Chain

calculations21-22. Although there remains some ambiguities in the interpretation and in

the comparison with experiment, it seems that the different excited states accessible to

the 3He atoms m the thickest films considered in these studies (for which the asymptotic

regime is not yet reached) could be due to the finite size quantization of bulk continuum

states; this conclusion follows from the fact that their energy becomes less bound than the

energy of a 3He atom dissolved in the bulk. Let us indicate here that the present mean
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field approach could not reliably be used to investigate helium films; indeed the effective

interaction from which the Density Functional is constructed has an unphysical Fourier

transform diverging for large momenta, and this feature prevents the system from devel-

oping a layered structure, produced by the strong potential of the substrate, as obtained

by Krotscheck and co-workers. This feature does not appear in the bulk surface, so we

expect the method to be as accurate here as it was in the description of helium clusters26

or the free surfaces of both isotopes16.

The purpose of the present work is to answer the three questions raised above and

to investigate in a self-consistent framework (the Hartree-Fock theory) the dependence on

the 3He coverage of the various quantities characterizing the system : energies, effective

masses, density profiles, average fields, surface tension and surface specific heat.

The paper is organized as follows. The Energy Density Functional resulting from the

use of an effective interaction and the Hartree-Fock approximation is presented in Sec.ILl.

Being phenomenological, the interaction is adjusted to a number of known experimental

quantities which we briefly recall. The coupled equations to be solved self-consistently are

derived in Sec.II.2. For small coverage, one can use perturbation theory to analyze how

the presence of the interactions between the helium atoms affects the ideal behaviour of

the 2-dimensional Fermi gas; this is done in Sec.II.3, where we also discuss the connection

between the present model and that of Edwards et al.4, at zero temperature. The numerical

procedure used to discretize the continuum and to check the accuracy of the results is

described in Sec.n.4. Our results are presented in Sec.III : evolution of the mean field

experienced by the surface 3He atoms as function of coverage and 3He and 4He density

profiles (in.l), 3He single particle spectrum and wave functions (III.2). The effect of

the existence of several type of continuum states on the surface tension is discussed in

Sec.in.3. Each continuum is characterized by an effective mass which, as discussed in
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Sec.III.4, depends on the amount of surface 3He atoms. When the second continuum

starts being occupied, the density of states near the Fermi energy increases abruptly and

we analyze in Sec.III.5 the resulting effect on the surface specific heat of the system. In

our conclusion (Sec.FV), we argue that accurate measurements of the specific heat in the

vicinity of 3He coverage of about half a monolayer should provide a clear signature of the

existence of different type of surface states.

We shall now see however



II. A MEAN FIELD APPROXIMATION.

II.l The Energy Density Functional.

The functional has already been introduced in Réf. 14 and we refer the reader to this

paper and to Refs. 23,24 for a detailed discussion of its structure. An effective interaction

of Skyrme type25 is used in a mean field approximation in which the ground state wave-

function is antisymmetric with respect to the exchange of two 3He atoms and symmetric

with respect to the exchange of two 4He atoms. The resulting expression of the energy

of an inhomogeneous mixture of liquid 3He and 4He at zero temperature appears as a

functional of the number densities pz and p4 and the kinetic energy densities T3 and T4,

(3)

(4)

(5)

where k denotes a momentum parallel to the surface.

In Eqs.(3-4), the sum over the occupied states of 3He contains a discrete part corre-

sponding to the different types of bound states and an integral over the momentum parallel

to the surface; each type of bound states constitutes a continuum labelled by an index »

and by the momentum £, to which corresponds a Fermi momentum fc/t.

The functional involves also the gradients of the number densities; these terms are

generated by the non-local components of the effective interaction; they are essential for

a correct description of the surface properties; they also give rise to an effective mass

depending on the number densities.

7
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In the case of pure 3He or pure 4He, the functional reduces to the form used in Refs.

16,26. The parameters are fixed by the experimental values of the equilibrium density, the

energy per particle, the compressibility and the surface tension of each system.

In the case of homogeneous mixtures with small concentrations of 3He atoms, it re-

duces to the functional proposed in Réf. 23. The density dependence of the effective mass

of 3He in the medium is correctly reproduced as well as the excess volume parameter and

the heat of mixing.

The form of the functional is the following :

E=I df#(f), (6.0)

h2

U(p3,p4) + d3 \Vp3\
 2 + d4 |Vp4|

 ?

where U(p3,p4) is an algebraic function of the densities p3 and p4 that we write down

explicitly in the appendix. The dependence of the effective mass of a 3He atom on the

number densities /J3 and p4 is parametrized in the form

(6.c)2m3(f) 2m3

where p3c and p4c are constant; m3 (resp. m4) denotes the mass cf a 3He (resp. 4He)

atom.

In view of the small difference existing between the 3He -3He and the 4He -4He effective

interactions (d3 ~ d4), the coefficient d34, which characterizes the 3He -4He interaction in

the surface, was chosen in Réf. 14 as

(7)

densit . We have seen how v



II.2 The mean-field equations.

The equilibrium configuration is obtained by minimi/ing the total energy of the systt.n

with respect to the density /M(F) and to the wave-functions $3 (F), under the constraints

of normalisation of the $3*(F)'s and that p4 should go asymptotically, i.e. away from the

surface, to the equilibrium density of pure 4He. One thus introduces Lagrange multipliers

A3 (we do not write explicitly their dependence on AT3, i.e. on kf) and A4, and minimizes

the form

- 2 rf* A3 I * 3 ' ) I 2 *-- A« /MO dr. (8)

By considering the bulk liquid, one sees that A4 is just the energy per particle of pure

liquid 4He. The resulting equations rear1, as

^ V **• + V3 *,' = A3-* &
k (9.0)

32
 2 v2p4\ _ .
~ " + 4 ~ 44

where the average field V3(F) (resp. V4(F)) of the 3He (resp. 4He) atoms are given by

- JW3V2^3 - <*34V2,4 + ̂ - f ̂ r) r3 (lO.a)dp3 \2m3/

- 2d4V
2/,4 - rf34V

2p3 + ̂ - (^7) ^3 (lO.ft)

We can now make use of the geometry of the problem. The translational invariance

parallel to the surface allows one to look for solutions of the form

(11)

enough to confirm or infirm the findings of the present paper, are not, to our knowledge,



where we choose the z-axis perpendicular to the surface. It follows from Eq. (3) that

will depend on the z-coordinate only (the same will be true for p4). Notice that

« -i-oo

N. = I PZ(Z) dz (12)
J-OO

and that Eqs. (3-4) take the form

whereas Eq. (lO.a) can now be written as

dz

= A^fc4-fe(2) (15)

where k2 = k* + k*. This equation shows that, as expected, <fyk and \^k depend only on

the magnitude of the momentum parallel to the surface, which we denote k. In this one-

dimensional geometry, the Laplacian operators appearing in Eqs. (lO.a-b) can be replaced

by second order derivatives. The equation for ^4(2) then reads as

= A4. (16)2m4 4

Once one has solved Eqs. (15-16), one can compute the surface tension of the system

as being :

/

+oo r + oo

M(z) dz- Af JV, -A 4 / p < ( z ) d z (17)
-OO J-OO

10
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where Af denotes the Fermi energy of the 3He atoms. If different types of surface states

are occupied, to each type of states correspond a continuum in energy A^' and one has of

course

Af = A3'
 fi for all occupied i state (18)

ILS CONNECTION WITH THE MODEL OF EDWARDS et al.4

For small coverage, we only have to consider one continuum, namely that built on the

ground state <£3'° (no node hi the wave-function). The term in k2 in Eq. (15) is small

compared to the average field V3(z) so that first order perturbation theory gives, for a

given kf

where

t2 r+oo t2

W -*—4,l<° dz. (19.6)
^3 3 V '

Eq. (19.a) is not in disagreement with Eq. (l) because the ground state energy A3'

(as well as ^3'
0) depends on Ns, as V3(z) and TH^(Z) do.

Concerning the structure of the surface tension for small 3He coverage, one can proceed

as follows. Let us evaluate the change da in the surface tension when one increases the

surface 3He density by dNs. We denote by £/»3(2) (resp. 6p±(z)) the change in PS(Z) (resp.

PI(Z)). Upon expanding a in powers of dNs, one obtains, to first order

do a / -̂ - Op3 dz + I ^- 6 p4 dz - dX%N3 - Af dNs - X4 f Wz) dz. (20)
J °P3 J Op4 J

11
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where the variations of M are functional variations, equal, from Eqs. (15-16), toAf and X4

respectively. One is then left with

dff~-N3d\% • (21)

which proves that a starts, for small JV8, as a quadratic function of Ns. We show in the

appendix that, in the same limit, a can be written as

Trfe2

o a ff4 - r— Nl - (E33 + S34 + S44) Nl (22.o)

where the terms Ess, E34 and E44 are generated respectively by the 3He-3He, 3He-4He

and 4He-4He interactions. When the second continuum is occupied, Eq. (22.a) generalizes

to

a ~ (T4 -^- I -r^- ] ~ |~^(TL) -(S33+ E34+ E44) JV2. (22.6)0 V / 1 V /
The different coefficients E33, E34 and E44 are numerically calculated in the following

way. Having solved the mean field equations for a givsn coverage, we perform a scaling on

the equilibrium densities p3 and p4 in the form

PZ(Z) —» a3p3(2)

P4(*)-*PS(*)+«4(P4(*)-P4(*))

where p°(z) represents the surface profile of pure 4He. We then introduce these scaled

densities into Eq. (17). This produces a function <r(a3,a4) which is a quadratic form in

a3 and a4,

, a4) ~ «74 - (E33 + »-—7)^01 - E34a3a47Vs
2 - S44O^JV2, (23.a)

Im0

when the first continuum only is occupied, and

12



... / f c ? \ 2

(7(0:3,0:4) S£ CT4 —

(23.6)

when the second continuum also is occupied. The S's are determined from Eq. (23.a

or b). One cannot hope to extract these three coefficients from experiment; we want to

show here that, conversely, using the functional as it is, i.e. with parameters determined

by fitting various physical properties independent of the system studied in the present

work, one is able to reproduce the dependence of a on the 3He coverage. Eq. (20) then

indicates that the correction to the ideal 2-DFG model does not involve considering a

3He-3He interaction only; other effects are of the same order; notice in particular that the

coefficient £44 corresponds to the variation of the surface tension which would result from

a change in P^(Z), without considering any 3He atom (i.e.,0:3 = O and 0.4 = 1).

II.4 The numerical procedure.

The set of Eqs. (15-16) are solved by iteration, using the Numerov method, after

linearization in the form

(24.6)

The functions Ws and W^ are calculated with the solutions ^3 and p4 obtained at,

step TC; solving Eqs. (24.a-b) provides <£3 and p$ at step n-\- 1. One starts the calculations

with a small 3He coverage, for which the initial guess for ^3' is the ground state wave

function corresponding to fe/=0, and for p4, the density profile of pure 4He. The solutions

13
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obtained after convergence for a given fc/ are used as initial guesses for the next value of

k f . We have used a step in fc/ of 0.05 A"1.

Two types of integrals over fc have to be performed (see eqs. (13-14)), with weight

k and k3. We have checked that a 4-point Gaussian integration formula (see Réf. 27)

provides an excellent accuracy. For each value of fc/(, Eqs. (15-16) have thus to be solved

for 10 different values of fc, including the value fc = O and the value of the Fermi momentum

k = kfi.

We shall now derive a relation which we use to test the convergence of the numerical

solutions of the set of Eqs. (15-16). We multiply Eq. (15) by d<j>\jk/dz, Eq. (16) by dp4/dz,

add them together and integrate from — oo to z (we choose to put the bulk liquid in the

direction z < O). One then sums over i and fc. The following result is obtained

•• kdk <*4fc
 2 ^— - 1 +k 1*3

(25)

This relation implies that the sum of the derivative terms appearing in the integrand

of Eq. (8) are equal to the sum of the bulk terms. We now integrate Eq. (25) over z and

define two quantities /„ and Ia by

^ fJ-

a , (26.o)
~ Jo "

Jo I- dz

^~^ + d3Ps2 + <*4/>4
2 + d34p'3.P'4 . (26.6)

14
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The equality of the two above expressions provides a strong test of the numerical

accuracy of the calculation. The type of convergence reached can be seen in Fig. 1, where

we show the quantity

<">
as a function of the number of iterations n, for different 3He coverages. For each value of

N3, one needs typically a hundred iterations in order to obtain a value of e of the order

of 10~3. We see from Fig. 1 that the convergence is better for small values of Na. We

have however checked that, for all the values of JV3 considered, the relevant quantities have

converged and are stable.

15
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in. RESULTS.

HLl Mean field and densities.

The average field V$(z) experienced by the surface 3He atoms is presented in Fig. 2,

where we have also plotted the 3He and 4He density profiles. In the interior of the liquid

V3(z) tends to the value of the chemical potential of a 3He atom in the bulk of liquid 4He,

V3(-oo) = -2.82 K. In the surface region V3(z) presents a well which admits different

types of bound states (see below). As N8 increases, the minimum of the well V8m(n tends

to the value of pure liquid 3He (-4.2 K in our approach). One way of characterizing the

width of the well is to consider the distance w between the two points z\ and z% verifying

V8(Z1) = V8(zt) = i (Vs(-oo) + V3m..J . (28)

As JV4 increases, w increases starting from a minimum value of 6.25 À for N3 = O.

This value is significantly larger than the value found by Saam9 (~ 2 A) or Chang and

Cohen11 (~ 4 A) and this feature explains the existence of excited states, not found is

previous studies. The mean field V3(Z) opens, as expected, on top of the liquid, and w

reaches a value of ~ 10 A for a coverage of about 1 atomic layer28.

The 3He density profile follows the evolution of the mean field. As V8(z) opens,

the maximum of PZ(Z) moves towards positive values of z. Through coupling and self-

consistency, the density profile of the 4He atoms changes as more 3He atoms are added

to the system. Its surface thickness, defined as the distance between the points where tlio

density has decreased by 10 and 90 % with respect to the bulk value, first decreases ami

reaches a minimum value for Ne ~ 0.035 A-2. For N3 larger than this value, the surface

thickness increases; this is hi agreement with the finding of Dalfovo24 that the width of

the 3He-4He interface (calculated with the same density functional as used here) is larger

16
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than the surfaca thickness of pure 4He. The different results are gathered in table 1.

III. 2 Eigenstates.

The single particle energies A3'
fc are plotted in Fig. 3. Actually what we plot are (i)

the values of the energies A3'
0 corresponding to k = O in Eq. (15) and (ii) the value of the

Fermi energy Af (see Eq. (18)). We find three types of states, the wave functions of whi ,h

are shown in Fig. 4 (we only plot the wave functions corresponding to k = O). A first

series of states have no node in the wave function. The energy of the lowest of these states

Ag'0 increases linearly with Ne for N, £0.035 A~2. For Ne ?£ 0.035 A~2, the Fermi energy

reaches the value Ag'0 of the lowest energy of the second type of states (one node in the

wave function). The value of A3' appears not to depend on N3. That it is so is linked to

the evolution of the mean field Vz(z). As Ng increases, the minimum Vs1111.,, becomes less

negative, and the deepest state Ag'0 is of course sensitive to this evolution. However the

excited state A3"'0 does not change because the well enlarges, and this enlarging happens

to compensate a smaller depth.

This fact constitutes the main result of the present work : the excited state A3'

found by Dalfovo and Stringari does survive when Na increases, so that a second type

of continuum states are available for the 3He atoms. For a 3He coverage larger than

^ 0.035 A~2, i.e. half a monolayer, the density of states almost doubles. Consequently

the variations of Af with JV3 is smaller. In this range, there are two Fermi momenta, one

for each continuum, and one has of course

Kf Kf

We show in Fig. 5 the occupation of the first and second continuum as a function of

3He coverage.

17



The third type of states (two nodes in the wave function, see Fig.4) starts, for small

coverage, with an energy Ag'0 c=r -2.802 K.It is thus hardly more bound than the energy

of a 3He atom dissolved in the bulk, equal to V3(-oo) = -2.80 K. However, as more 3He

atoms are added to the surface, Ag' becomes more bound, and reaches a value of =; —3

K when this state would start being occupied; from Fig. 3, this is expected to happen

for Na > 0.08 A~2. Of course these states will certainly couple to the states representing

3He atoms dissolving into the bulk liquid; they might also disappear as surface states by

a modification of the parameters of the functional resulting in a decrease of the width of

the well; they would then appear as resonances of the well. The fact that in the present

calculation, the energy Ag'0 is not pushed up into the continuum as Na increases, but

becomes more negative leads us to conclude that, even if the spreading of these states

may smooth out the sudden increase of the density of states that our independent particle

picture predicts once they start being occupied, their effect on the surface specific heat

could still be observable. In the following, however, we have restricted our calculations to

the range Ns < 0.065 A-2.

m.3 Surface tension.

The values obtained by Edwards et al. in Réf. 5, quoted in the introduction, are

represented as a shaded area in Fig. 6. As the authors did not indicate the largest

coverage, the curves are drawn in the range of Réf. 4, Jt i.e. O < N3 < 0.02 A~2. As

expected, the change in the surface tension ACT due to the 3He impurities is a quadratic

function of Na and so are the numerical results (continuous line). The agreement between

our calculated values and the values fitted to experiment is satisfactory, especially if one

keeps in mind that the parameter d34 characterizing the 3He-4He interaction in the surface

region was chosen according to Eq. (7) for sake of simplicity only and could be slightly

18



readjusted.

Table 2 gives the different contributions of the interaction terms to CT. We find, in

agreement with Edwards, et al., that the interaction contributes to the decrease of a. In

our model, this contribution depends on Na and is relatively smaller when N3 increases.

On the average, the calculated values are significantly larger than that of Edwards et al.

(their V0
3 is to be compared to 4S in table 2) and represents 25 to 30 % of the total Aer.

For 3He coverages such that the second continuum is occupied, a kink appears in

•^/|A<y|; the change in ACT is smaller than would be if the second type of states did not

exist. This can be understood within the ideal 2-DFG model, where the surface tension,

in the case of two types of states, can be written as

where mj denotes the effective mass of a 3He in the second continuum, m\ ~ 1.6 m3 (see

below). Then, with the use of Eq. (29), one has

If we plot Atr as a function of the Fermi energy we can have a more intuitive under-

standing of the phenomenon. One sees in Fig. 7 that occupying the second kind of states

decreases the surface tension considered as a function of Af : the reason is that at fixed

Af, more 3He atoms can interact in the surface if there are two types of surface states

accessible rather than one. Notice that the change of the slope of a is less visible in Fig.

7, i.e. as a function of Af, than it is in Fig. 6, i.e. as a function of JV3.

We conclude that the existence of a continuum of surface states with one node in the

wave function should manifest itself in the dependence of a as a function of 3He coverage.
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We shall now see, however, that a clearer signature is obtained by considering thermal

properties which, as is well known, are governed by the effective mass.

III.4 Effective masses.

For each 3He coverage, we first check the validity of the two-dimensional Fermi gas

model, implying that the single particle energies are of the form (19.a). Defining a fe-

dependent effective mass through the relation

4'fc = 4'°+^fc2 , Q<k<kfi , 1 = 0,1, (32)
/mi,fc

we show in Fig. 8 a plot of m,* fe/mj- 0, which should not depend on fc and be equal to 1

if the surface 3He atoms behaved as a Fermi gas. We see that it is indeed the case, to

a very good accuracy, for both types of surface states. Hence one can characterize the

single particle spectrum by two effective masses m^ and mj, independent of fc, referring

respectively to the first and second continuum; mj is calculated using Eq. (19. b) and m\

by a similar equation, namely

/-

-
+oo t2

W*- (33)

Notice that JTIQ and m\ depend on N3, so that the 2-DFG model is valid for a Fermi

gas the characteristics of which are different for each 3He coverage. The dependence of the

effective masses on N3 are shown in Fig. 9. We note that in the range of 3He coverages

studied by Edwards et a/., i.e. O < N3 < 0.02 A~2, the calculated values of m* /m3 vary

from 1.29 to 1.45. These values are to be compared to the "experimental" one quoted

in the introduction. The quotation marks indicate here that the effective mass is not a

primary quantity directly measured but a quantity derived through a model which did not

20
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considered its possible Ng dependence. We find that m^ is almost a linear function of NB,

whereas mj stays constant up to N3 ~ 0.02 A~2 and then increases for larger values of the

3He coverage. On the other hand, the effective mass of the second excited state is found

to decrease from a value of 2.23 for Ne — O to ~ 2 for TV8 ^ 0.067 A~2 . This is due to

the constant decrease of the corresponding energy, indicating that this state becomes more

localized in the surface region as AT3 increases.

III.5 Specific heat.

At low temperature, the thermodynamic properties of an ideal two dimensional Fermi

gas are characterised by the level density parameter a, defined by

a=1Cg (34)

where g is the single particle level density at the Fermi energy. Using Eq. (1), one finds,

taking into account the spin degeneracy,

^
fc/^

 (35)

In the case where the single particle spectrum is not purely that of a Fermi gas, i.e.

if one considers a possible slight fc-dependence of the effective mass (see sect. III.4 above)

then Eq. (35) is replaced by

dk =

1

fe=

where m' fc is defined by Eq. (32). The correction brought by using Eq. (36) instead of

Eq. (35) was found to be small : 3% for Ng ~ 1 atomic layer.

Eq. (35) shows that for an ideal 2-DFG, g does not depend explicitly on the surface
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density. We have seen however in the preceeding subsection that the effective masses did

depend on N3 so that the specific heat at constant volume per unit area

Cv = 2aT (37)

shows a linear increase with JV3. This can be seen in Fig. 10 for JV8 < 0.035 A~2. For

Ng >, 0.035 A""2, Eq. (35) must be generalized to the case of two continua. The single

particle level density is just the sum of the two single particle level densities, thus one has

now

9 = 9o + 9i = ~5 + (38)
irn TTre

The resulting curve is shown in Fig. 10. Due to the almost doubling of the density of

states when the second continuum starts being filled, there is a discontinuity of the surface

specific heat of the system. The values of Cv/T jumps suddenly from 0.10 K"1 to 0.22

K"1 for JV3 ~ 0.035 A~2. Although we have not calculated systems with Ns > 0.065 A~2,

we indicate in Fig. 10 the effect expected from the possible occupation of the second type

of excited states; the value of the effective mass m^/ma was taken to be 1.98, obtained for

the lowest of these states for JV3 = 0.067 A~2.

Our results concerning the quantities of interest are gathered in Table 3.

The first series of measurements of Edwards, et al.4 have been made in the range of

coverage where, within the present picture, only the first continuum was occupied. The

motivation for considering only small values of JV3 was to minimize the 3He-3He interactions

in order to identify clearly the 2-D Fermi gas behaviour of the system and to measure with

precision the relevant parameters. We do not know whether the additional measurements

included in Réf. 5 cover values of JV3 for which, in our picture, the second continuum is

partially occupied. However measurements in the vicinity of JV3 ~ 0.035 A~2, accurate
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enough to confirm or infirm the findings of the present paper, are not, to our knowledge,

available, and we hope to motivate such experimental studies.

23



IV. CONCLUSIONS.

In the present paper, we have studied, using a self-consistent mean field approach,

the structure of the surface states of 3He atoms on liquid 4He at zero temperature. We

have found that three types of surface states are accessible to the 3He impurities; the

corresponding wave functions differ in the direction perpendicular to the surface, having

no node, one node and two nodes. In the limit N9 —> O, the energies and effective masses

of the three lowest states of each kind are respectively (-5.44 K, 1.29), (-3.61 K, 1.60),

(-2.80 K, 2.23). When AT8 increases, the lowest continuum is pushed up as the average

field becomes less attractive, but the enlarging of the well is such that the energies of the

other two continua remain roughly unchanged.

For 3He coverage up to N3 =s 0.035 A~2 (i.e. half a monolayer of 3He atoms) the

first continuum only is occupied. We find that, to a good accuracy, the single particle

spectrum follows the law of a two dimensional Fermi gas model, the ground state energy

depending linearly on Na. We also find that the effective mass for each type of state

increases with N3 ; in the range O < JV3 ,< 0.02 A~2 the effective mass associated with the

first continuum increases from mj/ma = 1.29 to 1.45, which covers the range of values

extracted from experiment using a model which does not allowfor such a dependence of m^

on N3. Finally the role of the interaction is larger here than in Réf. 5. However, our model

is able to reproduce the experimental surface tension extrapolated to zero temperature.

This answers two of the three questions raised in the introduction, that the values of the

ground state energy -5.4 K and effective mass m^/ms =1.29 found here and in the work

of Dalfovo and Stringari14 are not in contradiction with experiment, in the sense that the

primary experimental quantities are reproduced.

For values of Na >, 0.035 A~2, we find that the second type of continuum states (which

have one node in the direction perpendicular to the surface) starts being occupied. Two
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effects result from the second continuum (i) the surface tension shows a kink as a function

of 3He coverage N3, for Ns -^ 0.035 A~2 and, more clearly (ii) the surface specific heat

shows a discontinuity due to the fact that the single particle density of states increases by

a factor of almost 2.

We hope that these signatures can be experimentally tested: a confirmation of the

prediction of the present work would also provide indirect confirmation on the width of

the surface profile of pure liquid 4He; indeed as indicated in the introduction, the presence

of several surface states is, within the model used here, linked to a value of the surface

width of the order of 7 A.
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APPENDIX.

We derive here Eq. (22). Let us write explicitely the density functional of Eqs. (6.a

and b). The function U(PZ-, Pu] appearing in Eq. (6.b) reads as

U(p3, p4) = ~bzP\ + -CsPs(Ps + P4)'YD H- -~
« £ it

I 2 I

The mean field equations are given in 10.a and b. We can multiply Eq. (3 O.a) by

$3'
fc , sum over i and integrate over fc, multiply Eq. (lO.b) by p4, add them together and

integrate over all space to obtain

2/v/ fe2 4. i" d + d ](h \]dr\^T3+T3rdp~s
+p4d^\(2^>

+ 2&34/Ï3P4 + 2rf34 Vp3Vp4 + (2 + T34)C34P3P4(P3 + PiF** (A2)

^ r _ ^-^ /•'.- fcdfcxifc= A4 / P4df + V / - A3'
fc

J i Jo ""

By comparing with Eq. (Al) and Eq. (17), mae gets

V-- /•*'.- fcdfc.iifc .- /• f r a d ] , h2 .
ff=2-*, - A3 -^3^-- / <H T3 Ps^- H-P4^— (^- T)

i ^o "" 7 I L 9Pz #P4J 2Tn3^

+ P4P + (1

+&34P3P4 + C34(I + T34)P3P4(P3 + Pl}^* +

+^b4p
2

4 H- ^(1 + -Y4)P4(P3 + P4)"" + <V4
2 1

The first two terms in the right hand-side correspond to the ideal 2-DFG model, as
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can be easily checked using Eq. (19.a). For low coverage, one considers only the lowest

states, with energy Ag' ; thus

/ /" **Af* - AfJV8 * I'0 **
J0 T 3 J0 T

2m,Q

Next, by considering the case N, = O, one recognizes in eq.(A3) the surface tension

, of pure liquid 4He. Since we know from Eq. (21) that a — 04 is a quadratic function of

. for low N.. one ran writsN3 for low JV3, one can write

E44) N? (A5)

with obvious notations. In the work of Edwards et al.4'5, the different components of the

interaction contribution are represented by a single effective surface 3He-3He interaction

coefficient written as V^, which appears also in Eq. (1). It is formally equivalent to the

term in 63 of the present functional.
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Note added in proof : While this paper was being reviewed, we sent a preprint of

our work to Dr. D.O. Edwards. In his answer, Dr. Edwards included an excerpt of the

Ph.D. thesis of D.B. Crum29, containing unpublished measurements by D.B. Crum, D.O.

Edwards and R. Sarwinski. The data concerning the surface entropy 5 divided by the

temperature T (which is identical to CV/T) as a function of the chemical potential Af

of the surface 3He atoms, together with the results of our calculations, are reported in

Fig. 11. We have taken the energy of a 3He atom in the bulk as a common reference for

the two sets of values. There is an overall agreement between theory and experiment on

the average behaviour of S/T. The comment accompanying the figure in Crum's thesis

was : "The fact that S/T is not constant for large Af indicates that the two dimensional

gas model is not valid for large surface densities". Our results suggest an alternative

interpretation : indeed, the data are consistent with the existence of a simple Fermi gas up

to Af ~ —3.7 K; one may even interpret the small slope of the curve as being due to the

dependence of the effective mass on the 3He coverage JV3. For larger values of N3, the data

are consistent with the superposition of two, then three Fermi gases built on the different

types of surface states. Notice that the experimental points are not numerous enough, in

the range of coverage where we predict discontinuities in S/T, either to confirm or infirm

their existence. Consequently, whether these structures can be observed or are whashed

out by correlations beyond a mean-field theory remains an open question.

We would like to thank warmly D.O. Edwards for his interest in this work and for

communicating to us the unpublished results of the surface tension measurements.
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TABLE CAPTIONS

Table 1:

Variation with Na of the width w of the 3He mean field, the minimum value Vsmin of the

field and the surface thickness of the 4He density profile.

Table 2:

Variation of the different contributions to the surface energy. The coefficients £33, £34

and £44 are defined in the text ; S = £33 + £34 + !!44.

Table 3

Energies of the lowest state of each Andreev continuum (Ag'0, A3"'0, A|'°), Fermi energies

Af and values of CV/T for different 3He coverages.



Na [À-2]

0.00

1.59 x IQ-3

6.36 x ID"3

1.43 x 10~2

3.22 x ID"2

4.81 X 10~2

6.72 x HT2

to [À]

6.25

6.31

6.53

7.02

8.17

8.80

9.50

Vt^ [K]

-6.63

-6.56

-6.39

-6.11

-5.61

-5.32

-5.11

1 10-90 [A]

6.94

6.87

6.68

6.40

5.94

6.25

6.64

Table 1



JV, [À-2]

3.98 x HT4

1.59 x 10~3

3.58 x 1(T3

6.37 x 10-3

9.95 x IQ-3

1.43 x 10~2

1.95 x IQ-2

2.55 x IQ-2

3.22 x IQ-2

3.98 x lu"2

4.81 x IQ-2

5.73 x HT2

6.72 x 1(T2

S33 IK]

-5.25

-4.21

-4.06

-3.34

-2.93

-2.30

-1.94

-1.93

-2.31

-1.18

-0.75

-1.54

-2.63

S34 [K]

30.6

28.7

26.9

24.4

22.1

19.1

16.3

13.8

11.5

7.70

5.39

4.75

4.42

E44 [K]

-15.2

-14.0

-13.3

-12.0

-10.8

-9.25

-7.72

-6.28

-4.97

-2.99

-1.73

-1.24

-0.99

E [K]

10.2

10.4

9.60

9.07

8.33

7.57

6.65

5.55

4.25

3.53

2.93

1.98

0.79

Table 2



Nt [A-2]

0.00

3.98 x 10~4

1.59 x 10~3

3.58 x 10~3

6.37 x ID"3

9.95 x 10~3

1.43 x ID"2

1.95 x ID"2

2.55 x 10~2

3.22 x 10~2

3.98 x ID"2

4.81 x 10~2

5.73 x ID"2

6.72 x ID"2

C./T [K-1]

8.42 x ID'2

8.44 x 10~2

8.51 x 10~2

8.63 x 10~2

8.81 x 10~2

9.03 x 10~2

9.31 x 10~2

9.65 x 10~2

0.101

0.105

0.220

0.227

0.234

0.242

Af [K]

-5.44

-5.42

-5.35

-5.23

-5.08

-4.89

-4.66

-4.40

-4.12

-3.83

-3.62

-3.47

-3.32

-3.17

A"'0 [K]

-5.44

-5.43

-5.41

-5.37

-5.32

-5.25

-5.17

-5.08

-4.98

-4.87

-4.79

-4.72

-4.66

-4.59

Aj'0 [K]

-3.61

-3.61

-3.62

-3.62

-3.63

-3.64

-3.66

-3.67

-3.69

-3.70

-3.69

-3.67

-3.66

-3.65

A2'0 [K]

-2.80

-2.80

-2.80

-2.80

-2.80

-2.80

-2.80

-2.81

-2.81

-2.82

-2.84

-2.87

-2.90

-2.94

Table 3



FIGURE CAPTIONS

Figure 1:

Variation of the convergence coefficient e(n) (see Eq. (27)) as a function of the number

of iterations for various 3He coverages.

Figure 2:

4He profile, 3He density, and mean field experienced by the 3He atoms for various

coverages. The labels 0, 1, 2, 3 refer respectively to N3 = O, 1.95 x 1(T2, 3.98 x 10~2, 6.72 x

10~2 A~2. The 4He profile is drawn for cases 0,2 and 3.

Figure Z:

Variation with N3 of the lowest energy of each type of surface states and of the Fermi

energy ; continuous line : Ag'0 ; dashed line : Ag'0 ; dot-dashed line : Ag'0 ; dotted line :

Figure 4:

Wave functions of the three Andreev states for various coverages. As in Fig. 1 the

labels 0,1,2,3 refer respectively to JV3 = O, 1.95 x 10~2, 3.98 x 10~2, 6.72 x 10~2 A~2.

In each frame the dashed lines are the wave functions of the two other states for Na — O.

Figure 5:

Number of atoms per unit surface occupying the first and second continuum as a

function of 3He coverage.

Figure 6:

Surface tension vs 3He coverage. The solid line represents the calculations of this

paper. The dot-dashed lines represents the Fermi gas contribution to the surface tension



(ignoring the interaction terms in Eq. (22.3. or b)). The results of the model of Edwards

et al.4 lie (within experimental error) in the dashed area. The extremities of the dashing

correspond to the cases V0
3 = 21.7 K.A2, m^/mz = 1.46 and V0

5 = 1.5 K.À2, mO/m3 =

1.47 which are the limits of experimental precision of Réf. 5. They stop at Ns ^ 0.02 A~2.

Figure 7:

Surface tension vs 3He chemical potential. Solid line : present calculations ; dashed

area : results of the model of Edwards et al.4, as in Fig. 6.

Figure 8:

Effective masses mj f c/mjf i 0 as functions of fc, (O < k < kf{, i = 0,1) for different

coverages, m^_fc/m3]0 is plotted for Ns = 5.17 x HT3,1.03 x 10~2,1.55 x 10~2, 2.07 X 10~2,

2.59 x 10~2, 3.10 x ID-2, 3.62 x HT2, 4.14 x HT2, 4.66 x HT2, 5.17 x 10~2, 5.69 x HT2,

6.21 x 10~2A~2. m\ 1,/171I1O is plotted for the four last cases.

Figure 9:

Effective masses of the Andreev states (see Eqs. (I9.b) and (33)).

Figure 10:

Surface specific heat divided by temperature (extrapolated to zero temperature) as a

function of 3He coverage. The solid line joins the calculated points. The position of the

discontinuities in Cn/T are indicated by the vertical dotted lines. Also shown as a dotted

line is the expected effect of occupying the second type of excited states.

Figure 11:

Surface specific heat divided by temperature (extrapolated to zero temperature) as a

function of chemical potential Af. Solid and dotted lines as in Fig. 10. The dotted points

and the error bars are taken from Réf. 29.
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