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ABSTRACT

The antiferromagnetic S = 1 ji Heisenberg model is extended to account for the pres-
ence of holes. The holes move along a sublatticc whose sites are located in between the spin
sites. The spin-hole coupling arises firom the modification of the exchange interaction between two
neighbouring spins when the site between them is occupied by a hole. This physical picture leads
to a generalized version of the so called t-J model Hamiltonian. The use of a recently developed
method that introduces spin-0 excitations for dealing with the Heisenberg antiferromagnetic model
allows us to map the model Hamiltonian onto a Frblich one, with the spin-0 magnetic excitations
substituting phonons. The case of electrons moving along the spin sites is discussed as well
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The high critical temperatures of the superconducting phases discovered

in the layered metal oxides1'1 rise doubts on that the attractive interaction

between electrons, that in the context of BCS theory is necessary for super-

conductivity, can be mediated by phonons.9 It is physically evident that the

increase of the electron-phonon coupling constants in order to rise the crit-

ical temperature will fatally reach a point in which the electrons self-trap,

becoming localized at the expense of lattice symmetry. Estimates previous

to the discovery of the ceramic superconductors, now criticized by some,

predict an upper limit of about 30 K.*

The subsequent discovery of strong long range antiferromagnetic order

in the superconducting perovskites La3(Sr, Ba).CuO4_,, and YBa3Cus0T_,,

for a wide range of x and y, provides evidence for the importance of mag-

netic phenomena in the new superconducting oxides.I|S The magnetic mo-

ments on copper ions in the CuOj planes of La3CuO4_, are correlated

antiferromagnetically over large distances even at temperatures fax above

the Neel temperature 2 \ , at which the three-dimensional antiferromagnetic

order sets in. Spin correlation lengths as large as 200 A have been observed

at T = 300 K in a sample with TM = 195 K. The experimental evidence

indicates that the antiferromagnetism in these materials, based on a Cu-O

layered structure, is essentially btdimensional. At T = TJJ the correlation

length of the spins in the Cu-O planes diverges and the three-dimensional

order follows as a consequence of this.7

Experiment shows that Tk is extremely sensitive to doping. Doping

LajCuO4 with x = Z% of Sr or Ba makes the Neel temperature to fall

from about 200 K to zero.*'7 However, the bidimensional antiferromagnetic

correlations are rather insensitive to the doping content, and the supercon-

ducting phase, occurring at T > 5% seems to be immersed in the region of
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the T — x phase diagram exhibiting antiferromagnetic spin correlations in

the Cu-0 planes.

The significance of these experiments for the nature of superconductivity

in the layered perovskites and for determining the mechanism of attraction

between the charge carriers remains unclear. The exchange of some sort of

magnetic excitation seems appealing. However, antiferromagnetic magnons

cannot substitute phonons in the traditional BCS mechanism of attraction

because they carry one unit of spin. One-magnon processes are thus al-

lowed only for electrons of opposite spins, which become reversed after the

interaction. No physical basis for such a. coupling seems to exist. Schrieffer

et ai.* put forward an approach to high To superconductivity based on a

model for the disturbance that a hole produces in the bidimensional spin

correlations, which are expected to extend over several units cells of the

Cu-0 planes. Such kind of spin bags become more stable when shared by

two holes, yielding a real space attraction between them.

On similar physical basis than Schrieffer tt al* I propose here a much

simpler model, which follows in a natural way from the physics of the lay-

ered cuprates sketched above. Subsequently I show that the model leads

to electron pairing and superconductivity of BCS type. For this purpose I

use a reformulation of the theory of antiferromagnetism that describes the

spin dynamics in terms of spin-0 excitations.9"1S When expanded in the op-

erators associated to these magnetic excitations the exchange interaction

between holes and spins turns out to be linear in them. The Hamiltonian

of the system thus becomes isomorphic with the Frolich Hamiltonian, with

the spin-0 magnetic excitations replacing phonons. One arrives then to the

starting point of BCS theory. The difference relies on that the localization

energy associated to the magnetic interaction of the electrons or holes with

the antiferromagnetically ordered spins is bounded.

The use of a new approximate approach to the spin dynamics, instead

of the well known spin waves theory, deserves a comment. It is not a mat-

ter of just improved accuracy or formal convenience, but also to rely on a

formalism which is exact at least in a well defined asymptotic limit.

Though giving a good description of the spin dynamics of ferromagnetic

materials, spin waves theory has important shortcomings when applied

to antiferromagnets. These arise from the linearization of the Hoistein-

Primakoff transformation14

= {2S - aJ MO = S~ 4* . (1)

j) = b\(2S - bib;) = -S (2)

where s± are the usual spin ladder operators, i and j denote two lattice

sites in the spin up and spin down sublattices, respectively, and S is the

spin size. The linear theory assumes that the spin wave excitations satisfy

{a]a,) < 25 and {&}*,•) <. 2S. This implies not only a restriction to low

temperatures but also, and principally, that the Bose operators a< and 6,'

have a minor role in the construction of the ground state from the Neel

state. This is not true for Heisenberg antiferromagnets, for which quantum

fluctuations give contributions of 43% and 25% to the ground state energies

in one and two dimensions, respectively, for isotropic exchange interaction.

The shortcomings of spin waves theory applied to antiferromagnets be-

come apparent when considering anisotropic exchange, for which case the

Heisenberg Hamiltonian reads



Hn = J £ [« , (* + 6) s,(R) + | (s+(R + 6) s-(R) + s+{R) s.(R + 6))] ,

(3)

where J > 0, a determines the exchange anisotropy, so that a — 0 and

a = 1 correspond to the Ising and isotropic Heisenberg models. Vector R

runs over the spin up sublattice and vectors S connect a site with its nearest

neighbors, which in a bipartite lattice are in the sublattice of opposite spin.

Denoting z the coordination number, there are z vectors 6.

The dotted lines in Figures 1 and 2 show the a dependent ground state

energies of the linear chain and the square lattice, respectively, as given

by linear spin waves theory. The comparison with the exact values (open

circles) makes apparent that spin waves theory is not asymptotically exact

in any limit. This point becomes particularly important when introduc-

ing the interaction between the spin and fermion degrees of freedom. As

is shown in the following paragraphs, anisotropy plays an important role

because the interaction with the charge carriers reduces the Ising part of

the Heisenberg interaction between the spins while enhancing the XY term.

Hence a reasonable accuracy at a = 1 IB not sufficient.

The charge carriers in most ceramic superconductors are holes localized

in the oxygens of the Cu-0 planes. Compounds with lower TC that trans-

port charge through excess electrons in the copper ions have been found

only recently. Since the spins are always localized in the copper ions there

is no electron-hole symmetry in a theory in which the magnetic interac-

tions are important. In any event the two cases are formally quite similar.

I consider in detail here only the transport by holes, and discuss briefly the

other case at the end.

Thus we have two interpenetrated sublattices. The holes move through

the lattice of the oxygens, which are located between the magnetic Cu1+

ions. The spins of the copper lattice interact between themselves by nearest

neighbors exchange couplings and, if the oxygen lattice has no holes, the

spin dynamics is governed by the Hamiltonian Hn of Eq. (3). Long range

antiferromagnetic order is assumed from the beginning and {R} denotes

the sublattice of copper ions with spin up and {R + 6} are the spin down

copper sites.

The point is now what happens when holes are present in the oxygen

sites in between the copper ions. The exchange interaction among two

neighboring Cu*+ ions is not a fundamental interaction, but the result of a

complicated process in which the dynamics of the electrons have an active

role. It is thus evident that a change in the electronic state of the oxygen

placed between the two Cu I + will modify the effective interaction between

them, which in the present case involves only the relative orientations of

the spins. Therefore, the presence of a hole in the oxygen in between the

copper ions located at R and R + 6 modifies the exchange interaction by

an amount

- J s.(R) + ~ (s+(R + S) s-(R) + a+ (R) a-{R (4)

with respect to the situation described by the Hamiltonian (3), for which

the hole is absent. In Eq. (4) rj and X are two numerical constants charac-

terizing the magnitude of the change in the exchange interaction between

two spins produced by a hole located in between them. The anisotropy

may also be modified.



Hence the total Hamiltonian becomes

H = J E

+i (a-

*) *«(

where />(# + Sj2) denotes the hole density operator

'.('"). (6)

at an oxygen site, and *.(r) is the corresponding field operator with -s rep-

resenting the spin variable. The Hamiltonian (5) is a generalized version

of the so called t-J model, which follows from (5) by choosing a particular

expansion of *,(r) in a set of localized one-particle functions and then ne-

glecting the off-diagonal terms. The band energy of the holes was omitted

in the expression (5) for H because it is not affected by the forthcoming

mathematical steps.

It has been shown in a series of papers9"11 published recently that the

operators

constitute a set of good excitations of the antiferromagnetic Heisenberg

model (3) projected on the subspace of states with high antiferromagnetic

order (0 < a < 1) and zero total spin. In Eq. (7) k runs over the Brillouin

zone of one of the two sublattices defined by the antiferromagnetic align-

ment of the spins. The three first papers*"11 of the series deal with the

S = 1/2 one dimensional model and consider just the excitations (7) with

jfc = 0, which are the only ones involved in the ground state. Subsequent

papers generalize the theory to higher dimensionalities12 and introduce the

k / 0 excitations19 in order to provide a more complete account for the

excited states. The generalization to any spin and lattice dimensionality is

now on the way of being published.

In general, the operators (7) do not obey Bose commutation rules. How-

ever, if one calculates the commutators and replace the resulting expression

by its projection over the Neel state | M) assigning spin up to the sublattice

{R} one obtains that9"13

(8)

Proceeding the same way one obtains that

(*-i)J4(£). (9}

Though this procedure is expected to be asymptotically exact in the limit

a —* 0, it may seem rather crude when applied to finite values of a. The

results, however, turns out to be surprisingly good for an unexpectedly

wide range of a.11>ia Prom the asymptotical equations (8) and (9) one has

that

{10)
it

Using the approximate commutators (8) one can solve the equations

^-(Jt)|s) = 0 for the ground state \g). Replacing the result in the equation

Hn\g) = Et\g), with HH being the exact expression (3) of the Heisenberg

Hamiltonian, the value of Et can be obtained. The results are0"1*



! » > = '

and

JVJ

(n)

(12)

The method has been tested by comparing results of the ground state en-

ergy (12) and correlation functions, obtained analytically from the ground

state (11), with computer calculations.11-11 Exact analytical results are also

available for comparison purposes in one dimension.16 These tests show

that the the results of the asymptotic theory are practically exact for a in

the ranges 0 < a < 0.5 in one dimension11 and 0 < a < 1 for the square

lattice.11 In one dimension the results of the present theory are better than

those of linear spin waves theory for 0 < a < O.fl. In two dimensions, how-

ever, the expected error is about 0.3%, much smaller than that of linear

spin waves theory, in the whole range 0 < a < 1. The full lines in Figures

1 and 2 represent Eq. (12).

At this point we have the elements to discuss the dynamics of the system

represented by the Hamiltonian (5). First I will introduce an approximation

based on a physical, rather than mathematical, argument. If the concen-

tration of holes {/>) = n is small the system has, if no infinite, at least long

range antiferrotnagnetic order. Once the anttferromagnetic spin alignment

sets in the two terms of H in Eq. (5) play a very different role. The first

Ising-iike term of / / try to localize th« spins and stabilizes the antiferro-

magnetic order sampling the ^-component of the spin at each site. This is

a static and essentially classical term. On the contrary, the XY-like term

of H, that is the sum of terms of the form s+ s., tends to delocalize the

spins and to destroy the antiferromagnetic order introducing quantum fluc-

tuations. This term is essentially quantum mechanical. On the basis of this

difference I will deal with the density operator p in a different footing in the

two terms of H. In the Ising-iike term p will be substituted by its mean

value (p) = n, which for any state is simply the number of holes per oxygen

atom. In the XY-like term p will be treated exactly. The Hamiltonian thus

becomes

SJ

a_(R) + a+(R) s.( . (13)

Substituting in (13) the Fourier representation

(14)
f is

where ct creates a hole with momentum k and spin s, one obtains

iqfl

(15)

The first term in the right hand side of Eq. (15) is simply a Heisenberg

Hamiltonian with modified anisotropy. Provided that the new anisotropy

parameter is less than unity one can write this term in the diagonal form

(10) with modified J. On the other hand, replacing the definition (7) of

10



the ^-operators, the second term of H in Eq. (15) turns out to be linear

in them. Thus, after some algebraic steps

kS

(16)

which is isomorphic with the Frolich Hamiltonian. The rest of the story

is well known after BCS: Holes within a shell of width on the order of XJ

around the Fermi energy interact attractively.

A remark on the limitations of the previous analysis is now in order.

Though our approach starts assuming antiferromagnetic order it overesti-

mates quantum fluctuations, as shown by the values obtained for the ground

state energies of the Heisenberg model, which are always lower than the ex-

act ones. The method can be considered highly reliable and accurate for

0 < a < 0.5 in any calculation. An exhaustive study of the properties

of the ground state, as given by (11) and by numerical computations in

one dimension,11 together with the observation that the accuracy improves

rapidly with the lattice dimensionality, yield this conclusion. For the square

lattice the method seems to work well up to a = I.11 Unfortunately, reliable

numerical data to compare with are scarce in the literature for dimensions

higher than one.

The antiferromagnetic order is also a starting hypothesis. Therefore

our analysis applies to the Cu-0 layers of the high TC superconductors as

long as the antiferromagnetic spin correlation length is large enough. The

11

substitution of the density operator p by a classical number in the Ising-

like part of H eliminate the action of the hole dynamics on the term of

H promoting order. It seems quite clear that this simplification is closely

connected with the size of the spatial range in which the spins are correlated.

Finally, I comment on the case of excess electrons moving along the

copper lattice instead of holes in the oxygens. In such situation the effect

of an electron at a site is to eliminate the spin of that site. This corresponds

to the case tj = 1, A = a in the Hamiltonian (5) with the density operator

now evaluated at the copper sites R and R + 6.
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FIGURE CAPTIONS

Figure 1.

Ground state energy of the antiferromagnetic Heisenberg model in one di-

mension as a function of the anisotropy parameter a. The open circles

represent Orbach's exact results (Ref. 16). The dotted line is obtained

from linear spin waves theory. The full line represents equation (12), the

asymptotic behaviour at a = 0 is apparent. Precision decreases for a > 0.5

as the ferromagnetic order weakens.

Figure 2.
Same as Figure 1 but for the square lattice. The asymptotic theory keeps

accurate all the way from the Ising limit (a = 0) to isotropic exchange (o =

1). The open circles represent the results of reliable numerical calculations

(Ref. 17).
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FIGURE 1
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